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Complex Numbers

Definitions

Def:1 Complex numbers are defhed as ordered pairs (z , y)

Points on acomplex plane. Real axis, imaginary axis, purely imaginary numbers. Real
and imaginary parts of complex number. Equality of two complex numbers.

Def:2 The sumand product of two complex numbers are des ned as follows:
(x1,91) + (¥2,92) = (21 + 22,91 +¥2)
(x1,91) - (T2,92) = (T17T2 — Y1Y2, T1Y2 + Tay1)

Intherest of the chapter use z, z1, 29, . . . for complex numbersand x, y for real numbers.
introduce i and z = x + iy notation.

Algebraic Properties

1. Commutativity

21+ 22 =22 + 21, 2122 = 2221

2. Associtivity
(21 + 22) + 23 = 21 + (22 + 23), (#122)23 = 21(2223)

3. Distributive Law
2(z1 4 22) = 221 + 229

4. Additive and Multiplicative Indentity
z+ 0=z, z-1=z

5. Additive and Multiplicative Inverse
-k = (*I, 7y)

—1 x —Y
= _— O
’ <x2+y2’x2+y2>’ 7



Complex Numbers

6. Subtraction and Division
Z1 —1

72— 20 =21+ (—22), — =212
Z2

~

Modulus or Absolute Value

2| = Va2 +y?

8. Conjugates and properties
z = x—iy=(v,—y)
ntzn = AtZH
1z = 71z
21 21
BEE
9.
lz° = 2z
z+z Z—Z
Rez = 5 ,Jmz = %
10. Triangle Inequality

|21 + 22| < |21] + |22]

Polar Coordinates and Euler Formula

1. Polar Form: for z # 0,
z =1 (cosf+isinh)
wherer = |z| and tan§ = y/z. 6 is called the argument of z. Since § + 2nmisalso
an argument of z,the principle value of argument of z istake such that —m < 6 <
. For z = Othearg z is undefhed.

2. Euler formula: Symboallically,

e = (cosf + isinf)

3.
Z129 = rlrgei(gﬁ‘%)
a0 ﬁei(91—02)
22 2
P — Tnené’

4. deMoivre's Formula

(cos@ +isinf)" = cosnf + isinnd



Roots of Complex Numbers

Let z = ret then

2/ =t exp (2 <€ + %—ﬂ)>
non

There are only n distinct roots which can be given by k¥ = 0,1,...,n — 1.1f fisa
principle value of arg z then 6/n is called the principle root.

\1/3 , ) , , , ,
Example1.1 Thethree possiblerootsof (1—\%’) = (e’”f/‘*)l/3 areei™/12 eim/12+i2m/3 gin/12+idm/3

Regions in Complex Plane

1. € —nbd of zy isdeed asaset of al pointsz which satisfy

|z — 20 < €
2. Deleted nbd of zgisanbd of zy excluding point zg.
3. Interior Point, Exterior Point, Boundary Point, Open set and closed set.

4. Domain, Region, Bounded sets, Limit Points.



Functions of Complex Variables

Functions of a Complex Variable

A function f deened onaset S isarule that uniquely associates to each point z of S a
a complex number w. Set S iscaled the domain of fand w iscalled thevaueof f at 2
andisdenoted by f (2) = w.

f(z) = fz +iy) = u(z,y) + iv(z, y)

f(2) = f(re’?) = u(r,0) + iv(r,0) = F(r,0)e’®"?)
Example2.1 Write f(2) = 1/2%inu + iv form.
u(z,y) = Erk and v(z,y) =

u(r,0) = r~?cos20and v(r,0) = —r~2sin 26
Domain of f isC — {0}.

A multiple-valued function isarule that assigns more than one value to each point of
domain.

Example2.2 f(z) = /2. This function assigns two distinct values to each z (+ 0).
One can choose the function to be single-valued by specifying

VZ = ++/reif/?

where @ isthe principal value.



Elementary Functions

1. Polynomials

P(2) = ag+ a1z + agz® + -+ 4 ap2"™

whrere the coefftients are rea. Rational Functions.

2. Exponential Function

2 23

z
e _— —_— .« e
=142+ ort o+

Converges for al z. For real z the defhition coincides with usual exporentia func-
tion. Easy to seethat e’ = cos @ + isinf. Then

e = e%(cosy +isiny)

a efle?? = eAt?z,

b. 227 = 2.
c. A line segment from (z, 0) to (z, 27) maps to a circle of radius e* centered at

d.

origin.

No Zeros.

3. Trigonometric Functions
Define

- TQ 020 0T®

e’I,Z _"_efl,z
cosz =
2
) et? — o7z
sinz =
2
sin z
tanz =
CoS 2

sinz+cos?z=1

. 2sin 21 o8 2o = sin(21 + 22) + sin(z1 — 22)

. 208 21 COS 23 = cos(z1 + 22) + cos(z1 — 22)

. 28in z; 8in 22 = — cos(z1 + 22) + cos(z1 — 22)

. sin(z + 27) = sin z and cos(z + 27) = cos 2.

.sinz=0iff z=nr (n=0,%£1,...)

.cosz=0iff z=%4+nr  (n=0,%1,...)

. These functions are not bounded.

. A line segment from (0, y) to (27, y) maps to an ellipse with semimajor axis

equal to cosh y under sin function.

4. Hyperbolic Functions
Define

cosh z

sinhz =


Admin
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Limits

Analytic Functions

A function f isdefined in adeleted nbd d z,.

Definition 3.1 The limit of the function f (z) as z — zqis a number wy if, for any
given e > 0 thereexistsa > 0 such that

|z — 20| < 6= |f(2) —wo| <e.
Example3.1 f(z)=5z.Showthatlim,_,., f (z) = 520.
Example3.2 f(z) = 2. Showthatlim, .., f (2) = 23.
Example3.3 f(z) = z/z. Show that the limit of f doesnot exist as z — 0.
Theorem 3.1 Let f(2) = u(x,y) + iv(z,y) and wg = ug + ivg. lim f(z) = wy if
Z—20
and only if lim 1u = ug and lim v = vg.
(z,y)—(0,y0) (z,y)—(20,y0)
Example3.4 f(z) =sinz. Showthat thelim, ., f (z) =sinz

Example3.5 f(z) = 2x + iy?. Show that thelim,_o; f (2) = 4i.

Theorem 32 If lim f(z) =wpand lim F (z) = Wy,

I [f (=) + F(2)] = wo+ W

lim f(2)F(2) = woWy;

zZ—20

lim f(2)/F(2) = —2 W, +#£0.
Z—20 Wo

This theorem immediately makes available the entire machinery and tools used for rea
analysisto be applied to complex analysis. Therulesfor finding limitsthen can be
listedas follows:



Continuity

Derivative

1. limc=c
z—2Q

2. lim 2" = zj.

Z—Z0

3. lim P(z) = P(z)if Pisapolynomia in z.

Z—2Z0

4. lim exp (z) = exp (20) -

Z—2Z20

5. lim sin(z) = sin 2.
Z—2Z0

Def: 3.2 Afunctionf , defined in some nbd o 2 is continuous at zy if

Tim £ (2) = f (z0).

Thisdefinition clearly assumesthat the function is defined at z

If funtions f and g are continuous at zgthen f + g, fg and f/g (g (20) # 0) are also
continuous at 2.

If afunction f (z) = u (z,y)+iv (z, y) iscontinuous at z, then the component functions
wand v are aso continuous at (xg, yo)-

Def 3.3 Afunction f, defiied in somenbd o z is differentiable at 2 if
i £ = £ (20)
z—20 zZ— 20

exists. The limit is called the derivative of f at z, and is denoted by f' (zo) or 4L (zg).
Example3.6 f(z) = 22 Showthat f/(z) = 2z.

Example3.7 f(z) = |2|*. Show that this function is differentiable only at z = 0. In
real analysis|z| is not differentiable but || is.

If afunction is differentiable at z, then it is continuous at z.



1 Analyticity and the Cauchy-Riemann equations

1.1 Derivation of the Cauchy-Riemann equations

Functions of the complex variable 2z = x + iy

w = f(z) (1.1)

are expressed in the usual manner except that the independent variable z = z + 1y is complex.
Thus f(z) has a real part u(z,y) and an imaginary part v(z,y)

f(z) = u(z,y) +iv(z,y). (1.2)

Extra difficulties appear in differentiating and integrating such functions because z varies in
a plane and not on a line. For functions of a single real variable the idea of an incremental
change éz along the z-axis has to be replaced by an incremental change 6z. Because §z is a
vector the question of the direction of this limit becomes an issue.

Firstly we look at the concept of differentiation. The definition of a derivative at a point
zp remains the same as usual; namely

Gy (R b= S, (13)

520 o0z

dz

The subtlety here lies in the limit 4z — 0 because dz is itself a vector and therefore the limit
dz — 0 may be taken in many directions. If the limit in (1.3) is to be unique (to make any
sense) it is required that it be independent of the direction in which the limit 6z — 0 is taken.
If this is the case then it is said that f(z) is differentiable at the point z.

There is a general test on functions to determine whether (1.3) is independent of the
direction of the limit. The simplest way is to firstly take the limit in the horizontal direction:
that is 42z = dz, in which case

df(z)  Ou .Ov _ . ‘_
P —aJrza:uanwx. (1.4)

The z-plane with a point at zp and a circle

of radius |0z| around it. The horizontal radius
z is drawn for the case when 0z = dx and the

vertical for the case when dz = idy.



Next we take the limit in the vertical direction: that is dz = idy

df(Z) ou . v _ _3(;_’; 4 g_: — —?,.'Ltry n 'E:'Uy ) (15)

iz 9Gy) ' oGy)

If the limits in both directions are to be equal df /dz in (1.4) and (1.5) must be equal, which
makes

‘uxzvy, uy:—vx.‘ (1.6)

The boxed pair of equations above are known as the Cauchy-Riemann equations. If these
hold at a point z then f(z) is said to be differentiable at z. There is no such requirement
in single variable calculus. Moreover the CR equations bring us to a further idea regarding
differentiation in the complex plane:

Definition : If f(z) is differentiable at all points in a neighbourhood of a point z, then f(z)
fs said to be analytic (regular) at z.

Some functions are analytic everywhere in the complex plane except at certain points:
these points are called singularities. Three examples illustrate this.

Example 1: f(z) = z2. Writing 2? = 2? — y? + 2izy we have

u(z,y) = z? —y?, v(z,y) = 2zy. (1.7)

Clearly four trivial partial derivatives show that u, = 2z, u, = -2y, v, = 2y and v, = 2z
thus demonstrating that the CR equations hold for all values of = and y. It follows that
f(z) = 2% is differentiable at all points in the z-plane and every point in this plane has an
(infinite) neighbourhood in which f(z) = 2? is differentiable. Clearly f(z) = 2* is analytic
everywhere.

Example 2: f(z) = z!. Writing 2! = (z — iy)/(2? + y*) we have

r Yy

— v(z,y) = ——— . 1.8

u(z,y) =
Without giving the working it is not difficult to show that the CR equations hold everywhere
except at the origin z = 0 where the limit is indeterminate: z = 0 is the point where it fails
to be differentiable. Hence w = 27! is analytic everywhere except at z = 0.



If we write z = ¢ then we can write Cauchy-Riemann Conditions in polar coordi-

nates:

1
vy
r

Up

Ug —Trv,.

Analytic Functions

Definition 3.4 A function isanalytic in an open set if it has a derivative at each point
inthat set.

Example3.13 f(z) = 1/zisanalytic at all nonzero paints.

Example3.14 f(z) = |z|* isnot analytic anywhere.

A function is not analytic at a point 2o, but is analytic at some point in each nbd of
2o then zq is called the singular point of the function f.

Harmonic Functions

Des nition 3.7 A real valued function H (x, y) is said to be harmonic in a damain of
xy planeif it has continuous partial derivatives of the first and second arder and satisfi
Laplace equation es

Hxx(x,y)+Hyy(x,y)=0

Theorem 3.5 Ifafunction f (z) = u (z,y) + iv (z,y) isanayticin a damain D then
the functions « and v are harmonicin D.

Definition 3.8 If two given functions v (z, y) and v (z,y) are harmonic in domain D
andtheir fist order partial derivatives satisfy Cauchy-Riemann Conditions

Uy = Uy
Uy = —Uy.
then vis said to be harmonic conjugate of w.

Example3.15 Letu (z,y) = 2% — y? and v (z,y) = 2xy. Show that v is hc of u and
not vice versa.

Example3.16 wu(z,y) = y* — 3zy. Find harmonic conjugate of u.



Example  The function f(z) = Z has f(x + iy) = x — iy so that
U(l’,y) = x and ’U(l',y) =Y

The first order partial derivatives of u and v are

As the Cauchy-Riemann equation u,(x,y) = vy(x,y) is satisfied nowhere, the function

f(z) = z is differentiable nowhere. We have already seen this in Example 1.

Example  The function f(z) =e # has
fz +iy) =T = em{ cosy + isiny} = u(zx,y) + iv(x,y)

with

u(z,y) = e” cosy and v(x,y) = e* siny
The first order partial derivatives of u and v are

Uz (z,y) = € cosy  vg(z,y) = €"siny

uy(x,y) = —e"siny  vy(z,y) =€’ cosy

As the Cauchy-Riemann equations ug(z,vy) = vy(x,y), uy(z,y) = —vy(z,y) are satisfied

for all (x,y), the function f(z) = e* is entire and its derivative is

f(z) = (@ +iy) = us(2,y) + iva(z,y) = €” cosy + ie” siny = e*

Example  The function f(z +iy) = 2% +y + i(y? — x) has
w(z,y) =22 +yand v(z,y) =y* —x

The first order partial derivatives of u and v are

As the Cauchy-Riemann equations ug(z,y) = vy(x,y), uy(z,y) = —vy(z,y) are satisfied
only on the line y = x, the function f is differentiable on the line y =  and nowhere else.

So it is nowhere analytic.



Example  The function f(z + iy) = 22 — y? + 2izy has
u(z,y) = 2% — y* and v(z,y) = 2zy
The first order partial derivatives of u and v are

ug(z,y) =2 vi(w,y) =2y
Uy(%lU) = _2y ’Uy(.ill,y) =2z

As the Cauchy-Riemann equations ug(z,vy) = vy(x,y), uy(z,y) = —vy(z,y) are satisfied
for all (z,y), this function is entire. There is another way to see this. It suffices to observe
that f(z) = 22, since (z +iy)? = 22 — y? + 2ixy. So f is a polynomial in z and we already

know that all polynomials are differentiable everywhere.

Example  The function f(z +iy) = 22 + y? has
u(z,y) = 2 +y* and v(z,y) = 0

The first order partial derivatives of u and v are

As the Cauchy-Riemann equations ug(z,y) = vy(x,y), uy(z,y) = —vy(z,y) are satisfied
only at x = y = 0, the function f is differentiable only at the point z = 0. So it is nowhere
analytic. There is another way to see that f(z) cannot be differentiable at any z # 0. Just
observe that f(z) = zz. If f(z) were differentiable at some zy # 0, then z = @ would

also be differentiable at zy and we already know that this is not case.



Theorem 17.2. Let z = re. If f(re®®) = U(r,0) + iV (r,0) is differentiable at 2o = 1™,
then the Cauchy-Riemann equations in polar coordinates are satisfied at zo; that is,

ou 10V 10U A%
W(TO’Q()) = ’/"_0%(7“0’90> (I’ﬂd T—Oﬁ(ro,eo) = —W(To,eo).

Summary. The Cauchy-Riemann equations in polar coordinates can be remembered as

1 1
U.=-Vy and -Uy= -V,
r r

Example : Suppose that U(r,0) = r"cos(nf) and V(r,0) = r"sin(nf). We find

U, = nr"" ' cos(nf)

Vo = nr" cos(nb)
and

Up = —nr" sin(nd)

V. = nr" !sin(nb)

sothat U, = r~'Vy and 71Uy = —V,.. Hence, U and V satisfy the Cauchy-Riemann equations
in polar coordinates.

We can now use the Cauchy-Riemann equations to derive Laplace’s equation in polar coor-
dinates. (Assume that all second partials exist and are sufficiently smooth so that the mixed
partials are equal.) That is, we know

uy = v, implies rU,="Vy and u, = —v, implies Uy = —rV,

and so taking derivatives with respect to x of the first equation and derivatives with respect
to y of the second equation implies

0= (uz —vy)s + (uy +0)y = (rUp — Vo)o + (Ug + 1V;),.
Now, using the chain rule, we find

(TUT - ‘/9):1: - Ter + T(Urrr:c + Uerex) - (%99$ + ‘/rercc)

17-3



and
(Us +1V,)y = (Usgby + Urory) + 1y Vi + r(Vipry + Vo, 0,).

Adding the previous two terms, using the equality of the mixed partials, and simplifying
implies

U + 115U + (18, + 1)Uy + 0,Ugg = —1, Ve — 11, Vi — (10, — 12) Vig + 0, Vg (%)
The next step is to note that

in @ 0
r8x+ry:7’-—sm +sinf =0 and ré’y—rm:r-cos —cosf = 0.
r r
so that (%) becomes
Ter + rracUrr + eyUHO = _ry‘/r - 717”3/‘/;“7“ + 9:1;‘/99
Substituting in ry, 0,, ry, 6,, we conclude
1 1
cos {Ur +rU + —U99:| = —sinf {Vr +rV,, + —‘/99] ) (1)
r r

If, instead, at the beginning of the derivation we had taken derivatives with respect to y of
the first equation and derivatives with respect to = of the second equation, then we would
have found

1 1
cos 0 {V} + 71V, + ;‘/99:| = —sinf {Ur +rU,, + ;U99:| ) (1)

We now multiple (1) by cos @, multiply () by sin#, and add, then we conclude
1
(cos® O + sin? ) [UT +rU., + —U99:| =0
r

and so we finally arrive at Laplace’s equation in polar coordinates

1 1
Urr + _Ur + _2U9¢9 = 0.
r r

Note that we can also conclude immediately that V' satisfies Laplace’s equation in polar
coordinates as well,

11
Vir + =Vi + = Vg = 0.
r r

Example: Suppose that U(r,0) = r"cos(nf). We can now show directly that U is
harmonic. That is,

U, =nr" tcos(nf), U, =n(n—1)r""2cos(nf), Uy = —nr"sin(nb), Up = —n’r" cos(nf)
so that

1 1 1 1
Upr + =U, + —Ugg = n(n — 1)r" "2 cos(nf) + = - nr" ' cos(nf) + — - —n’r" cos(nf)
r r r r

= "2 cos(nf)[n(n — 1) + n — n?|

174



Properties of analytic functions

Let us consider the CR equations u, = v, and u, = —v, as a condition for the analyticity of
a function w = u(z,y) + iv(z,y). Cross differentiation and elimination of first u and then v
gives

Ugg + Uyy = 0 Vgg + Vyy =0,
thus showing that u and v must always be a solution of Laplace’s equation (without boundary
conditions) : these are called harmonic functions. It also said that u(z,y) and v(z,y) are
conjugate to one another. In the following set of examples it will be shown how, given a
harmonic function u(x,y), its conjugate v(z,y) can be constructed. The pair can then put
together as u + iv = f(2) to ultimately find f(z).
Example :  Given that u = 22 — y? show (i) that it is harmonic; (ii) find v(z,y) and then
(iii) construct the corresponding complex function f(z).
With v = 2% — y* we have u, = 2z, uy = 2, u, = —2y and u,, = —2. Therefore
Uge + Uyy = 0 so it satisfies Laplace’s equation. This is a sufficient condition for v to exist
and for us to write v, = u, = 2z and v, = —u, = 2y. While there are two PDEs here there
can only be one solution compatible with both. Integrating them both in turn gives

v=2xy+ Ax), v=2zy+ B(y).
It is clear that they are compatible if A(z) = B(y) = const = ¢ making the result
v =2zy +C,

with
f(z) = 2% — y* = 2ixy +ic = 2* +ic.



The ic simply moves f(z) an arbitrary distance along the imaginary axis.

Example : Given that u = z® — 3zy? find its conjugate function v(z,y) and the corre-
sponding complex function f(z).

We first check that u = 23 — 3xy? satisfies Laplace’s equation: u, = 322 — 3y?; Uy, = 62 ;
uy = —6zy and u,, = —6x. Thus u,, + uy, = 0 and so v exists and is found from the CR

equations:
2

Uy = 322 — 3y Vg = 6xy
Partially integrating these gives
v =32y — y° + A(z) v = 32y + B(y).
The way to make these compatible is to choose B(y) = —y> + ¢ and A(z) = c finally giving
v=32%y — 1y’ +c
with
f(z) = 2°=3zy* +i(32%y —y* +¢)

= 22 +ic.

Example 3: Given that u = €* (m cosy — ysin y) show that it satisfies Laplace’s equation.
Also find its conjugate v and then f(z).

We find that
Uze = €"[(z + 2) cosy — ysiny] ; Uy = —€"[(z 4+ 2) cosy — ysiny],
and so Laplace’s equation is satisfied. Then
vy =, = €e"[(z + 1) cosy — ysiny] ; vy = —uy = €"[(z + 1)siny + ysiny] .
Using the indefinite integrals [ysinydy =siny — ycosy and [ ze“dx = e“(x — 1) we find
v=e"(zsiny + ycosy) + A(z); v=e"(ycosy + xsiny) + B(y).
For compatibility we take A(z) = B(y) = const = ¢. Then

w = €"[(z+iy)cosy — (y —iz)siny] + ic
e [z cosy + iz sin y] +ic
2e" 4+

= ze* +ic.



Orthogonality

Let us finally consider the family of curves on which u = const. From the chain rule
du = —dx + —dy (1.25)

and therefore on curves of constant u we have du = 0, giving the gradient on this family as

d z
el ——— (1.26)
d.ﬁL’ u=const ’LLy
Likewise, on the family of curves of constant v
d z
& S (1.27)
dx v=const Uy
giving
d d xrx
&y &y _ lallz (1.28)
dx u=const dx v=const Uyuy
Now if f(z) is analytic in a region R then the CR equations hold there, u, = v, and u, = —v,,
and (1.28) becomes
dy dy
— X —= =—1. 1.29
dl‘ u=const dl‘ v=const ( )

The final result is that in regions of analyticity curves of constant u and curves of
constant v are always orthogonal.



Construction of An Analvtic Function When real or
Imaginary part is Given

(Putting in Exact differential M dx + N dy = 0)

The Cauchy-Riemann equations provide a method of constructing
an analytic function fiz) = u+ivwhenu orvor ut v is given
Suppose uis given, we determine the differential dv |, since

v =V(XY)

dv= g:_dx + ﬂdy using C-R equations .this becomes
Ay

o i 1
dv =-5}-dx +5x-dy =NLdx + Ndy
And it isclear thes N _oM =99 , 9w

ax ay Ox dy’

Because u is harmonic. This shows that M dx + N dy is an exact differential,
Consequently , v can be oblamed by integrating M wor.t X by iregting y as a
constant and mtegrating w.rt. y only those terms 1n N that do not contain x,
and adding the results.
Simalarly, if v is given thea by using

0

du du v av
l=—dx +—dy =—dx~—dy-
du axd\+aydy aydx axdy
Following the procedure explained above we find u, and hence
f(z) u + iv can be obtained. Analogous procedure is adopted to find

u+iv when U £ v is given.

Milne-Thomson Method:

An alternative method of finding u*iv when u or v or utv
is given.

Suppose we are required to find an analytic function 1(z) = u+iv
when u 1s given. We recall that



£'(2) =[E'_“— i‘:'_“} |

dx  dy
Let us we set ﬁzﬂ(x,y} and@=¢l[:{,y} ----- (11)
dx dy
Then £1(z) =@ (x,y) —ig.(x,y) 11

Replacing x by z and v by (), this becomes

f1z) =¢(2,0)—1¢,(2.0) —(IV)

From which the required analytic function f(z) can be got.

Similarly . if v is given we can find the analytic function f{z) = u+ 1v by
starting with

f'(z)= [ﬁ+ lﬁ} Analogous procedure is used when U TV is given.

dy  dx

Applications to flow problems:

As the real and imaginary parts of an analytic function are the
solutions of the Laplace's equation in two variable. The conjugate functions
provide solutions to a number of field and flow problems.

Let v be the velocity of a two dimensional incompressible fluid with

dv . dv .

irrigational motion, V=—1+ —— ] sl
ax  dy

Since the motion is irrotational curl V=0.

Hence V can be written as

w-a"f’na@'

i S N | |

ax  dy

Theretore . @ is the velocity component which is called the velocity
potential. From (1) and (I1) we have




o S e
dx ox oy oy

Since the fluid is incompressible div V =1().

ag). 2 (38) .
ax[ax] ay[ayJ‘“ )

d¢ d'¢

=3y
The function 1;‘:[:{ 3.-'} 15 called the velocity potential , and the curves
¢l:r-:. j.-'} = ¢ are known as equi -potential lines,

=) This indicates that @ is harmonic.

Note : The existence of conjugate harmonic function [:-:, }-’} so that

w(z)=@(x,y)+iwl(x,y) is Analytic.

o_ (V) Dy

The slope is Given by =
dx / v*
(Vas) 7%

This shows that the velocity of the fluid particle is along the tangent to the
curve ;y[:-;. }'} =¢' , the particle moves along the curve.

;r:f[:-:,}'} =¢' - iscalled stream lines :ﬁr{:{, }’}= ¢- called equipotential
lines. As the equipotential lines and stream lines cut onthogonally.

wiz) =gdlx.y)+iw(x.v)

dw E}¢+ dy d¢ éh;'.'
dz  dx dx ox a}r

™ 1".'-. e l"‘II1



dw

The magnitude of the fluid velocity *|” L ) =

The flow pattern is represented by function w(z) known as complex
potential.

Complex potential w(z) can be taken to represent other two-dimensional
problems. (steady flow)

1. Inelectrostatics @ x, y‘) = ¢ --- interpreted as equipotential lines.
;#[x. }'} = ¢ - interpreted as Lines of force

2. In heat flow problems:
gﬁ{xk:-,'} = -— Interpreted as [sothermal lines

gy{ X, y} = ¢ --- interpreted as heat flow lines.

Cauchy —=Riemann equations in polar form:

Let f(z) =f(re”)=u(r,@)+iv(r, @) be analytic at a point z then
there exists four continuous first order partial derivatives .

W By D uaton
%' ag Ya ,agan satisfy the equations
du_lov v lou

‘o rdf 9 rdé@

Proof: The function is analytic at a point Z = re”.

f(z +Az)—f(z)
Az

exists and 1t is unique.

£1(z) =1lim

Now f(z)=u(r.f)+1v(r.8).

Let AZ be the increment in z , corresponding increments are

Ar Afinrand 8.



{ultr+Ar. 8+ AR +ivir+Ar.8+A8) }={uir) +ivir.8) }
------ Az

{ult+ Ar.8+A8) - urd) } +iﬁm{v[r+.ﬁrzﬁ+ﬁ|9}— v{rﬂ}}

Az Ar-di &—
et S e |,

£'(2) = lim

18
Now £ = I'€  and z is a function two variables r and & . then we have

51=Eﬂr+a—zﬂﬂ
x a8

Az.= %{re'”}:ﬁr +%[r&'” A8

Az=e" Ar+ire” A8

When AZ tends to zero, we have the two following possibilities.
(. Let A@=0, so that Az=e"Ar
And AZ — 0, implies Ar — 0

{u(r+Ar.8)- uir.d)} fvir+Ar.8)- vird) }

£ {2)=1i +1lim
.!I:I.-.I E-*’ﬂr Ar =i E'Fﬂr
The limit exists,
du . dv
f'({z)=e"| —+1— izl
[Eir Eir}

2. LetAr=0,sothat Az=ire"
And Az = 0, imply A8 — 0

iy AP AR) W), o NGO HAR) - v(né) ]
- 1reAf =i ire’A#




: a%} A

%30 ©0)

By C-R Equatons =N, 3 I¥ =—W,

TangTang. =

The equation reduces to

TangTang, = %se) / 08
R 771

Hence the polar family of curves w(r,&) =c_and v(r.8) =c,
intersect orthogonally.

Construction of An Analvtic Function When real or

Imaginary part is Given(Polar form.)

The method due to Exact differential and Milne-Thomson is
explained in earlier section .

I
Ex: Verify that u = —(c0s28) is harmonic . find also an analytic
P

funcuon.

o 2 : 4
Soln: fﬂz(——_]u}s?ﬂ -a_uzf—E_Jsinzﬂ
dr \ 1) g \ r

o 6
—I,Jz—{:m-ﬂﬂ Ei_u.__i s26
ar’ d & r

Then the Laplace equation in polar form is given by,

e e :
dr’ r dr s E

d'u 1 du 1 8% t’:
I.'

[31“1&_3 ——cnﬂﬂ =)
\ s

H



Hence u-satisties the laplace equation and hence 1s harmonic.

Let us find required analytic function {(z)= u+iv.
We note that from the theory of differentials,

dv:idr+a—vdﬁ
dr dé
Using C-R equations ' =V_ , IV =-—U

WECARNEAW
L orad# dr

7 ¥ ¥
(—L}'inEﬂ dr—(;mﬂﬂ &
L 2 \r

=d(—i_5in23]
o

From this v = __lln_.;inEE+c
e

f{2)=u+1v ={—I_EU525]+i(——I_EiHEH]+E
o 3

r

=L[cm52€—isin2€]+ic
-

—iﬁ""+i.-:'— , +1c
T (re”)
o
flz)=—+ic.
”

Ex 2:Find an analytic function f(z)= u+iv given that

v =(r—l}:im‘? r+0

| §



Example: Given u = ¢"(x cos y — y sin y), find f(z) by Milne
Thomson method.

Solution: Now u = ¢"(x cos y—y sin y)

Q.1

Q.2

Q.4

Q.5
Q.6

Ju

— =dutécosy
ox
Ju . .
— =¢'[-xsiny—siny—y cos y]
dy
uaty =0=ex+e=¢e(x+l1)
u,aty =0=0

Q,(x,0) =u,aty=0=¢€"(x+1)
Py(x, 0) =u,aty=0=0.

) = [ 10, 0) — i, (5, 0)} dz + ¢

1) =J{e2 +1)—i0) dz+ ¢

fz) =ze* + ¢

Exercise

Find most general analytic function corresponding to
u(x, y) =y = 3y

Prove that each of these functions is entire

(@) flz)=3x+y+iBy—x)

(b) f(z) = e (cos x +isinx)

Show why each of these functions is nowhere analytic.

(@) fO=xy+iy

(b) f(z) = e”(cos x + i sin x)

If in some domain = u + iv and its complex conjugate

f =u— iv are both analytic, then prove that fis constant.

In the domain » > 0, 0 < 6 < 2w, show that u = log r is

harmonic and find its harmonic conjugate.

Determine a and b such that the given functions are
harmonic and find a conjugate harmonic.



(a) u= ax® + by3
(b) u=e™ cos 5y
Q. 7 Find analytic function f(z) = u(r, 6) + iv(r, 0) such that
v(r, 0) =1 cos 20 — r cos O + 2

Q. 8 Show that f(z) = 4/|xy| satisfies Cauchy-Riemann equation
at the origin but is not analytic at that point.
x—1iy

x2+y?

Q. 9 Prove that is analytic or not.

Q.10 For what values of z do the function defined by the

following equation ceases to be analytic. f(z) = — U
22—

1
Q. 11 Show that u = 5 log (x* +)?) is harmonic. Find its harmonic

conjugate v.

Answers
Q.1 f(2)=i +O) Q.5v=0+C
Q.6 a)a=b=0,v=C
(b)a=45,v=+e"sin 5y + C
Q.7 u=—*sin20+rsin6+C
f@) =u+iv=i(P® —re®) +2i + C.
Q. 9 Not analytic Q.10z==1
Q.11 v(x, y)=tan' y/x+ C.

Miscellaneous Solved Exercise 2
Q. 1 Prove that z is not differentiable
Sol. Letflz)=z=x—1iy
Az = Ax + iAy, so we have
f(z+A2)-f(2)  (z+A2)-Z
Az Az

glq



Sol:

Sol:

o JEHA)=1G) _

Az—0 A2 Az—0

=

If Ay=0and A — 0, we get from above we have Limit a/ +1
and when Ax =0 and Ay — 0, we get Limit a/ —1. Hence the
Limit comes out different along different paths. Thus Limit
does not exist and so Zz is not differentiable.

Determine whether the following functions are continuous
inside a unit circle

1
b .
1+2° ® z-1

(@)

1

I is continuous except at where 1 + z* is zero,
+z

@ flz) =

2

that is, a point z = £ i, for unit circle |z| < 1,z = £ i are
excluded. Thus the given function is continuous inside
lz| < 1.

(b) Similar method is applied for f{z) = Ll This one is
5

also continuous except at z = 1 but |z| < 1 as the domain.

Thus is continuous in |z| < 1.

z—1

Is f(z) = z/|z| continuous at origin, where f{(z) is defined for
z# 0 and f(0)=0.

.z
lim —

Now, limAf(z)
z—0 z—0 |z|

+i +i
lim XY x+iy

—_— = lim ———+
z—0 Ixz +y2 x =iy Ixz +y2

Let first y =0 and x — 0, then lim X
xX—=iy X



Q.4
Sol:

Q.5

Sol:

Again when x = 0 and y —0 lim ﬂ =i

y4
As the Limit along different paths are 1 and i, that is, limit
does not exist. f{z) is dis continuous at z, = 0.

Show that f{z) = Rez = x is continuous but not differentiable

As hm f (z) = hm = limx =x, =f(z,)

—z0 X — Xy

b))
the function is continuous at z = z,.

_ o S+ A2) - f(2)
Now (2= A121g0 e

= lim ———
Ay =0 Ax+lAy
Ay =0

while = lim —
re= ﬁy—>0 Ax+lAy

Hence Limit does not exist, that f’(z) = 0 and 1 along
different paths. Thus f{z) is not differentiable.

If lim f (z) exist, prove that it must be unique
z—>z

Let Zlirglo f(z) =1, and Zlirglo f(z) =1
then for uniqueness we must show that /, = /,. Now for given
€ >0, we can find a number & > 0 such that
fz)— 1| <e€/2when 0 <|z—z)| <&
and |f(z)— 1| <e€/2when0<|z—z)| <§
Then |/, = | = |l, - fz) + fiz) - 1|
<[l S|+ H, + A2)|
<e2+e/f2
=€

= |l, - l,| <e (very-very small number) and so must be zero.
Thus we have /, = /, Hence we get the derived result.



Q.6

Sol:

Q.7
Sol:

Q.8

Sol:

Q.9
Sol:

If lima, =4 and lim b, = B, Prove that lim (a, + b,) =
n— oo

n— oo n— oo
A+ B.

In view of the definition and for given € we can find V. such
that

la,—A)<e/2,|b,—B|<e/2forn>N
Thus for n >N
la,+b,)—(4+B)|=|(a,—A) +(b,— B)<l|a,—A| + |b,— B

<elR+el2=¢€
which gives the desired result.
Is fiz) = 2° analytic?
We have flz) =2' = (x + iy)’
=x'- 3xy2 + i(3x2y —yS)

Thus u=x"—3xy* and v="3x%y —)*
Also u, =3x* - 3y* = v, and u, =—6xy =—v,
Thus Cauchy-Riemann equation is satisfied for every z.
Hence f(z) = z° analytic for all z.

Prove that an analytic function of constant absolute value is
constant.

Given f(z) is analytic and |f(z)| = k (constant). Now we have
to show that f(z) is also constant. since |f(z)] = k = * +1*

Thus we have from u* +v* = &%, uu_+ v, =0 and uu, + vy,
=0.
As u, =v, and u, = —v,. We have from these equations and
above equations

(u2 + v2)ux =0 and (u2 + v2)uy =0
Ifi2 =1 +v*=0thenu=v=0= (f(z)=0.and if k# 0, then
u, =u,= 0. Hence by C — R equations also v, = v, = 0. This
gives us that u = const. and v = cons. Hence f{z) is constant.
Prove that ¢° is and entire function.
Now flz) =e&=¢e""

=¢" [cos y + i sin y]

Thus we have u(x, y) = ¢ cos y and v(x, y) = ¢" sin y



Q.10

sol:

Q.11

Sol:

= u, =€ cosy=u,
and u, =—e siny=—u,.
That is, C — R equations are satisfied for all x and y.

Therefore ¢° is analytic everywhere. Thus ¢ is an entire
function.

If u(r, ) = (r —l) sin 0, » # 0, find an analytic function
r
f2)=u+iv.

In view of C — R equation in polar form, u, = ug and ug = —r
u,, we have from the given u(r, 0),

Ug=—ru,=—r (1+L2)sin9=—(l+iz)sin9

r r

Integrating above w.r.t. 0, we get

u(r, 8) = (r + l)cos 0+ c(r)
r

. L . 1
Now differentiating above w.r.t. » and using u, = — uy, we get
r

ﬁ =0 = c¢(r) = constant = ¢,
dr
1
Hence u(r, 0) = (r + —)cos 0+c
r
Thus f@)=u(r,0)+iv(r,0)+c

For what values of z the function w defined by the equation
ceases to be analytic?

z=logr+i0, w=re®
Given z=logr+i® (1)
w =re®=r(cos 0 + i sin 0) (2)

from the above equations (1) we have

0

z=log re® = re®= ¢

= & =w from (2)



dw i
= — =et=re?
dz

This explains that w will be analytic of z if r is finite. Hence
w is analytic function in a finite domain. Thus the given
function ceases to be analytic if 7 = oo,

Q. 12 For what values of z the function z = sin /& cos v + i cos hu
sin v, w = u + iv ceases to be analytic.

Sol: Now as cos ix = cos hx and sin ix = i sin /x
sin i (u+iv) = —sini(u+iv)=isin (iu—v)
i

=—j (sin hu cos v — cos u sin v)

z =sin h (u + iv) sin hw

= w=sinh'z

N
dz J1+2°
aw )

= — =oocQat z=%1]
dz

= wisnot analyticat z==%1
Q. 13 Prove that an analytic function with constant real part is

constant.
Sol: Given f{z) =u+ ivis analytic
also u = constant = ¢ (given)
- o9V
ox dy
v

but a_u == and
ox Oy

Thus from the above relations, we have
du ov

=0and — =0
ox dy



= vy = constant
Hence the result.

Q. 14 Show that the function f{z) = /(|xy|) is not regular at the
origin, although C — R equations are satisfied at that point.

Sol: Let @ =u+tiv=4/(x)
= u=+/(xy) andv=0
Athe origin 2% = [y 420 =100 _,
ax x—=0 X
% = lim ”(an) — M(0,0) =0
ay y—0 y
ou _ lim u(x,0) —v(0,0) _ 0
ax x—=0 X
and o _ lim u(0.9) = v(00) _ 0
ay y—0 y
= C - R equations are satisfied at (0, 0).
. o [EHA) = [ ()
Again '@ Alzlgo ™
. 10 i L0 _ ST
z0 220 x+iy
2
= f(O)—lmMalongy=mn
x>0 x+im
_
1+im

= f” depends on m, hence it is not unique

Thus f{(z) is not analytic at the origin although C — R
equations are satisfied at the origin.



Q.15
Sol:

Q.2
Q.3
Q.4
Q.5

Q.6

Q.7
Q.8

Prove that ¢ is nowhere analytic
fo)=u+iv=e =& Y=¢"[cosy—isiny]
= u=e cosyandv=—¢"siny
Now u,=e' cosy,u,=—¢ siny
u, =—¢ sinyand u,=—¢"siny
As u, #u,and u, #—u,

This gives us that ¢ is no where analytic.

Miscellaneous Exercise 2 (Unsolved)
Find out whether f(z) is continuous at z = 0 if {0) = 0 and for
z # 0, the function f{(z) is equal to

(2) (Im2)/| (b) (Rez’)/l

(c) (Rez)/(1 + |z)) (d) (Rez — Imz)/|z*
Find an analytic function w= u + iv where u = x> — 3x*y + 3x°
~3¥+1
Show that f{z) = sin x cos Ay + i cos x sin Ay is analytic
everywhere.
Show that u = cos x cos y is harmonic and find its harmonic
conjugate.
Prove that u €*(x cos y — y sin y) satisfies Laplace equation.
Find fz) = u + iv.
Find an analytic function w = u + iv, if

2

(@) u=x"—3xy (b) u=e"cosy

2 2
If f(z) is analytic show that {i| f|} + i| It =17
ox dy

Determine whether C — R conditions are satisfied for the
given function:

(@) flz)= % In(x* + %) + i tan ! y/x

(b) flz)y=x+ay +i(bx+cy)
(©) flz)=xy +iy
(d) flz) =zz



Q.10

Q.11

Q.12
Q.13

Q.14

Q.15

Q.16

Q.17

Q.18

Q.1

Show that u(r, 6) = ¢ ® cos (In r) is harmonic. Find its

conjugate harmonic.

Find the conjugate harmonic function of u(r, 8) = —7° sin

3 6. Also show that u is harmonic.
If /'(z) = 0, then show that f{z) is constant.

If both fiz) and f(z) are analytic, show that f{z) is constant.

Show that if u is harmonic and v is conjugate harmonic of u,
then u in conjugate harmonic of —v.

Verify if fiz) = - xy E 220
+Y

A0)=0,
is analytic or not?

Given u(x, y) = 2xy + 2x, construct harmonic function. Also
find f{(z) using Milne-Thomson method.

Construct an analytic function where the imaginary part is
w(x, y) = 2x(y + 1) —4 under the condition {1 + i) = 2. Also
write function in terms of z.

Let fiz) = u(x, y) + iv(x, y) be analytic.
Prove that

(a)f(z)=2u(2 2)+c (b) flz) = 21v(2 2)+Cl

Given f{z) is an analytic function. Prove that Ln f{z)| is also
analytic.

Miscellaneous Answers 2
(a) No (b) Yes (c) No (d) No

Q.2 floy=22+32+¢

Q. 4

v=—sinxsinhy +c

Q.5 flz)=z"+¢

Q.6
Q.8

@w=2Z+cbyw=2+c¢
(a) for all z (b) @ =— b, ¢ =1 (c) No where (d) only at the
origin.



Q.9 W(r,0)=¢®sin(Inr)+c
Q.10 v=r>cos 30 +c

Q.14 No

Q.15 —i? +2z+¢

Q.16 22 +2iz+4—4i



