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Points on a complex plane. Real axis, imaginary axis, purely imaginary numbers. Real

and imaginary partsof complex number. Equality of two complex numbers.
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 � 	 � 
 � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � �  ! "  # $ � � % �  & ' ( ' ) * + ( ' ) , + ) ' ( -
In therest of thechapter use . / . 0 / . 1 / 2 2 2 for complex numbersand 3 4 5 for real numbers.

introduce 6 and 7 8 9 : 6 ; notation.

Algebraic Properties

1. Commutativity 7 < : 7 = 8 7 = : 7 < > 7 < 7 = 8 7 = 7 <
2. Associativity? 7 < : 7 = @ : 7 A B C D E F C G E C A H I F C D C G H C A B C D F C G C A H
3. DistributiveLaw C F C D E C G H B C C D E C C G
4. Additiveand Multiplicative IndentityC E J K L M L N O P Q
5. Additiveand Multiplicative InverseR Q P S R T U R V WQ X Y Z [ \] ^ _ ` ^ a b `] ^ _ ` ^ c d e fg h

Defi nitions

Def:2 Thesumand product of two complex numbersarede• ned as follows:

Def:1 Complex numbersaredefined asordered pairs � � � � �

Complex Numbers



6. Subtraction and Divisioni j k i l m i j n o k i l p q i ji l m i j i r jl
7. Modulus or AbsoluteValue s t s u v w x y z x
8. Conjugatesand properties { | w } ~ z | � w � } z �{ � � � � � � � � � �� � � � � � � � �� � �� � � � � �� �
9. � � � � � � �� � � � � � �� � � � � � � � �� �

10. Triangle Inequality � � � � � � � � � �   � ¡ � � ¢ �

Polar Coordinates and Euler Formula

1. Polar Form: for
� £¤ ¥ , � ¤ ¦ § ¨ © ª « ¬ ­ ® ¯ ° ± ²

where ³ ´ µ ¶ µ and · ¸ ¹ º » ¼ ½ ¾ . ¿ is called theargument of À . Since ¿ Á Â Ã Ä isalso
an argument of Å Æ the principle value of argument of Å is take such that Ç Ä È É ÊË Ì For Í Î Ï the Ð Ñ Ò Ó

Ô Õ Ö × Ø Ù Ú Û Ü Ý Þ Û ß à Ü á
3. â ã â ä × å ã å ä æ ç è é ê ë ì í îï ðï ñ ò ó ð

ó ñ ô õ ö ÷ ø ù ÷ ú î
ï û ü ý û þ û ÿ

4. deMoivre’sFormula � � � � � � � � � � � 	 û ü � � � 
 � � � � � � 
 �

is undefined.

2. Euler formula: Symbollically,

                                                                   Complex Numbers



Roots of Complex Numbers

Let � � 
 � � � then � � � � � � � � � � � � � � � �� � �  !" # #
There are only " distinct roots which can be given by  $ % & ' & ( ( ( & " ) ' ( If * is a

principlevalueof + , - . then * / " is called theprinciple root.

Example1.1 Thethreepossiblerootsof 0 1 2 34 5 6 7 8 9 : ; < = > ? @ A B C D are E F G C B H I E F G C B H J F H G C D I E F G C B H J F K G C D .

Regions in Complex Plane

T S U S R T V W
2. X Y Z [ \ ] ^ _ ` a of b c isanbd of b c excluding point b c .

3. Interior Point, Exterior Point, Boundary Point, Open set and closed set.

4. Domain, Region, Bounded sets, Limit Points.

1. L M N O P of Q R isdened asaset of all points S which satisfy



Functions of a Complex Variable

A d e f g h i j k l de• ned on a set m is a rule that uniquely associates to each point n of m
Set q iscalled the r s t u v w of x and y iscalled thevalueof x at z

and isdenoted by x { z | } y ~x { z | } x { � � � � | } � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �   ¡ ¢ £ ¤ ¥ ¦ § ¨ ©
in ² ³ ´ µ form.² « ¶ · ¸ ­ ® ¹ º » ¼ ½¾ ¿ ½ À ¼ ½ Á ½ and Â Ã Ä Å Æ Ç È É ¿ ¼¾ ¿ ½ À ¼ ½ Á ½Ê Ã Ë Å Ì Ç È Ë Í É Î Ï Ð Ñ Ì and Â Ã Ë Å Ì Ç È Ò Ë Í É Ð Ó Ô Ñ Ì

Domain of Õ is Ö × Ø Ù Ú .

A Û Ü Ý Þ ß à á â ã ä å æ ç è é ê ç ë ì í î ï ë is a rule that assigns more than one value to each point of

domain.

Example2.2 ð ñ ò ó ô õ ö ÷ This function assigns two distinct values to each ö ø ùú û ü .
Onecan choose the function to besingle-valued by specifyingõ ö ú ý õ þ ÿ � � � �
where � is theprincipal value.

Functions of Complex Variables

Example2.1 Write ª « ¬ ­ ® ¯ ° ¬ ±

a

a complex number o p



1. Polynomials � � � � 	 
 � � 
 
 � � 
 � � � � � � � � 
 � � �

� � � � � � � � �� � � � �� �  ! ! !
Converges for all " # For real "  , * - . + . Then$ / ' $ 0 1 ( ) * 2  , * - . 2 3

a. $ / 4 $ / 5 ' $ / 4 6 / 5 .
b. $ / 6 7 8 % ' $ / #
c. A line segment from 1 9 : ; 3 to 1 9 : < = 3 maps to a circle of radius $ 0 centered at

origin.
d. No Zeros.

( ) * " ' $ % /  $ > % /<
* - . " ' $ % / ? $ > % /<@ A . " ' * - . "( ) * "

a. * - . 7 "  ( ) * 7 " ' B
b. < * - . " C ( ) * " 7 ' * - . 1 " C  " 7 3  * - . 1 " C ? " 7 3
c. < ( ) * " C ( ) * " 7 ' ( ) * 1 " C  " 7 3  ( ) * 1 " C ? " 7 3
d. < * - . " C * - . " 7 ' ? ( ) * 1 " C  " 7 3  ( ) * 1 " C ? " 7 3
e. * - . 1 "  < = 3 ' * - . " and ( ) * 1 "  < = 3 ' ( ) * " #
f. * - . " ' ; iff " ' D = 1 D ' ; : E B : # # # 3
g. ( ) * " ' ; iff " ' 8 7  D = 1 D ' ; : E B : # # # 3
h. These functionsarenot bounded.
i. A line segment from 1 ; : 2 3 to 1 < = : 2 3 maps to an ellipse with semimajor axis

equal to ( ) * F G under H I J function.

K L H F M N O P Q O R PS
H I J F M N O P T O R PS

whrere the coefficients are real. Rational Functions.

2. Exponential Function

4. Hyperbolic Functions

Define

3. Tr igonometr ic Functions

Define

the definition coincides with usual exponential func-
tion. Easy to see that $ % & ' ( ) * +

Admin
Text Box
Elementary Functions



Limits

� � � as � � � � is a number � � if, for any
given 	 
 � thereexistsa � 
 � such that� � � � � � � � � � � � � � � � � � � � �
Example3.1 � � � �  ! " # Show that $ % & ' ( ) * + , - . / 0 - 1 2
Example3.2 + , - . / - 3 2 Show that 4 5 6 7 8 7 * + , - . / - 31 2
Example3.3 + , - . / - 9 :- 2 Show that the limit of + doesnot exist as - ; < .

Theorem 3.1 Let + , - . / = , > ? @ . A B C , > ? @ . and D 1 / = 1 A B C 1 2 4 5 67 8 7 * + , - . / D 1 if

and only if 4 5 6E F G H I 8 E F * G H * I = / = 1 and 4 5 6E F G H I 8 E F * G H * I C / C 1 2
Example3.4 + , - . / J 5 K - . Show that the 4 5 6 7 8 7 * + , - . / J 5 K - 1
Example3.5 + , - . / L > A B @ 3 . Show that the 4 5 6 7 8 3 M + , - . / N B .
Theorem 3.2 If 4 5 67 8 7 * + , - . / D 1 and 4 5 67 8 7 * O , - . / P Q RS T UV W V X Y Z [ \ ] ^ _ [ \ ] ` a b c d e c fg h ij k j l m n o p q n o p a b c e c f

g h ij k j l m n o p r q n o p a b c
e c e c sa t u

Analytic Functions

Defi nition 3.1 The limit of the function ÿ
A function ÿ isdefi ned in adeleted nbd of � � �

This theorem immediately makes available the entire machinery and tools used for real

analysis to beapplied to complex analysis. Therulesfor  finding limits then can be

listedas follows:



1. v w xy z y { | } | ~
2. v w xy z y { � � } � �� ~
3. v w xy z y { � � � � } � � � � � if � isapolynomial in � .

4. v w xy z y { � � � � � � } � � � � � � � ~
5. v w xy z y { � w � � � � } � w � � � ~

Continuity

� � is continuousat � � if

v w xy z y { � � � � } � � � � � ~

� �

If funtions � and � are continuous at � � then � � � , � � and � � � � � � � � � �� � � are also

continuousat � � .

If afunction � � � � � � � � � � � � � � � � � � � iscontinuousat � � then thecomponent functions� and � arealso continuousat � � � � � � � .

Derivative

isdifferentiableat � � if� � ��   � ¡ � � � � ¢ � � � � �
� ¢ � �

exists. The limit is called thederivativeof � at � � and isdenoted by � £ ¤ ¥ ¦ § or ¨ ©ª « ¬ ­ ® ¯ .
Example3.6 ° ¬ ­ ¯ ± ­ ² ³ Show that ° ´ ¬ ­ ¯ ± µ ­ ³
Example3.7 ° ¬ ­ ¯ ± ¶ ­ ¶ ² . Show that this function is differentiable only at ­ ± ·¸

. In
real analysis ¹ º ¹ isnot differentiablebut ¹ º ¹ » is.

If a function isdifferentiableat ¼ , then it is continuousat ¼ .

Def: 3.2 A function� , defi ned in somenbd of

Def 3.3 A function � , defined in somenbd of � �

Thisdefi nition clearly assumesthat thefunction isdefi ned at



 

 

 



 

 



If we write ÿ � � � � � then we can write Cauchy-Riemann Conditions in polar coordi-

nates: � � � �� � �� � � 	 � � � 

Analytic Functions

Example3.13 
 � ÿ � � � � ÿ isanalytic at all nonzero points.

Example3.14 
 � ÿ � � � ÿ � � isnot analytic anywhere.

A function is not analytic at a point ÿ � � but is analytic at some point in each nbd of
ÿ � then ÿ � is called thesingular point of the function 
 .

Harmonic Functions

De• nition 3.7 A real valued function � � � � � �" # $ % & ' ( ( ) * + , - . /
the functions B and C areharmonic in A .

and C D E F G H
B I J C KB K J L C I M

then C is said to be N O P Q R S T U U R S V W X Y Z [ of \ ]
Example3.15 Let \ ^ _ ` a b c _ d e a d and f ^ _ ` a b c g _ a ] Show that f is hc of \ and
not viceversa.

Example3.16 \ ^ _ ` a b c a h e i _ a . Find harmonic conjugateof \ ]

Defi nition 3.4 A function is analytic in an open set if it has a derivative at each point
in that set.

st andsecond order andsatisfi 
es

rst order partial derivativessatisfy Cauchy-RiemannConditions
are harmonic in domain D

and their fi   
Defi nition 3.8 If two given functions B D E F G H

in a domain of
xy planeif it hascontinuouspartial derivativesof the  fir

is said to be � � � � � �  !
2 = 6 9 > 2 3 4 5 6 yyyy7 ? @ 2 3 4 5 6

Theorem 3.5 If a function < is analytic in a domain A then

Hxx(x,y)+Hyy(x,y)=0  



z has f(x+ iy) = x− iy so that

u(x, y) = x and v(x, y) = −y

The first order partial derivatives of u and v are

ux(x, y) = 1 vx(x, y) = 0

uy(x, y) = 0 vy(x, y) = −1

As the Cauchy–Riemann equation ux(x, y) = vy(x, y) is satisfied nowhere, the function

f(z) = z̄ is differentiable nowhere. We have already seen this in Example 1.

z has

f(x+ iy) = ex+iy = ex
{

cos y + i sin y
}

= u(x, y) + iv(x, y)

with

u(x, y) = ex cos y and v(x, y) = ex sin y

The first order partial derivatives of u and v are

ux(x, y) = ex cos y vx(x, y) = ex sin y

uy(x, y) = −ex sin y vy(x, y) = ex cos y

As the Cauchy–Riemann equations ux(x, y) = vy(x, y), uy(x, y) = −vx(x, y) are satisfied

for all (x, y), the function f(z) = ez is entire and its derivative is

f ′(z) = f ′(x+ iy) = ux(x, y) + ivx(x, y) = ex cos y + iex sin y = ez

2 + y + i(y2 − x) has

u(x, y) = x2 + y and v(x, y) = y2 − x

The first order partial derivatives of u and v are

ux(x, y) = 2x vx(x, y) = −1

uy(x, y) = 1 vy(x, y) = 2y

As the Cauchy–Riemann equations ux(x, y) = vy(x, y), uy(x, y) = −vx(x, y) are satisfied

only on the line y = x, the function f is differentiable on the line y = x and nowhere else.

So it is nowhere analytic.

Example The function f(z) = ¯

Example The function f(z) =e

Example The function f(x+ iy) = x



2 − y2 + 2ixy has

u(x, y) = x2 − y2 and v(x, y) = 2xy

The first order partial derivatives of u and v are

ux(x, y) = 2x vx(x, y) = 2y

uy(x, y) = −2y vy(x, y) = 2x

As the Cauchy–Riemann equations ux(x, y) = vy(x, y), uy(x, y) = −vx(x, y) are satisfied

for all (x, y), this function is entire. There is another way to see this. It suffices to observe

that f(z) = z2, since (x+ iy)2 = x2 − y2 +2ixy. So f is a polynomial in z and we already

know that all polynomials are differentiable everywhere.

2 + y2 has

u(x, y) = x2 + y2 and v(x, y) = 0

The first order partial derivatives of u and v are

ux(x, y) = 2x vx(x, y) = 0

uy(x, y) = 2y vy(x, y) = 0

As the Cauchy–Riemann equations ux(x, y) = vy(x, y), uy(x, y) = −vx(x, y) are satisfied

only at x = y = 0, the function f is differentiable only at the point z = 0. So it is nowhere

analytic. There is another way to see that f(z) cannot be differentiable at any z 6= 0. Just

observe that f(z) = zz̄. If f(z) were differentiable at some z0 6= 0, then z̄ = f(z)
z

would

also be differentiable at z0 and we already know that this is not case.

Example The function f(x+ iy) = x

Example The function f(x+ iy) = x



Theorem 17.2. Let z = reiθ. If f(reiθ) = U(r, θ) + iV (r, θ) is differentiable at z0 = r0eiθ0

∂U

∂r
(r0, θ0) =

1

r0

∂V

∂θ
(r0, θ0) and

1

r0

∂U

∂θ
(r0, θ0) = −∂V

∂r
(r0, θ0).

Summary. The Cauchy-Riemann equations in polar coordinates can be remembered as

Ur =
1

r
Vθ and

1

r
Uθ = −Vr.

Ur = nrn−1 cos(nθ)

Vθ = nrn cos(nθ)

and

Uθ = −nrn sin(nθ)

Vr = nrn−1 sin(nθ)

so that Ur = r−1Vθ and r−1Uθ = −Vr. Hence, U and V satisfy the Cauchy-Riemann equations
in polar coordinates.

We can now use the Cauchy-Riemann equations to derive Laplace’s equation in polar coor-
dinates. (Assume that all second partials exist and are sufficiently smooth so that the mixed
partials are equal.) That is, we know

ux = vy implies rUr = Vθ and uy = −vx implies Uθ = −rVr

and so taking derivatives with respect to x of the first equation and derivatives with respect
to y of the second equation implies

0 = (ux − vy)x + (uy + vx)y = (rUr − Vθ)x + (Uθ + rVr)y.

Now, using the chain rule, we find

(rUr − Vθ)x = rxUr + r(Urrrx + Uθrθx)− (Vθθθx + Vrθrx)

17–3

Example : Suppose that U(r, θ) = rn cos(nθ) a n d V (r, θ) = rn sin(nθ). We find

,
then the Cauchy-Riemann equations in polar coordinates are satisfied at z0; that is,



and
(Uθ + rVr)y = (Uθθθy + Urθry) + ryVr + r(Vrrry + Vθrθy).

Adding the previous two terms, using the equality of the mixed partials, and simplifying
implies

rxUr + rrxUrr + (rθx + ry)Uθr + θyUθθ = −ryVr − rryVrr − (rθy − rx)Vrθ + θxVθθ. (∗)

The next step is to note that

rθx + ry = r · −sin θ

r
+ sin θ = 0 and rθy − rx = r · cos θ

r
− cos θ = 0.

so that (∗) becomes

rxUr + rrxUrr + θyUθθ = −ryVr − rryVrr + θxVθθ.

Substituting in rx, θx, ry, θy, we conclude

cos θ

�
Ur + rUrr +

1

r
Uθθ

�
= − sin θ

�
Vr + rVrr +

1

r
Vθθ

�
. (†)

If, instead, at the beginning of the derivation we had taken derivatives with respect to y of
the first equation and derivatives with respect to x of the second equation, then we would
have found

cos θ

�
Vr + rVrr +

1

r
Vθθ

�
= − sin θ

�
Ur + rUrr +

1

r
Uθθ

�
. (‡)

We now multiple (†) by cos θ, multiply (‡) by sin θ, and add, then we conclude

(cos2 θ + sin2 θ)

�
Ur + rUrr +

1

r
Uθθ

�
= 0

and so we finally arrive at Laplace’s equation in polar coordinates

Urr +
1

r
Ur +

1

r2
Uθθ = 0.

Note that we can also conclude immediately that V satisfies Laplace’s equation in polar
coordinates as well,

Vrr +
1

r
Vr +

1

r2
Vθθ = 0.

Ur = nrn−1 cos(nθ), Urr = n(n− 1)rn−2 cos(nθ), Uθ = −nrn sin(nθ), Uθθ = −n2rn cos(nθ)

so that

Urr +
1

r
Ur +

1

r2
Uθθ = n(n− 1)rn−2 cos(nθ) +

1

r
· nrn−1 cos(nθ) +

1

r2
· −n2rn cos(nθ)

= rn−2 cos(nθ)[n(n− 1) + n− n2]

= 0

17–4

Example: Suppose that U(r, θ) = rn cos(nθ). We can now show directly that U is
harmonic. That is,



Let us consider the CR equations ux = vy and uy = −vx as a condition for the analyticity of
a function w = u(x, y) + iv(x, y). Cross differentiation and elimination of first u and then v

(iii) construct the corresponding complex function f(z).

With u = x2 − y2 we have ux = 2x, uxx = 2, uy = −2y and uyy = −2. Therefore
uxx + uyy = 0 so it satisfies Laplace’s equation. This is a sufficient condition for v to exist

and for us to write vy = ux = 2x and vx = −uy = 2y. While there are two PDEs here there

Properties of analytic functions

gives

uxx + uyy = 0 vxx + vyy = 0 ,

thus showing that u and v must always be a solution of Laplace’s equation (without boundary

conditions) : these are called harmonic functions. It also said that u(x, y) and v(x, y) are

conjugate to one another. In the following set of examples it will be shown how, given a

harmonic function u(x, y), its conjugate v(x, y) can be constructed. The pair can then put

together as u+ iv = f(z) to ultimately find f(z).

Example : Given that u = x2 − y2 show (i) that it is harmonic ; (ii) find v(x, y) and then

can only be one solution compatible with both. Integrating them both in turn gives

v = 2xy + A(x) , v = 2xy +B(y) .

It is clear that they are compatible if A(x) = B(y) = const = c making the result

v = 2xy + c ,

with

f(z) = x2 − y2 = 2ixy + ic = z2 + ic .



sponding complex function f(z).

We first check that u = x3 − 3xy2 satisfies Laplace’s equation : ux = 3x2 − 3y2 ; uxx = 6x ;
uy = −6xy and uyy = −6x. Thus uxx + uyy = 0 and so v exists and is found from the CR
equations :

The way to make these compatible is to choose B(y) = −y3 + c and A(x) = c finally giving

with

Example 3 : Given that u = ex
(
x cos y − y sin y

)

We find that

uxx = e
x
[
(x+ 2) cos y − y sin y

]
; uyy = −e

x
[
(x+ 2) cos y − y sin y

]

and so Laplace’s equation is satisfied. Then

vy = ux = e
x
[
(x+ 1) cos y − y sin y

]
; vx = −uy = e

x
[
(x+ 1) sin y + y sin y

]

Using the indefinite integrals
∫
y sin y dy = sin y − y cos y and

∫
x exdx = ex(x− 1) we find

v = ex
(
x sin y + y cos y

)
+ A(x) ; v = ex

(
y cos y + x sin y

)

For compatibility we take A(x) = B(y) = const = c. Then

w = ex
[
(x+ iy) cos y − (y − ix) sin y

]
+ ic

= ex
[
z cos y + iz sin y

]

The ic simply moves f(z) an arbitrary distance along the imaginary axis.

Example : Given that u = x3 − 3xy2 find its conjugate function v(x, y) and the corre-

vy = 3x2 − 3y2 vx = 6xy .

Partially integrating these gives

v = 3x2y − y3 + A(x) v = 3x2y +B(y) .

v = 3x2y − y3 + c

f(z) = x3 − 3xy2 + i(3x2y − y3 + c)

= z3 + ic .

,

.

+B(y) .

+ ic

= zex+iy + ic

= zez + ic .

show that it satisfies Laplace’s equation.

Also find its conjugate v and then f(z).



Let us finally consider the family of curves on which u = const. From the chain rule

du =
∂u

∂x
dx+

∂u

and therefore on curves of constant u we have du = 0, giving the gradient on this family as

dy

dx

∣
∣
∣
∣
u=const

= −
ux

uy
. (1.26)

Likewise, on the family of curves of constant v

dy

dx

∣
∣
∣
∣
v=const

= −
vx

vy
(1.27)

giving
dy

dx

∣
∣
∣
∣
u=const

×
dy

dx

∣
∣
∣
∣
v=const

=
vxux

vyuy
. (1.28)

Now if f(z) is analytic in a region R then the CR equations hold there, ux = vy and uy = −vx,
and (1.28) becomes

dy

dx

∣
∣
∣
∣
u=const

×
dy

dx

∣
∣
∣
∣
v=const

= −1 . (1.29)

The final result is that in regions of analyticity curves of constant u and curves of

constant v are always orthogonal.

Orthogonality

dy (1.25)
∂y



 



f'(z) =[~:- i~] ---------------{I)

au au
Let us we set -;-=¢.(X,y) and-;-=¢,(x,y) ----(ll)

ox ay
Then f'(z) =¢.(x,y)-i¢,(x,y) -----(llI)

Replacing x by z and y by 0, th is becomes

f'(z) =¢.(z,O) - i¢,(z.O) --(IV)
Prom which the required analytic function f(z) can be got.
Similarly. if v is given we can find the analytic function f(z) = u+ iv by
starting with

f '(z) = [dv + idv] Analogous procedure is used when U + V is given.
dy ax

Applications to flow problenls:
As tbe real and imaginary parts of an analytic function are the

solutions of the Laplace's equation in two variable. The conjugate functions
provide SOlutions to a number of field and now problems,

Let v be the velocity of a tWOdimensional incompressible fluid with

V dV. ov.
irrig3lional motion. = -t +- J ------.-- •• ---.---------(1)dX ()y
Since the motion is irrorarional curl Y= O.
Hence V can be written as

V¢= d¢ i+ dljJ j -------------------------(lI)
dX ()y

Therefore, ¢ is the velocity component which is called the velocity
potential. From (I) and (Il) we have



dV _ d¢ dv _ d¢ --------------------(Ill)
dX - dX 'iJy - dY

Since the fluid is incompressible div V = O.

_!(O¢)+l_(O¢) -() -------------(TV)OX OX oy oy
o'¢! o'¢ 0 T' . di " . .---: +-, = Ills 111rcates lhal ¥' IS harmonic,OX oy

The function 9{X. y} is called the velocity potential . and the curves
¢(x. y) = care known M equi -potemial llnes.

Note: The existence of conjugate harmonic function !fI{x. y} so that

O¢/
lay

o¢/lox
Tlus shows that the velocity of the fluid particle is along the tangent to the
curve !fI(X,y) =c' . the particle moves along the curve,

!fI{X,y) = c' - is called stream lines ¢(x, y)= c- called equipotential
lines, A~ the equipotential lines and stream lines CUi orthogonally.

w(z) =¢!(x.y) + i!fI(X. Y}

dw o¢ .O!fl o¢ .O¢
-=-+t-=--I-
dz ax ox ax oy

=V-v. ,



The magnitude of the fluid velocity ~( v: + v;)= :

TIle flow panern is represented by function w(z) known as complex
potential.

Complex potential w(z) can be taken 10 represent other Iwo-dimensional
problems. (steady flow)

1. In etecuosrancs ¢(x, y) =C··· interpreted as equipotential Lines.
I/I(X. y) = c' ... interpreted as Unes of force

2. In beat flow problems:
¢(x, y) = c ._ Interpreted as lsothermal lines
V/( x, y) = c' ... Interpreted as heal flow Lines.

Cauchv -Riemann equations ill polar form:

Let f(z) = f(re") = u(r, 8) + iv(r, 8) be analytic at a point z.rhen
there exists four continuous first order partial derivatives.
aU au av av
:\' :;- ':1 ,:;-and satisfy the eq uarions
of 08 or 08
()u 1 ()v ()v I a..

. ()r =; a8 :~ =-; ae'
Proof: TIle function is nnalytic at a ponu Z = re".

f' () . f(z +t.~)- fez) existsZ = hOI I.. ,...._, ll.,...
and il is unique.

Now fez) =u(r, 0) + iv(r.O).
Let fll be tbe increment in z . correspondi ng increments are
.t.r ,flO in r and O.



f'(:)=lim {u(r+6r.0+60)+; v(,+6r,0+6B) }-{u(rD)+i v(r.B) }
.u_ 112

f
'( . (u(r+6r,B+6B)· u(r.B)}z) = lim ,!_;___;___-'----''--'-'-

_. 6_z
i li {v(r+&-,B+.iB)- v(rD)}+11Ill'--'-_'--_':__:_""':"!

"'~J+ tx;
---------(1)

Now Z = re" and z is a function two variables rand 8 . then we have

en. ()z
6z =- I:!.r + -6B.

ilr dB

a a
6z = ilr {re"}ar + aB [re" )68

liz = e" t.r + ire" !!i8
When !!iz tends to zero, we have the two following possibilities.

(1). Let !!i8 = 0, so that !!iz = e"!!ir

And 6Z ~ 0, implies !!it' ~ 0

f' (_)_. {u (r + I:!.r. 8)· u(r.O)}
... - IIn1 I......" e 6r

i li {v(r+ Sr, B)· v(r.8)}+1Im~---~-~~
,,,..., e'" £\r

The limit exi,l'.
f'( _)_ _[du . Clv]-e -+1-~ ilr ilr

2. Let!!ir = 0, so that !!iz = ire"
And t!iz ~ 0, imply !!i8 ~ 0

·__···_----···(1)

f '() . { u (r. 8 + 68)· u( r.B) } . I' .!..{ \-,,' (r:.:.c' B:._+:._6=.:B':.!)-,-_vo::.(r .B=-)'-!.}z =nm +1Im-.- ire" flO .1< .... , ir e"l!J.8



By CoR Equations ru, = Vn , rv, =-u.

The equation reduces 10

Hence the polar family of curves u(r,8) =c, and v(r,O) = c,'
intersect orthogonally.

Construction of An Analvtic Function \'Vhen real or
Imaginarv part is Givell(Polar form,)
The method due to Exact differential and Milne- Thomson is
explained in earlier section,

J
Ex: Verify thai U = -(cos20) is harmonic . find also an analytic

r'
function,

Soln: ru =(_l)ooS7iJ
ilr r'

,au ( 2). UJ. -=a -- Sinau r '

ll'u 6 (J°ll 4-_ =-,cos28 : -=--ros20·
llr' r ao' r'

Then the Laplace equation in polar form is given by.

(J'u I au I iJ'u 6 (2) 4--+ --+ --- = -c()s2.f) - - cos29 --, cos28 = 0a r' r a r r " a f} , , • r' r:



Hence u-sarisfies the laplace equation and hence is harmonic.

LeI us find required analytic function fez)= u+iv.
We note that from the theory of differentials,

dv dvd"=-dr+-dlJ
iff 'dO

Using CoR equations ru = v rv =-u
, "', II

From this v =__I sin28 +c
r'

=~lcos28 - iSin28j+ ic
r'

I .. '_ I .
=-,c +IC-( )' +ICr· rei•.

f(z) =~ +ic,
z·

Ex 2:Find an analytic function f(z)= u+iv given mar

v=(r-~}jno r;l;O
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