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1 1 0 1 2 -1 31({0 1 3 50
0 10,0 1 5 6,]0 0 1 -1 0
00 00 O 1 4/(0 0 0 0 1
A matrix A4 is said to be in reduced row echelon form if each column that contains a

leading 1 in row echelon form of the matrix 4 has zeros everywhere else in that column.
The following matrices are in reduced row echelon form.

1 00 1 00 2
00
,10 101,10 1 0 54,
0 0

0 0 1 0 0 I -1

S o O O

—4
0
0
0

(= -
S O —~ O
=

Example 1: In each part determine whether the matrix is in row echelon
form, reduced row echelon form, both or neither.

12030
1005
o |00 o i lo o 12
11
Y 1oo o0 01
0107
00000
0000 0
(i) [1 -6 4 3 @) 00 12 -3
111 1
0 132 Y looo 1 o0
0000 0
Solution:

(1) The given matrix is in reduced row echelon form and row echelon form since
it satisfies properties (i), (ii), (iii) and columns containing leading 1 have zero
everywhere else.

(i) The given matrix is neither in row echelon form nor in reduced row echelon
form since it does not satisfy the property (iii).

(ii1) The given matrix is in row echelon form since it satisfies properties (i), (ii) and (iii).
(iv) The given matrix is neither in row echelon form nor in reduced row echelon
form since it does not satisfy the property (i).

Example 2: Find a row echelon form of the following matrices:

08 — 1823 it 2 =g
2 3 45 . = [8R0

(i)
[ S ) RS ]
3 2 4 1 2 3

(i)
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1.5 Elementary Transformations
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0 0

=26
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00

Solution: (i)



Matrices and Systems of Linear Equations

Chapter 1

1.22

1 |

o N o o0 (9 B ¢ TN o} -

I QT I Q|
- :
3 R4

NN Y O O /MM on = O O
— |~ —i | oo

R,+R, R,-2R,

2 =3 1

1

+R,

4

=2R,; R

R,

1
=]
7
-6

-3
2
-4
8

2
1
0
0

1
0
0
0

(i)



0 -1 2 3
|2 3 45
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3 2 41

(i)

1
(‘z)’“
1 2 =3
0 1 2
0 0 1
0 0 8
R, -8R,
1 2 =3
0 1 2
0 0 1
0 0 0
|
(é)’“
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Beginning with the last non-zero row and working upward, we add suitable mul-
tiples of each row to the rows above to introduce zeros above the leading 1°s.

R3—2—76R4, R,+3R,, R —2R,
(1 3 =1 0
01 =20
00 10
00 01

R, +2R,, R + R,

r B

1300
0100
oo 1 0
00 0 1]
R -3R,

[1 0 0 0]
0100
oo 10
0 0 0 1)

(i1)) The row echelon form of the matrix is

1 2 -3 |
01 2 -l
0 0 1 —Z

4
0 0 0 1

Beginning with the last non-zero row and working upward, we add suitable mul-
tiples of each row to the rows above to introduce zeros above the leading 1°’s.

R}+%R4, Ry +Ry; Ri—R,
1 2 -3 0

01 20

00 10

00 01
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R,-2R,, R+3R,

1200
0100
oo 10
0 0 0 1]
R -2R,

10 0 0]
0100
oo 10
0 0 0 1]

1.6 SYSTEM OF NON-HOMOGENEOUS
LINEAR EQUATIONS

A system of m non-homogeneous linear equations in » variables x , x,, ... x,_ or simply
a linear system, is a set of m linear equations, each in n variables. A linear system is
represented by

a,x, +a,x, +:-+aq

x, = b,

1n"*n
Ay X, +apX, +---+a,,x, =b,

X, +-+a,x, =b,

mn”"n

aml ‘xl g5 a/nZ d

Writing these equations in matrix form,

Ax=B
a, dy ... 4,
ay 4y wm | . . .
where A= is called coefficient matrix of order m X n,
kaml aml e anm
b
%l .
X= is any vector of order n X 1.
_x" _
b,
b, | .
B=| | isany vector of order m x 1.
L “m |
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1.6.1 Solutions of System of Linear Equations:
Gaussian Elimination and Gauss—Jordan
Elimination Method

For a system of m linear equations in n variables, there are three possibilities of the
solutions to the system:

(1) The system has unique solution.
(i1) The system has infinite solutions.
(iii) The system has no solution.

When the system of linear equations has one or more solutions, the system is said
to be consistent, otherwise it is inconsistent.

I
Ay Gy e 4y, b,
. Gy by e G, VB
The matrix [4:B]= =
: . ,
: : |
I
a, a a, 'b

ml m2 e mn m

is called the augmented matrix of the given system of linear equations.

To solve a system of linear equations, elementary transformations are used to reduce
the augmented matrix to either row echelon form or reduced row echelon form.

Reducing the augmented matrix to row echelon form is called Gaussian elimina-
tion method. Reducing the augmented matrix to reduced row echelon form is called
Gauss—Jordan elimination method.

The Gaussian elimination method for solving the linear system is as follows:

Step 1: Write the augmented matrix.

Step 2: Obtain the row echelon form of the augmented matrix by using elementary
row operations.

Step 3: Write the corresponding linear system of equations from row echelon form.

Step 4: Solve the corresponding linear system of equations by back substitution.

The Gauss—Jordan elimination method for solving the linear system is as follows:

Step 1: Write the augmented matrix.

Step 2: Obtain the reduced row echelon form of the augmented matrix by using
elementary row operations.

Step 3: For each non-zero row of the matrix, solve the corresponding system of
equations for the variables associated with the leading one in that row.

Note: The linear system has a unique solution if det(4) # 0

Example 1: Solve each of the following systems by Gaussian elimination method.

(1) x+ y+2z=9 (i) 4x—-2y+6z= 8 (i) 3x+ y- 3z=13
2x+4y—-3z=1 x+ y—-3z=-1 2x— 3y+ Jz=5
3x+6y—5z=0 15x—3y+92z= 21 2x+19y—-47z2=32
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Solution: (i) The matrix form of the system is

1. 1 2]|=x 9
2 4 3||y|=|1
3 6 5|z 0

The augmented matrix of the system is

11 2!9

|
2 A Bl
36 510

Reducing the augmented matrix to row echelon form,
R,-2R, R,-3R

11 21 9
I

~[0 2 =71-17

0 3 -111-27

1

(3)x

3 )5

(11 21 9]
I

o1 22117
21 2

[0 3 -11}-27]

R, 3R,

11 27 9]
|

o 1 2117
2: 2
I

00 113

L 20 2]

(-2)R,

[1 1 2} 9]

g 1 21117
2: 2

00 1} 3

x+y+ 2z=9
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Solving these equations,

x=1,y=2
Hence, x =1,y = 2, z =3 is the solution of the system.
(i1) The matrix form of the system is

4 -2 6|[«x 8
11 =3 |yl=]-1
15 -3 9|]|:z 21
The augmented matrix of the system is
4 -2 6, 8
11 =311
15 =3 9121

Reducing the augmented matrix to row echelon form,

RIZ

[1 1 -3}-1
o & -8 &L B
15 -3 9121

R,—4R, R,—15R
11 =31
<0 =6 18112
[0 —18 54136

a, ()
6) ° 18) -

L1 -3~
O T ~8 -
[0 1 810
R, —R,
[1 1 -3} -1
~lo 1 =312
00 0! 0

The corresponding system of equations is
x+y—-3z=-1
y—=3z=-2

The leading ones are in columns 1 and 2. Hence, the variables x and y are called
leading variables whereas the variable z is called a free variable. Assigning the free
variable z an arbitrary value ¢,
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y=3t-2
x=-1-3t+2+3t=1

Hence, x =1, y =3t — 2, z =t is the solution of the system where ¢ is a parameter.
(ii1) The matrix form of the system is

2 19 47

(8]
W
|38}

The augmented matrix of the system is
31 =3,
|

2 3 71 8§

2 19 —47 132

Reducing the augmented matrix to row echelon form,

I
1 ! —1:2
3 13
~l2 =3 715
2 19 =473

Ro—2R;, Ry~2R

i 1 P13
1 E _li —
Y P TP I
3 ! 3
0 22 45y 1B
i 3 L3
_i)Rz
11
i 1 P13
1 3 —15—
~0 _2: 1
115
T
3 =N
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55
Ry ——R
I
1 13
1 5 _li_
~10 1 —ﬂi 1
11 !
0 0 015
From the last row of the augmented matrix,
0x+0y+0z=5

Hence, the system is inconsistent and has no solution.

Example 2: Solve the following system for x, y and z.

4
== =30
Yy z

1
_+£__= 9
Yy z
2 12000

X y z

Solution: The matrix form of the system is

1
J

1
-1 3 4]|Y| [30
3 2 -1 LY 9
2 -1 2| [0
l
Lz ]
The augmented matrix of the system is
-1 3 4130
|
32 -1'9
2 -1 2110

Reducing the augmented matrix to row echelon form,

(_I)RI

1 -3 —4!-30
~[3 2 11 9
2 -1 2110
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3R,, B —2R
4, -30
{ i 99
101 70
1
(n [5)
1 41 -30]
<lo 1 1i 9
0 1 21 14
RE_RZ
1 -3 —4-30]
“lo 1 1! 9
0 0 1! 5]

————— =-30
X y z
1 1
—+—=9
y z
1
—=3
Solving these equations,
LSRN R
ety
1 1 1. .
Hence, x = > s 7 z= = is the solution of the system.

Example 3: Solve the following system of non-linear equations for the unknown
angles &, fand %, where 0 < ¢ <27, 0< f<2zmrand 0< y < 7.

2sinoc— cosf+3tany =3
4sinor+2cosB—2tany =2
6sinor—3cosf+ tany =9

Solution: The matrix form of the system is
2 -1 3| |sinax 3
4 2 2| |cosp|=|2
6 -3 1| |[tany 9
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The augmented matrix of the system is

2 -1 3!3
]

4 2 212

6 -3 119

, L 343
B 2 212
3 2 -2l
g =8 159

R R
2 212
~lo 4 8!
0 -8! 0
i) (-3)
4) 73
[, -1 3:3
2 212
<o 1 2!=1
0 0 1! 0

The corresponding system of equations is

o | W

sino lcos[3+§tan =
2 2 ¥

cosff—2tany = -1
tany =0

Solving these equations,

=0
cosf=-1 = PB=n=x
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sina—lcosﬁ Etan +§
2 2 ¥ 2

1 33
=l O =1

b4 . .
Hence, o= 7 B=m, y=0 is the solution of the system.

Example 4: Investigate for what values of A and x the equations

x+2y+ z= 8
2xt2y+2z=13
3x+4y+Az= U

have (i) no solution, (ii) a unique solution, and (iii) many solutions.

Solution: The matrix form of the system is

1
2
3

RSN NS I S

|| x
21 |y|=]|13
Al z

The augmented matrix of the system is

12 118

I
2 2 313
34 Ay

Reducing the augmented matrix to row echelon form,

R,-2R, R,-3R

S
|
~{0 2 0 ! 3
0 =2 A-31pu-24
I
(-2)s
5 |k
12 1! 8
I
~10 1 0 | -
2

0 2 A—3 L i—24

1.33
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Ry +2R,
12 1 | 8
|
~lo1 ot 2
| 2

0 0 A-3)u-21

(i) If A=3and p# 21, the system is inconsistent and has no solution.
(ii) If A# 3 and w has any value, the system is consistent and has a unique solution.
(iii) If =3 and g =21, the system is consistent and has infinite (many) solutions.

Example 5: Determine the values of A for which the following equations are
consistent. Also, solve the system for these values of A.

x+2y+ z=3

x+ y+ z=4

2

3x+ y+3z=41

Solution: The matrix form of the system is

1 2 1f|=x 3
11 1||yl=lA
31 3|z A’
The augmented matrix of the system is
1 2 143
11102
3 1 3148

Reducing the augmented matrix to row echelon form,

R,—R, R, -3R,
(1 2 1) 3 ]
g -1 0! %3
0 =5 01A2-9]
(_I)Rz

1 2 1) 3 ]
~lo 1 0!3-2
[0 =& 03459
R, +5R,

i 2 1} 3
~lo 1 0! 3-2
0 0 014°-54+6
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The equations will be consistent if 2> —54+6=0,ie. A=3or 1=2.

Casel: When A=3,
x+2y+z=3

y =0
Assigning the free variable z any arbitrary value ¢,
x=3-2(0)—t=3-¢
Hence, x =3 —t, y =0, z =t is the solution of the system where ¢ is a parameter.
Case II: When A=2,
x+2y+z=3
y =1
Assigning the free variable z any arbitrary value ¢,
x=3-2()—t=1-¢
Hence, x =1—t, y =1, z=t1s the solution of the system where ¢ is a parameter.
Example 6: Show that the system of equations

3x+4y+5z=a
4x+5y+6z=
Sx+6y+Tz=9

is consistent only if ¢, fand A are in arithmetic progression (A.P.)

Solution: The matrix form of the system is

3 4 5] |x o
4 5 6||y|=|B
56 7|]|z Y

The augmented matrix of the system is

3 4 5
I

45 6B

56 71y

Reducing the augmented matrix to row echelon form,

R,—R, R, —R,

3 45!

|
~l1 1 118-
2 2 21y
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RI'.’
1 1 1B~
I
~[3 4 5| o
22 2iy-a
R, -3R,, R,—2R,
11 1] -«
|
~lo 1 2! 40-38
00 0!a—28+y
The system of equations is consistent if,
oa-2B+y=0
_a+y
F==

i.e. o, fand y are in arithmetic progression (A.P.)

Example 7: Show that if 4 # 0, the system of equations

2x+ y —q
X+Ay—z=b
y+2z=c

has a unique solution for every value of a, b, c. If A= 0, determine the relation
satisfied by a, b, ¢ such that the system is consistent. Find the solution by taking
A=0,a=1,b=1,c=-1.

Solution: The matrix form of the system is

2 1 0f|x a
1 A —1||y|=|b
0 1 2||:z C

The system has a unique solution if det(4) # 0

det(4)=2(2A+1)—-1 (24+0)#0
4A#0
A#0

Hence, the system of equations has a unique solution if A # 0 for any value of

a, b, c.
If A= 0, the system is either inconsistent or has an infinite number of solutions.
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For A= 0, the augmented matrix of the system is

21 0la
|

10 —-1!b

01 2ic

Rll
(1 0 —115
~[2 1 La
01 2i¢c
R, -2R,
[1 0 -1} b
2|0 7 'a—2b
01 21 ¢
R3 . Rz
1 0 -1, b
I
~lo 1 2! a-2p
00 0!c—a+2b
The system is consistent if c —a +2b =0
The corresponding system of equations is
x— z=b
y+2z=a-2b

Assigning the free variable z any arbitrary value ¢,

y=a-2b-2t
x=b+t

Hence, x =b + ¢,y =a —2b — 2t, z = t is the solution of the system where ¢ is a
parameter.

Whena=1,b=1,c=-1
x=1+t
y=-=1-2t

z=1
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Example 8: Solve each of the following systems by Gauss—Jordan elimination
method:

@® x+ x+2x,= 8 (i) 2x+2x,+2x,= 0 (i) x— y+2z— w=-1

=i = riyar e =l =0 00 o D =] 2x+ y—2z-2w=-2
3x, —Tx, +4x, =10 8x, + x, +4x; =~1 —x+2y—4z+ w= 1
R 3w=-3
(iv) —2y+3z=1 (V) x-2x,— x,+3x,=1 (i) 2x-y+ z=9
3x+6y—3z=-2 2x, —4x, + X, =5 3x—y+ z=6
6x+6y+3z= 5 X, —2x,+2x,-3x, =4 4x—y+2z=17
—x+y— z=4

Solution: (i) The matrix form of the system is

11 2]y 8
-1 =2 3||{x|=] 1
3 -7 4][x ] [10

The augmented matrix of the system is

1 1 2,8
]

=4 5 31 1

3 -7 4110

Reducing the augmented matrix to reduced row echelon form,

R, +R. R 3R
1 1 i8]
sl <1 51 9
[0 —10 —21-14]
(=DR,

11 2! 8]
~lo 1 =51 -9
[0 —10 —21-14]
R, +10R,

[1 1 2} 8
~lo 1 -5 -9
0 0 —521-104
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2
[1 1 2, 8
~lo 1 =519
00 12

R, +5R,, R —2R,
[1 1 014]
101
[0 0 112]

R

1

[N

—-R
0
1
0

1
~10
0

N - W

The corresponding system of equations is

Hence, x, =3, x, =1, x; =2 is the solution of the system.

(i1) The matrix form of the system is

2 2 2| x 0
-2 5 2|[x|=| 1
8 1 4| x -1

The augmented matrix of the system is

2 2 2!
1
5 § 3!
8 1 4

—

Reducing the augmented matrix to reduced row echelon form,
1
(5
|

1
~-2 5
8 1

B
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R, +2R, R, -8R,
0
1

11 1!
~lo 7 4!
|

0 -7 -1

S = O

o N
o N = o

o N|= =

The corresponding system of equations is

X +=X3 = 1
XX =
7

Xot—-x3=—
2T 55 =g

Since leading ones are in columns 1 and 2, x, and x, are called leading variables
whereas x, is a free variable. Assigning the free variable x, any arbitrary value ¢,

X, =———=t
7 17
X, =———t
77
1 3 1 4 . . .
Hence, x, = ~Z —;t, x, = = —7t, x, =t is the solution of the system where ¢ is a

parameter.
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(iii)) The matrix form of the system is

1 -1 2 -1][x] [-1
2 1 =2 =2fly| |2
-1 2 -4 1|lz|"] 1
30 0 -3||w| [-3

|

]
2 1 2 212
-1 2 -4 111
3.0 0 -31-3

Reducing the augmented matrix to reduced row echelon form,

R,—2R,R,+R.R,-3R,

1 -1 2 -1!-1
0 3 -6 0! 0
“lo 1 2 o010
0 3 =6 010
(5)»
[1 -1 2 -1}-1]
0 1 -2 0!0
lo 1 =2 o010
0 3 6 01 0]
R,—R,, R, -3R,
[1 -1 2 —1}-1]
0 2 0! 0
lo 0o 0 010
0 0 0 01! 0]
R +R,
[1 0 0 -1}-1
01 2 0!0
oo 0o oo
0 0 01 0
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The corresponding system of equations is

xX— w=-1

y=2z =0

The leading ones are in columns 1 and 2. Hence, the variables x and y are called
leading variables whereas the variables z and w are called free variables. Assigning the
free variables z and w any arbitrary values 7, and ¢, respectively,

x=-1+¢,
and y=2t

Hence, x=—1+1¢,, y=21,z=1,w=1, is the solution of the system where ¢ and
1, are parameters.

(iv) The matrix form of the system is
0 -2 3||x 1
3 6 =3|lyl=|-2
6 6 3|z

0 2 3! 1

I
3 6 3.2
6 6 315

Reducing the augmented matrix to reduced row echelon form,

1
12_1:_2
13
% -2 3 1
|
6 6 3' 5
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-6R,
|
1 2—1:—g
13
~l0 =2 31 1
0 -6 9! 9
e
5 %
1 2 _1:_2
L3
~lo0 1_2:_1
21 2
0 -6 91 9
R, +6R,
r |
1 2 —1:—E
13
I
~l0 1 _E:_l
2! 2
00 0: 6

From the last row of the augmented matrix,
0x+0y+0z=6

Hence, the system is inconsistent and has no solution.

(v) The matrix form of the system is

xl
1 2 -1 3 1
o
2 -4 1 0] "|=|5
X3
1 -2 2 3)f° 4
x4
The augmented matrix of the system is
1 -2 -1 371
I
2 -4 1 0,5
1 2 2 314

Reducing the augmented matrix to reduced row echelon form,
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R 2R, R, —R,
[1 2 -1 3)1]
~lo 0o 3 -6!3
0 613
R -R,
[1 2 -1 1
~lo 0o 3 —6!3
0 0 0]

1 -2 -1 3.1

R +R,
[1 2 0 1,2
|
~l0 0 1 =21
0 00 010
The corresponding system of equations is
X 2%+ x, =2
x,—2x,=1

The leading ones are in columns 1 and 3. Hence, the variables x, and x, are called
leading variables whereas the variables x, and x, are called free variables. Assigning
the free variables x, and x, any arbitrary values ¢, and ¢, respectively,

x, =242t —t,
x, =1+21,
Hence, x, =242t —t,,x,=1t,x,=1+2t,,x, =1, is the solution of the system
where ¢, and ¢, are the parameters.

(vi) The matrix form of the system is

(8}
|
—_
<
Il
A 9 o0
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The augmented matrix of the system is

3. =1 109
3 -1 116
4 -1 217
-1 1 -114

Reducing the augmented matrix to reduced row echelon form,

RN
e 1 ~114
341 116
4 217
2 -1 119
(_I)Rl
(1 =1 1{-4
3 -1 1! 6
T4 -1 21 7
2 -1 11 9
R,—3R,R,—4R, R, 2R,
[1 -1 1,-4
0 2 218
“lo 3 2123
0 1 -1117
R,,
I -1 1)-4
0 1 -1!17
“lo 3 2123
0 2 2118
R,-3R,,R,—2R,
1 -1 1} -4
0 1 -1! 17
lo o 11-28
0 0 0116

From the last row of the augmented matrix,
O0x+0y+0z=-16

Hence, the system is inconsistent and has no solution.
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Exercise 1.2 ) |
1. Solve the following systems of i x+2y+ z=-1
equations by Gaussian elimination 6x+ y+ z=-4
method:

. 2x-3y—- z=

(i 2x-3y—z= 3 —x—Ty—2z=

x+2y—z= 4 x— y s

Sx—4y-3z=-2

il x+ y+ z=6
(i) x+2y- z =1 W

x=2y+2z=15
x+ y+2z=9 3x+ y+ z=38
2x+ y— z =2 2x—2y+3z=17
(i) 6x+ y+ z =-4 (iil) 2x+ x+5xy=4
2x=-3y—- z= 0

5 3x—=2x+2x3=2
—)C—7y— 2= T 5x1—8x2—4X3=1

(iv) 2x— y— z =2

Ans.:

x+2y+ z=2
(i) consistent

4x—-Ty—-5z=2
x=-l,y=-2,z2=4
V) 2x+ x,+2x,+ x, = 6

6x, —6x, +6x, +12x, =36
4x, +3x, +3x;— 3x, = 1

(i1) consistent

x=-1ly=-2,2=3

| (ii1) inconsistent
2x%,+2x,— x,+ x, =10
3. Investigate for what values of 4

Ans.: and 4, the system of simultaneous
(i) inconistent equations
(i) consistent x+ y+ z= 6
x=2,y=1z=3 x+2y+3z=10
(iii) consistent X+2y+Az=u
w=rhy= <Lz have (i) no solution, (ii) a unique
(iv) consistent solution, and (iii) infinite number of
6+1 2-3¢ solutions.
=—,y= ,z=1
. S 5 Ans.:
(v) consistent G A=3,u%10
L =dpg= ==l @) A # 3,any value of i
2. Solve the following system of @) A=3,u=10

equations by Gauss—Jordan
elimination method:
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4. Investigate for what values of & the
equations

x+y+ z=1
2x+y+ 4dz=k
dx+y+10z =k’
have infinite number of solutions.
[Ans.: k=1, 2]
5. Determine the values of A for which
the following system of equations.
3x— y+Az= 0
2x+ y+ z= 2
x=2y—-Az=-1
will fail to have a unique solution.

For this value of A, are the equations
consistent?

1.47

7
[Ans.: A= g no so]utjon}

6. Find for what values A, the set of
equations
2x—-3y+6z-5t=3
y—4z+ t=1
4x—5y+8z—-9r=A
has (i) no solution, and (ii) infinite
number of solutions and find the

solutions of the equations when they
are consistent.

Ans.: () A#7,
() A=7,x=3k +ky +3,
y=4k —ky+1,z=ky,

t=k,

1.7 SYSTEM OF HOMOGENEOUS LINEAR EQUATIONS

A system of m homogeneous linear equations in n variables x, x,, ... x or simply
a linear system, is a set of m linear equations each in n variables. A linear system is
represented by

a, X, +a,x, +--+a,x, =0

In""n

Ay X, +apXy +o 4 a5, X, =0

alnlxl + amlxl oot amu xn = O

Writing these equations in matrix form,

Ax=0
where 4 is any matrix of order m X n, x is a vector of order n X 1 and 0 is a null vector
of order m x 1. The matrix 4 is called coefficient matrix of the system of equations.
1.7.1 Solutions of a System of Linear Equations

For a system of m linear equations in » variables, there are two possibilities of the
solutions to the system.

(i) The system has exactly one solution, i.e. x, =0, x, = 0..., x = 0. This solution is
called the trivial solution.
(i1) The system has infinite solutions.

Note: The system of equations has a non-trivial solution if det(4) = 0.
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Example 1: Solve the following systems of equations by the Gauss—Jordan

elimination method.

@ 3x-y-z=0 (i) x+y—z+w=0 (i) 2x+ x,+3x;, =0
x+y+2z=0 X—y+2z—w=10 X -E20, =0
Sx+y+3z=0 Sx+ +w=0 x+ x =0

Solution: (i) The matrix form of the system is

3 -1 —1||x 0
1 1 2({y|=]0
5 1 3|z 0

The augmented matrix of the system is
3 -1 -1,0

I
1 2,0

5 1 31

Reducing the augmented matrix to reduced row echelon form,

Rl'l

(11 210
|3 1 <110
5 1 310

R, -3R,, R,-5R,
(11 210
{0 -2 710
[0 -4 710

1&%
|
= o

,_“
(=]

oS O
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R —R,
|
1o Lo
4!
|
~lo 1 Zio
4!
00 0:0
The corresponding system of equations is
x+lz=0
4
7
+—z=0
¥ a z
Solving for the leading variables,
1
X=——z
4
__7,
Y=y

Assigning the free variable z an arbitrary value ¢,

xX=——1

)——Zt
Y=y

1 7 . .. . .
Hence, x=——¢, y=——1 is the non-trivial solution of the system where 7 is a
parameter. %

(i1) The matrix form of the system is

11 -1 1 0
))

1 -1 2 -1 =10
z

31 0 1 0
w

(=R i -
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Reducing the augmented matrix to the reduced row echelon form,

R,—R, R, -3R,
11 -1 1}0

~lo =2 3 210
0 -2 3 210

(11 -1 170
|
1
~10 1 A 1.0
2
I
0 1 3 110
L 2
Rz_Rz
(1 1 -1 110
I
~lo 1 =2 1io
I
00 000
RI_R2
1 1
10 = 010
2
I
“lo 1 =2 110
2
00 000
The corresponding system of equations is
1
X+—z =0
2
3
-——z+w=0
B
Solving for the leading variables,
1
X=—=z
2
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Assigning the free variables z and w arbitrary values 7, and ¢, respectively,

1
x=—-=1
2
3
y=—t -t
D 2

1 3 . . .
Hence, x = —Etl, y= Et' —t,,z=1,w=t, is the non-trivial solution of the system

where ¢, and ¢, are parameters.
(ii1) The matrix form of the system is

2 1 3 x 0
1 2 0f|x,|=|0
0 1 1fx 0
The augmented matrix of the system is
2 1 30
|
1 2 0,0
01 110
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12 010
~lo 1 =110
00 110
R, +R,
1 2 0l0
]
~lo 100
00 110
R —2R,

Hence, the system has a trivial solution, i.e. x =0,y =0, z=0.
Example 2: Show that the following non-linear system has 18 solutions if
0<o<2m,0<B<21 and 0 <y < 27.

sina+2cosf+3tany =0
2sino+5cosfB+3tany =0
—sina —5cosf+ Stany =0

Solution: The matrix form of the system is

1 2 3||sinx 0
2 5 3||cosB|=]|0
-1 =5 5||tany 0

The augmented matrix of the system is
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Reducing the augmented matrix to reduced row echelon form,

R,—2R,R,+R,
1 2 30
~lo 1 310
0 -3 810
R, +3R,

12 310
~lo 1 310
00 -110
(=DR,

12 30
~lo 1 310
00 110

The corresponding system of equations is

sinoe =0
cosfB=0
tany =0

From these equations,

oa=0,7m, 21
- %, 37” [ o, B and ¥ lie between 0 and 27]
Yy=0,7x, 2%

Hence, there are 3-2-3 = 18 possible solutions which satisfy the system of
equations.
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Example 3: For what value of Adoes the following system of equations possess
a non-trivial solution? Obtain the solution for real values of A.

x+2y+3z=Ax
3x+ y+2z=Ay
2x+3y+ z = Az

Solution: The system of equations is
1-Dx+2y+3z=0
3x+(1-A)y+2z=0
2x+3y+(1-A)z=0

The matrix form of the system is

1-4 2 3 || x 0
3 1-4 2 ||ly|=]|0
2 3 1-A)|z 0

The system will possess a non-trivial solution if det(4) = 0.

1-4 2 3
3 1-4 2 (=0
2 3 1-4
A-A)[A-2)* -6]-2(3-31-4)+3(9-2+2A4)=0
(1=A)A* =24 -5)+2+6A+21+61=0
AP =24 -5-2*+2A* +5A+12A4+23=0
A +322 +15A4+18=0

A=6, A=-15%+0.866i

For real value of 4, i.e. 4= 6, the augmented matrix of the system is

5 2 310
I

3 -5 210

2 3 =510

Reducing the augmented matrix to reduced row echelon form,

Rz _R3
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RIZ
[ 1 -8 |
~l-s 2 310
2 3 510
R, +5R, R, 2R,
(1 -8 710
~lo 38 3810
0 19 -1910
_L)RM(L)&
38) (19 )"
1 -8 7!0]
- I —110
[0 1 -110]
R3_R2
1 -8 7!0]
w0 1 =)0
0 0 00
R +8R,
(10 10
~lo 1 <110
00 010

Solving for the leading variables,

Assigning the free variable z an arbitrary value ¢,
x=t
y=t

Hence, x=¢, y=t z=t is the non-trivial solution of the system where ¢ is a
parameter.
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Example 4: If the following system has a non-trivial solution, then prove that
a+b+c=0 or a=b=c and hence find the solution in each case.

ax+by+cz=0

bx+cy+az=0

cx+ay+bz=0

Solution: The matrix form of the system is
a b cflx

0
b ¢ allyl=|0
0

¢ a bz

The system has a non-trivial solution if det (4) =0

a b ¢
b ¢ a|=0
c a b

a(bc—a’)—b(b* —ac)+c(ab—c*)=0
-a+b’+c* =3abc=0

—(a+b+c)a* +b* +c* —ab—bc—ca)=0
a+b+c=0

or a*+b*+c* —ab—bc—ca=0

1
E[(a—b)z+(b—c)2+(c—a)2] =0
a-b=0,b—c=0,c—a=0

a=b;b=6,c=a

a=b=c

Hence, the system has a non-trivial solution if a+b+c¢=0 or a=b=c.
The augmented matrix of the system is

a b ci0

I

b ¢ a0

¢ a bio

R,+R +R,

a b c 1 0
~ b o a 10
a+b+c a+b+c a+b+ciO
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The corresponding system of equations is
ax+ by + cz=0
bx + cy + az=0
(a+b+c)x+(a+b+c)y + (a+b+c)z=0

(1) When a+b+c =0, we have only two equations.
ax+by+cz=0
bx+cy+az=0

X ___y __ =z -
b .¢ a c a b
¢ a b al |b c

x ___y __z i
ab-¢c? a—bc ac—b’

Hence, x=(ab—c’)t,y=(bc—a’)t,z=(ac—b")t is the solution of the system
where ¢ is a parameter.

(i1) When a = b = ¢, we have only one equation.

x+y+z=0
Y=t
Let ;
z=1,
Then X=-—t -1,

Hence, x=~t,—t,, y=1,z=t, is the solution of the system where ¢ and ¢, are
parameters.

Example 5: Discuss for all values of &, the system of equations
2x+ 3ky+ Bk+4)z=0
x+ (k+4)y+(4k+2)z=0
x+2(k+D)y+ (Bk+4)z=0
Solution: The matrix form of the system is
2 3k 3k+4])[x 0

1 k+4 4k+2|y|=|0
|1 2k+2 3k+4]|:z

1 k+4 4k+2][x
2 3k 3k+4]|y|=|0
1 2k+2 3k+4]||:z
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R,—2R,R,—R,

1
0 k=8 =5k ||y]|=
0

1 k+4 4k+2
det(4)=|0 k-8 =5k
0 k-2 —k+2

= (k=8)(—k+2)+5k(k—-2)
= (k=2)(—k +8+5k)
=4(k-2)(k+2)

(1) When k # = 2, det(A4) # 0, the system has a trivial solution, i.e. x=0,y=0,z=0.
(i) When k =22, det(A) =0, the system has non-trivial solutions.

Case I: When k = 2, the augmented matrix of the system is

1 6 10)0
I
0 -6 1010
0 0 010
&)=
5 R
[1 6 10 0]
|
|
~lo 1 1y
6 |
0 0 00
R —6R,
10 0 0]
|
|
~lo 1 1
6 |
0 0 00

The corresponding system of equations is
x=0

10
+—z=0
76
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Solving for the leading variables,

x=0
__lo_
=g

Assigning the free variable z any arbitrary value ¢,

10 5
y=——»>F=——t
i 6 3

5 . . .
Hence, x=0, y= ——3—[, z =t is the solution of the system where ¢ is a parameter.

Case II: When k =-2, the augmented matrix of the system is

I 2 =610
I

0 -10 100

0 -4 410

Reducing the augmented matrix to reduced row echelon form,

(12 -610
~lo 1 -110

0 1 —110

R3 _Rz

(12 —610
~lo 1 -110

00 010

R 2R,

1 0 -4'0
~lo 1 -110

00 010

The corresponding system of equations is

x—4z=0
y— z=0
Solving for the leading variables,
x=4z

y=z
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Assigning the free variable z any arbitrary value ¢,

x=4t
y=t

Hence, x=4¢, y=1t,z =1 is the solution of the system where # is a parameter.

Exercise 1.3 ) |
1. Solve the following equations:
i x- y+z=0
x+2y+ z=0

2x+ y+3z=0
(i) x-2y+3z=0
2x+5y+6z=0

(i) 2x-2y+5z+3w=0
4x— y+ z+ w=0
3x=2y+3z+4w=0
x=3y+7z+6w=0

(iv) 2x— y+3z=0

3x+2y+ z=0
x—4y+5z=0
v) 7x+ y-2z=0
x+5y—-4z=0
3x-2y+ z=0
2x—=Ty+5z=0

(vi) 3x+4y— z— 9w=0
2x+3y+ 2z— 3w=0
2x+ y—14z-12w=0
x+3y+13z+ 3w=0

(vi))  x +2x,+3x;+ x, =0
x+ x— x— x,=0
3x,— x,+2x,+3x,=0

(viii) 2x,— x,+3x;,=0
3x,+2x,+ x;=0
x,—4x,+5x,=0

[Ans.: (i) x=0,y=0,z=0
(i) x=-3t,y=0,z=t¢

21 i
iy x="—t,y=4t,z=—t,
(i) 9 y 9

w=t

(iv) x=—t,y=t,z=t

(v) x=it,y=2t,z=t

17 17
i) x=11t,y=-8¢,z=t,
w=0

1 2
Vii) X1 =——=1,% =—1,
(vii) x 32 =3

2
X3=——l, X4 =1

VIll) X] ==X, =—X3 =1
1 2 3

2. For what value of 4 does the following
system of equations possess a non-
trivial solution? Obtain the solution for
real values of A.

1) 3x+ y—-Az=0
4x—-2y— 3z=0
2Ax+4y—2Az=0

G) 1-A)x+  2n+  3x,=0
3x,+(1-A)x, + 2x, =0
2x + 3,+(1-A)x;, =0

Ans.:

(i) Non-trivial solution A =1,-9
ForA=1Lx=—t,y=—t,z=-2t
ForA=-9,x=-3t,y=-9t,z=2¢

[([)A=6,x=y=z=t




