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Three-phase systems

Advantages of three-phase systems over single-phase supplies
include:

(i) For a given amount of power transmitted through a system, the
three-phase system requires conductors with a smaller cross sectional
area. This means a saving of copper (or aluminium) and thus the original
installation costs are less.

(ii) The instantaneous power in a three-phase system can be constant
(not pulsating).

(iii) It is also used to drive large motors and other heavy loads.
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Source: Load:
Phase current (I, I,, I.), Phase current (I_,, I, I..),
Phase voltage (V,.,, V., Ven), Phase voltage (V. Vy, Vear),

line current (I, I,, 1)
line voltage (V.,, Vio Vea)



Star connection
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(i) The three line conductors are connected to a load and the outlets
from the loads are joined together at N to form the neutral point
or the star point.

(i) The voltages, Vi, Vy and Vg are called phase voltages or line to
neutral voltages. Phase voltages are generally denoted by V..

(iii) The voltages, Vgy, Vyg and Vg, are called line voltages.



(iv) The phase currents (generally denoted by I;) are equal to their
respective line currents I, I, and I, i.e. for a star connection:

(v) For a balanced system: [z =1y = Ip, Ve=Vy =Vp
Vey =Vyp=Vpr, Zr=2Zy =12p

and the current 1 the neutral conductor, /y = 0
When a star connected system 1s balanced, then the neutral
conductor 1s unnecessary and 1s often omitted.

(vi) The line voltage, Vgy,
V.y = V, — V, (V, is negative since it is in the opposite direction

to Vey).
V0V, /10

(1+ : +;{) V3V, /30°
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Review of balanced three-phase systems
Delta connection

Ty =1,20
Ir
T T °
l,,=1,72-120
vy |V Igp =1p£—240
Iy
=
g Vv |
=

(i) It can be seen that the line voltages Vg,Vyg and Vgz are the
respective phase voltages, i.e. for a delta connection:

=",

(i) I = Iqy - Igr = Iry + (- Igr)

= 1,20 —1,/-240" =31,/ -30’ I = V31,




POWER IN A BALANCED SYSTEM

For a Y-connected load, the phase voltages are

van = V2V, cos wt, V, has been defined as the rms value
- ! | of the phase voltage.

vy = V2V, cos(wt — 120°)

IfZv = 7 /8 the phase currents lag behind their corresponding
SV = “/7- phase voltages by 6. Thus,

g = x/ifp cos(wt — 6),

i, = V21, cos(wt — O — 120°)



The total instantaneous power in the load is the sum of the

instantaneous powers in the three phases; that is,

P = Pa+ Pb+ Pc =VaNI, + VBNIp + VONIC

=2V, I,[cos wt cos(wt — B)
+ cos(wt — 120°) cos(wt — 8 — 120°)
+ cos(wt + 120°) cos(wt — 6 + 120°)]

Applying the trigonometric 1dentity

]
cos Acos B = 5 |cos(A + B) + cos(A — B)]
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The total instantaneous power in the load is the sum of the

instantaneous powers in the three phases; that is,

p=V,I,[3cosb 4 cosQwt — ) + cos(2wt — 6 — 240°)
+ cos(Qwt — 6 + 240°)]
= V,1,[3cosf + cosa + cos « cos 240° + sm « sm 240°
+ cosa cos 240° — sma s 240°|

where « = 2wt — 6

|
= VPIP |:3 cost +cosa + 2 (_E) CDS&'] — 3VPIP cos
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The average power per phase Pp for either the A-connected load
or the Y-connected load is p/3, or

P,=V,I,cosf
and the reactive power per phase 1s
Q,=V,Il,smf
The apparent power per phase 1s
S, =V,1,
The complex power per phase 1s

Sp = Pp + jQp — ‘Z}I;

The total average power is the sum of the average powers in the phases:

P=P,+ P+ P.=3P,=3V,I,cos0 = V3V, I cos¥



Similarly, the total reactive power is

Q =3V,I,sinf =3Q, =3V, I, siné

and the total complex power is

S=13S,=3V,I} =307, =

72
31P
Z,

or

SZP—|—‘}'.Q:~GFLITL£
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Review of balanced three-phase systems
Numericals
Lecture - 2
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P1l
Calculate the line currents in the three-wire Y-Y system of Fig.

. 5-j2Q 4
[ ] o
. 110,/0° V
10 +j8Q
110 /240°V 110,/-120°V
, 5-j2Q B 10 +j8Q
¢ o— I
5-2Q . 107+ 8¢
o
‘{Tﬂﬂ
I, =
Ly
where Z; — (5— j2)4+(10+ j8) =15+ j6=16.155/21.8".

16



110 /0°
I, = =6.81/—21.8°A
16.155 /21.8°

Since the source voltages in Fig. are in positive sequence and the line
currents are also in positive sequence,

I,=1,/—120°=6.81/—141.8° A
I.=1,/—240° = 6.81 / — 261.8° A = 6.81 /98.2° A

P2.

A balanced abc-sequence Y-connected source with V,, = 100 /10° V
1s connected to a A-connected balanced load (8 4+ j4) Q2 per phase. Cal-
culate the phase and line currents.



It the phase voltage V,, = 100 /10°, then the line voltage 1s
Vb = Va3 /30° = 1008/3 /10° 4+ 30° = V3

The phase currents are

Vg 173.2 /40°
g = = =19.36/13.43° A
Ln  8.944 /26.57°
Igc = Iup/ — 120° = 19.36 / — 106.57° A

Ics = Iup /4 120° = 19.36 /133.43° A

The line currents are
I, = I45v3/ —30° = V/3(19.36) /13.43° — 30°
=33.53 /- 16.57° A
I, =1,/ —120° = 33.53 / — 136.57° A
I.=1,/4 120° = 33.53 /103.43° A

18



P3.

A positive-sequence, balanced A-connected source supplies a balanced
A-connected load. If the impedance per phase of the load 1s 18 4 j12 Q2

and I, = 22.5 /35° A, find I, and V 43.
Answer: 13 /65° A, 281.2 /98.69° V.

P4.
In a balanced A-Y circuit, V,, = 240 / 15 and Zy = (12 + j15) Q.

Calculate the line currents.
Answer: 7.21/ —66.34°,7.21 / — 186.34°, 7.21 /53.66° A.
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P5.

Determine the total average power, reactive power, and complex power
at the source and at the load.

5-j2Q
a / 4

[ ] o
. 110,/0° V

10 + /8Q
110,/=240° V 110 /=120° V
L, S-R2Q g 10+)5Q
c o— I
10 + /8Q
S-2Q . J

V,=110/0°V  and I,=6.81/—21.8°A




At the load, the complex power absorbed 1s
S, =3|L,°Z,

where Z, = 10+ j8 = 12.81 /38.66° and I, = I, = 6.81/— 21.8°.
Hence

Sy = 3(6.81)712.81 /38.66° = 1782 /38.66
= (1392 + j1113) VA
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P6. [Ihree identical coils, each of resistance 15 Q@ and inductance 42
mH are connected (a) in star and (b) in delta to a 415V, 50 Hz, 3-
phase supply. Determine the total power dissipated in each case.

(a) Star connection
Inductive reactance X; = 27 fL = 27(50)(42 x 1073)
= 13.19 @
Phase impedance Z, = 4\/(R2 + X?) = /(10% 4+ 13.19?)
= 16.55 Q

Line voltage V;, =415 V and
415

Ve
V33

V, 240
Phase current, /, = Z_ = —16 53 = 14.50 A
p '

Line current, /; =1, =14.50 A

R 10
Power factor = cos¢p = —2 = ——— = 0.6042 laggi
ower 1aclor COS(,b ZP 16.55 flggmg

Power dissipated, P = /3V I, cos¢ = v/3(415)(14.50)(0.6042)
— 6.3 KW
(Alternatively, P = 31 ,°R, = 3(14.50)*(10) = 6.3 kW)

phase voltage, V , = =240V
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(b) Delta connection
Vi=V,=415V,Z, =16.55 €,
cos ¢ = 0.6042 lagging (from above).
V, 415

“P = " =2508 A
Z, 16.55

Line current, /; = /31, = +/3(25.08) = 43.44 A

Phase current, [/, =

Power dissipated, P = +/3V I, cosd = +/3(415)(43.44)(0.6042)
— 18.87 KW

(Alternatively, P = 31 ,°R, = 3(25.08)?(10) = 18.87 kW)
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P7

Calculate the line currents and complex power consumed by the
load.

14720
+JF A
il
7 ;’”‘A"\
100,/0° V L/ SO\
(/) O\
e/ b
: 7, =12+12Q
100 £120° V (= ) 100 £120° V L /
K‘f" 1+2Q
C
14+/2Q




7/26/2024

Unbalanced three-phase systems
Star connected
Lecture - 3
Lecture - 4
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Unbalanced Three-phase systems

Unbalanced three-phase systems are solved by direct application of
mesh and nodal analysis.

a) 4-wire star connected - apply Ohm’s law
b) 3-wire star connected - apply mesh/nodal analysis
c) Delta connected
i) apply Ohm’s law - if line impedance is not given
if line voltage is given

i) apply mesh/nodal analysis - if line impedance is given
- if phase voltage is given

7/26/2024 26



Figure shows an example of an unbalanced three-phase system that
consists of balanced source voltages (not shown in the figure) and an
unbalanced four-wire Y-connected load (shown in the figure). Since
the load is unbalanced, Z,, Zgz, and Z. are not equal. The line currents
are determined by Ohm’s law as

— A
o
A
I Van I = Vi I Ven
R/ "Ly C Zc Van Z,
In
o N
Z Z
, | Van g -
L=—I,+1I,+1) —L C
© 7
e §Vew
e
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P8.

The unbalanced Y-load of Fig. has balanced voltages of 100 V and

the ach sequence. Calculate the line currents and the neutral current.
TakeZA: 15 Q,ZB: 10+J5Q,ZC:6—JSQ

_100/0°
“T 15
100/120° 100/120°

10+j5  11.18/26.56°

100/-120°  100/-120°
I = — — [Z120° = 10/-66.87° A
6—j8 10/-53.137

= 6.67/0° A

I, =

= 8.94/93.44° A

I,=—(I,+1,+1)=—(6.67 —0.54 +8.92 + 3.93 — j9.2)
= —10.06 +j0.28 = 10.06/178.4° A
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PO.

A three-phase, four-wire system operating with a 208-V line voltage 1s shown 1n Fig.
The source voltages are balanced. The power absorbed by the resistive wye-
connected load 1s measured by the three-wattmeter method. Calculate:

(a) the voltage to neutral

(b) the currents I, I, I, and I,

(¢) the readings of the wattmeters

(d) the total power absorbed by the load

7126/2024 o—W3) 29



(a)

(b)

7/26/2024

vV, 208

vV, =-E£

RN

=120V

Because the load is unbalanced. we have an unbalanced three-phase

system. Assuming an abc sequence,

Hence,

I, =1 +1, +1, 2.5+(3){-O.Sj

\/:

_12020° o
o488 7T
_1202-120° oo
40 T

1202120

I, =~ =2/120°A

I, = ji’ — 70.866 = 0.866.290° A

V3

2

I,=2A.

]—l—(z){-(}j—l—jﬁ

I, = 0.866 A

3

30
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(¢)

(d)

P =1’R, =(2.5)2(48) = 300 W
P, =12R, =(3)2(40) = 360 W
P, =12R, = (2)2(60) = 240 W

P, =P, +P, +P, =900 W

31



P10.

Determine the line currents for the three-phase circuit of Fig. LetV,=110£0°,
V,=110£-120°,V.=110£120° V.

80 +j50 Q

7/26/2024 32



We épply mesh analysis to the circuit shown below.

I,
+
v, ® w 80+ 7500
V.
+ — 1
Iz
— L
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(100 + j80)I, —(20+ j30)I, =V, -V, =165+ j95.263 (1)

—(20+ j30)I, + (80— j10)I, =V, =V =-/190.53 (2)

Solving (1) and (2) gives [, =1.8616—;0.6084, I, =0.9088 — j1.722.

[, =1 =195852—-181"A, [,=1,-1, =-0528~/1.1136=1.4656L-130.55" A

a

[ =—1,=1947/117.8° A
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P11.

In the Y-Y system shown in Fig . loads connected to the source are unbalanced.
(a) Calculate L. I,. and L. (b) Find the total power delivered to the load. Take
V, =240 V rms.
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Applying mesh analysis as shown below. we get.

80€2

7/26/2024



240 < -120° =240 <0’ + [ x160-60/, =0 —— 160/,-601, =360+ ;207.84 (1)

240 <120° =240 <-120” +1401,-60/, =0 —— 1401, -607, =—;j415.7 (2)
In matrix form, (1) and (2) become

160 —607[1, ] [360+,207.84
60 140 || 1, | | -j415.7
Using MATLAB, we get,

>> /=[160,-60;-60,140]
Z —
160 -60
-60 140
>> V=[(360+207.81);-415.71]
V —
1.0e+002 *
3.6000 +2.07801
0-4.15701
>> [=1nv(Z2)*V
I —
2.6809 +0.22071
1.1489 - 2.87471

7/26/2024



[, =2.681+70.2207 and I, = 1.1489—2.875
[,=1,=2.69£4.71 A

[,=1,—1,=-1.53213.096 = 3.454/-116.33" A

[.=-1,=3.096/111.78" A

S =[I }Z =(2.69)°x100=723.61W
=1, [} Z, =(3.454)*x60=715.81W

S =1 |*7Z =(3.0957)’x80=766.67W

1
I

P=P,+P, +P.=2.205S kW
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Unbalanced three-phase systems
Delta connected
Lecture - 5
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P12.

In Fig., two wattmeters are properly connected to the unbalanced load supplied by
a balanced source such that V,, =208 £0° V with positive phase sequence.

(a) Determine the reading of each wattmeter.
(b) Calculate the total apparent power absorbed by the load.

a o—W) A

N

-
>

c O

®
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(a)

7/26/2024

If V., =208£0°, V, =208/-120°, V. =208.120°,

ca

V. 208£0°
I,, = = —=10.4.20°

Z

Ab

| Vi _ 2082-120° — 14708/ - 75°
B Zoe 1042 2-450 7
I, = Voo 20821207 =16.,97.38°
CAT gz 13/22.62° '

CA

1, =1,,-1. =104.0°-16.97.38°
I, =10.4+2.055—i15.867
I, =20.171£-51.87°

I.=1. -1, =16,97.83°—14.708.£-75°
1. =30.64.,101.03°

41



Pl — ‘ ‘;:{b IaA CDS(BTab o E’IH)
P, = (208)(20.171)cos(0°+51.87°) = 2590 W

P, =] V|| I CDS(E'Y& _EIIIEC.)
But Vo = -V, = 208£60°

P, =(208)(30.64)cos(60°-101.03°) = 4808 W

(b) P, =P +P, =7398.17 W
Q, =+/3(P, —P,) = 3840.25 VAR
S. =P, +jQ, = 7398.17 + {3840.25 VA
S, =[S, |=8335vaA

7/26/2024
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P13. A three-phase supply, with the line voltage 240 V rms positively
phased, has an unbalanced delta-connected load as shown in Fig. Find
the phase currents and the total complex power.

25 Q 40 Q

30,/30° Q

7/26/2024 43



The phase currents are:

I4p=240/125=9.6£-90"_A

lcy =240£120°/40 = 6£120° A

[pc =240£-120°/30£30" =8£=-150"_ A

The complex power in each phase 1s:
S=l1,[Z,,=(9.6)"j25= j2304

S.o=1,.[Z, =(6)°40<0°=1440

See =1 |” Z, =(8)730<30° =1662.77 + j960
The total complex power is,

S=8,+8,.+8,. =3102.77+ j3264 VA = 3.103+j3.264 kVA

1




P14.

Refer to the unbalanced circuit of Fig. Calculate:

(a) the line currents

(b) the real power absorbed by the load
(c) the total complex power supplied by the source

A

a
440&@\ J10 Q
Q b B
N

o 440 /-120° V
440,/120° V 200

C

— —j5Q

7/26/2024
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(a) Consider the circuit below.

440£0°

4402120°

C

For mesh 1,
440 £-120°-440£0°+ 35101, =1,)=0
(440)(1.5+ 10.866)
- il0

I -1, = 7621/ -60° (1)

For mesh 2,
440/120°—-440£-120°+20(1, -1,) =0

(440)(j1.732)
-1, = :
P 20

= i38.1 (2)



For mesh 3.
o, —-1,)+20(I,-1,)— 5L, =0

Substituting (1) and (2) into the equation for mesh 3 gives,
(440)(-1.5+ ;0.866)
I, = 3

—152.42./60° (3)

From (1),
I,=1,+7621/-60°=114.315+ ;66 =132./30°

From (2),

I,=1,-)38.1=76.21+193.9=120.93/50.94°

I =1, =132/30° A

a

I, =1, -1 =-38.105+)27.9=47.23/143.8° A
I.=-1, =120.92230.9° A
7/26/2024
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7/26/2024

b S, =|1,-1](jl0)=i58.08kVA

S, =|1, -1, (20) = 29.04 kVA

S.. =|L | (55) = (152.42)2(-j5) = -j116.16 kVA

S=S,, +S,. +S., =29.04— j58.08 kKVA

Real power absorbed = 29.04 kW

(¢) Total complex supplied by the source 1s
S =29.04- j58.08 kVA

48



P15.

A balanced, positive-sequence wye-connected source has V,, =240 £0° V rms and
supplies an unbalanced delta-connected load via a transmission line with impedance
2 +73Q) per phase.

(a) Calculate the line currents if Z,; =40 +715Q , Z;c =60Q, Z, = 18 —j12Q) .
(b) Find the complex power supplied by the source.
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Unbalanced three-phase systems
Star/Delta conversion
Lecture - 6
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(a) We first convert the delta load to its equivalent wye load, as shown below.

A

18-j12Q 40+j150)

0
o

60Q

_ 40+ j15)(18—j12)

Z, ‘ =7.577— j1.923
‘ 118+ /3
B = o030 + J.IS)' =20.52+ j7.105
118+ 3
c= o008 J,lz) =8.992 — j6.3303
118+ /3
7/26/2024
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The system becomes that shown below.
a 2+3 A

7\
\_/
'
I~
S
A
S
]

240<120° 240<-120°

_|_

243

(@]
\j

243

We apply KVL to the loops. For mesh 1,
—240+240£-120° +1,2Z, +Z , +Z,)-1.(Z, +Z,)=0

or

(32.097 + j11.13)1, —(22.52+ ;10.105)7, =360 + ;207.85 (1)
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For mesh 2,
2402120° =240£-120° =1 (Z, +Z)+1,2Z, +Z, +7Z.)=0
or

—(22.52+ 710.105)1, +(33.51+ j6.775)1, =—j415.69 (2)

Solving (1) and (2) gives
[, =23.75-;5328, [I,=15.165-;11.89

[,=1 =2434/-12.64° A, 1,,=1,—-1 =10.812-142.6° A

[.=-I, =1927/141.9° A

(b) S, =(24020°)(24.34./12.64°) = 5841.6./12.64°
S, = (2404 —120°)(10.81£142.6°) = 2594.4 /22 6°
S, =(240£120°)(19.27 £ —141.9°) = 4624.8 £ —21.9°

S =8.+8,+S.=12386+ j0.55 kVA =12.422.54° kVA
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Unbalanced three-phase systems
Star/Delta using Millman’s theorem
Lecture -7 & 8
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An unbalanced three-wire star-connected load can also be solved by

Millman’s theorem.

three-phase three-phase

source A load
Y
5

Unbalanced three-wire star-connected load
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An unbalanced three-wire star-connected load is redrawn in parallel
form.

O
three-phase
source ) ~
o R Y o B
three-phase Zq Zg Ly

load l

=
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Let Vo, Vwoand Ve be the phase voltages of the supply which are
equal in magnitude but differ in phase from one another by 120°.
Let Vv, Vwand Vabe the load phase voltages which are unequal in
magnitude as well as differ in phase by unequal angles. The voltage
between the neutral points, N and O, i.e, Vw,is calculated using
Millman’s theorem.

Vro Yr + Vyo Yy + Vpo Y3
Yr+Yy +Yp

VN() —

where Y; Y, and Y; are the admittances of the branches of the
unbalanced star-connected load.
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The voltage across phase impedance, i.e., load phase voltage can be
calculated as,

Ven = Vro — Vro
Vyn = Vyo — Vyo

Ven = Veo — Vo

The phase currents in the load are given by

I, = Ve
Ly
Vv

I, = %
Ly
\Y

I, = 2R
Zp

The line currents are equal to the phase currents for a star-connected load.
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A symmetrical 440V, 3-phase system supplied a star-connected load with the branch

impedances Zr =10 2, Zy = j5 Q,Zg =—j5 2 as shown in Fig. Calculate line currents and voltage
across each phase impedance by Millman’s theorem. The phase sequence is RYB.
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Solution 1, =440V, Zr=10Q, Zy=j5Q, Zz=-;5Q

For a star-connected load,

=254.03V

v Vi 440
ph= —
VRG]
Let O be the neutral point of the supply system.
Let Veo =254.03£0°V

Vyo =254.03£-120°V
Veo = 254.03£—240°V

Yoot b _gis000
Z. 10 1020°
11 1

Yy=—=—= =0.2/-90°0
Zy, j5 5/90°

Y; = L L 02.,90°0

Zg —j5 5/-90°

7/26/2024
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By Millman’s theorem,

Vro Yr+Vyo Yy + Yo Y3
Yr+Yy +Yp
(254.03.£0°)(0.1.£0°) + (254.03 £~ 120°)(0.2. £~ 90°) + (254.03 £~ 240°)(0.2.£90°)
B 0.1£20°+0.2£2-90°+0.2£290°

Vo =

=625.96£180° V

Voltage across phase impedance

Ven = Vro — Vno = 254.03£0°-625.96£180° =880£0° V
V)W = V)v-'() = VNO =254.03/-120°-625.96£180° = 545.29/—23.79° V
Ven = Vpo — Vo =254.03£-240°-625.96 £180° = 545.29.£23.79° V

Phase currents/ line currents

iy Viy _ 880£0° oo 00 s
Zr 102£0°

I, = Vv _ 24329£-23.7F _ 109.06.,-113.79° A
7y 5./90°

I; = Vo, OS2 109.06£113.79° A
7, 5/ —90°
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A three-phase three-wire unbalanced load is star-connected as shown in Fig.

The phase voltage of two of the arms are Vygy = 100£=10°V and Vyy = 150£100° V. Calculate voltage
between star point of the load and the supply neutral.

R

Q

Solution  Viy =100£-10°V, Vyy =1502100°V

1.&t VRO = VZ(°
Vyo = V/—-120°
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Vro = Vey + Vo

VNO = VRO _VRN =VZ0°-100°2-10°
Similarly,

Vo = Vyo — Vyy = VL —120° —150.£100°
From Egs. (1) and (11),

VZ0°-100£-10°=V--120°-150£100°
VZ0°-V/A—-120°=100--10°—-1502100°
B3 V300 =206.79./—52.97°
/' =119.39/—82.97
Vyo =119.39/-82.97-100/-10=131.88/-129.67°V
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