Differential Equations & Transforms (BMAT102L) Dr. T. Phaneendra
Module 3: Laplace transform Professor of Mathematics

Laplace transform The Laplace transform of f(t) defined for t > 0, is given by

LUF(©)} = fo F(O) e~tde = F(s).

The function f(t) is called the inverse of the transform F (s).

Table 1 Laplace transform - Power Function
f@®) F(s)= L{f®}
1 1/s
t 1/s?
t2 21/s3

Integer powers

tn n !/STL+1

I (p+1)/sP*t, where

tP, p>0 o
Fp+1)= f xPe ™ dx
0
Positive real Vi P (3L _1p (L)L _ 7
powers t (5) S 32 (5) 2250
Table 2 Laplace transform - Exponential and Trigonometric Functions
f(® F(s) = L{f(®©)}
eat 1
s—a
Exponential
e~ at 1
st+a
- t a
sina 1 a2
Trigonometric
. s
cosa Tra?

Linearity property: L {af (t) + bg(t)} = aF(s) + bG(s), where F(s) and G(s) are the
Laplace transforms of f(t) and g(t).
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Table 3

Table 4

Laplace transform - Hyperbolic Functions

Function Laplace transform
_ at_g—at 1( 1 1 ) _ a
sinhat = 2\s—a s+a)  s2-a2
At ye-at 1( 1 1 ) _ s
coshat = 2 \s—-a + s+a) ~ s2-a?

Examples on Linearity

Function Laplace transform
et _ght 1
a—b (s—a)(s—b)
aeat_bebt N
a-b (s—a)(s—b)
1 2 si 2(at a?
—cosat = 2sin”(4 —
( 2 ) S(SZ +a2)
. a®
at —sinat 2trad
sind at = 3sinat—sin3at 6a’
- 4 (s2+a?)(s2+9a?)
2a®s
coshat — cosat —
Ss*¥—a
. . 2a3
sinhat — sinat -—
Ss*¥—a
. inb 2abs
sinat sin bt [s2+(a—b)?] [s2+(a+b)?]
cosat—cos bt S
b%2-a? (s2+a?)(s?+b?)

Laplace transform through Multiplication by t: If F(s) is the Laplace transform of f(¢),

then

Litf®O} = -

d F(s)
ds

2F(s)
ds

d™ F(s)

d
LA F(OY =~ 5 o L (©) = (D" ——
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Table 5 Examples on Multiplication by t
Function Laplace transform
d (1 1
at 2 (L) =
te ds (s—a) (s—a)?
¢ ¢ _i( s ) _ s%?-qa?
cosa ds \s2+a2) ~ (s2+a?)?
i d a _ 2as
L{tsinat} ds (52+a2) T (s?+a?)?
. a a(s?-a?) _ 2a®
L{sinat — at cos at} T 2D - GRral)
. a a(s?-a?) _ 2as?
sinat + at cos at i T Grrary = Grrad)?

Laplace transform through Division by t: If F(s) is the Laplace transform of f(t), then

L{&;)} = f:;sf'(u) du = G(s).

Hence
C(f(t - Cf(t -
f {&} e Stdt=G(s) = &) dt = lim G(s).
0 t 0 5—0
Table 6 Examples on Division by ¢
Function Laplace transform
-a * /1 1 u \® s+a
1-em® f (— - ) du = |log (—)| = log( )
t u=s\u u+a u+all,_g s
J‘“’( 1 1 )d _ <u+a>°° _1 (s+b>
Cat bt u=s\uta u+b u= Ogu+b u=s—0g s+a
e —e
¢ ® fo—at _ ,—at . s+b b
= _[ ———  |dt = limlog (—) = log (—)
0 t 5—0 s+a a
_[00 ( u u )d 1 | u? +a?\|”
u=s U2 +a? u?+b? Y=\ uz v p2 .
cos at—cos bt _ 110 s? + b?
t 2%\ 21 a2
® rcosat — cos bt q _11_ | s?+ b2 ) b
= .[0 ( t ) F=2i 8 \Zrar) T °g<5>'
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© (1 u _ u e _ VsZ+a?
1-cosat fu:s (;_uz_,_az) du = |10g (W) s 10g< s )
t - /1o
= J, (1 C?S at) e Ptdt = lim,_, log (W) = log (Jlﬂl:'—‘lz>
Table 6 Examples on Division by t (Continued)
Function Laplace transform
sin? at @ /sin® at —bt 1 Vb2 + 4a?
P f — e 7tdt = zlog| ———
o t 2 b
1—cos2at
a 2t
® a uy | ® T S
———) du=|tan"! (- =——tan" ! (-
G el QL =5 ()
t “sinat (1 s T
N P -1(2)] = =
= fo t dt = ll—r}(lJ 2 tan (a)] 2
[ G u= o=l
u=s \U u? —a? “= Ogms
1-coshat
t NP —)
= log (—)
1_V ﬂfw(l)du:@_i‘”: m
ot 2 J o \udr? 2 I vul, s

First Shifting Property (s-Shifting): If F(s) is the Laplace transform of f(
L{e* f(t)} = F(s — a).

t), then

Table 7 Examples on First Shifting Property
Function Laplace transform
t"e? n!/(s —a)"*!
tPe, p>0 F'(p+1)/(s—a)Pt?
VT

at Ve
\/E € 2(s—a)3/2
e sin bt _b
(s—a)?+b?
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e cos bt S
(s—a)?+b?
e% sinh bt _b
(s—a)?2-b2
e cosh bt S
(s—a)?-b2

Heaviside Unit Step Function: Fora = 0, H(t — a) = U,(t) = {(1) E i Z
— 1 t<a
Note.1—H(t—a)_Ua(t)_{0 (>

Second Shifting Property (t -shifting): If F(s) is the Laplace transform of f(t), then
L{H(t—a) f(t—a)}=e ®F(s).

Table 8 Examples on Second Shifting Property
Function Laplace transform
e—as
H(t—a)= H(t—a).1 e {1} = .
1—e™%
1-H(t—a) _—

S

. 1 _ 2 - Ts/2
(- Peosemnle-on(e—) | Fomd o2

s24(m/2)? s2+4m?
Rectangular Pulse e—aS_g=bs
R(t;a,b) =H(t—a)— H(t—b) s
Think about It ~ Suppose that

_(gt), a<t<b
£ _{ 0, elsewhere.
What is the Laplace transform of f(t)?

Think about It ~ Suppose that
_(gt) 0<t<a
f®) = {h(t) t>a.
What is the Laplace transform of f(t)?

Dirac Delta Function: For arbitrarily small € > 0, and a > 0, we have the pulse function

% a<t<a+e
0 elsewhere.
5
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Then 8.(t — a) =§[H(t—a) — H(t—a—¢)]

—as_e—(a—s)s _ e—aS(l_e—ES)

= L{3:(t —a)} = ‘

S - S
The Dirac Delta function is defined by 8(t — a) = lim_, 6.(t — a).

Thus 6(t—a) = {+Ooo f;g
Now,

A3t — a)} = limg_,g Abe(t —a)} = lim —e_as(ls_e_ss) =e % for a > 0.
E—
In particular, Z{8(¢)} = 1.



