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Module-6: Small Sample Tests — Student’s t-Test — F-Test:

Student’s t-distribution:

The static ‘t> was introduced by W S.Gosset in 1908 who wrote under the name “Student”. That
is why it is called student's t test. Later on its distribution was rigorously established by Prof.
R.A. Fisher in 1926. It can used when the population standard deviation is not known and the
size of the sample is less than or equal to thirty.

A random variable X is said to follow t-distribution, if its probability density function is given by

f(t):L —o<t<ow

-]

where v is known as the degrees of freedom and k is constant. The constant value k is chosen in

such a way that _[ f(t)dt=1 After simplification, we get k = +
) (2]

Assumption of t-distribution:
1) The population from which the sample is drawn is normal.
2) The sample is random and size n < 30.
3) The population S.D. o is not known.
Properties of t-distribution:
1) The probability curve of t-distribution is symmetrical.
2) The tails of the curve are asymptotic to x-axis.
3) When n— oo, t- distribution tends to normal distribution.
4) The form of the t-dist. Varies with the degrees of freedom.
Application of t- distribution: The t- distribution is used
1) To test significance of the mean of sample.

2) To test the difference between two means or to compare two samples.



To test significance of the mean of sample:

If X1, Xo, ..., xn is a random sample of ‘n’ observations drawn from a normal population with
mean p and S.D. o . To test the significance of a mean of a small sample under the null
hypothesis Ho: u=uo, the test statistic is given by

_X-H
t= 7 and follows t-distribution with v=n-1 degree of freedom.
n

—\2
- in 2 Z(Xi —X) i
where x =4=— De the mean of the sample then and s* = = be the variance of the sample
n

The alternative hypothesis in this case is either Hy: u > ug (right-tailed), or Hi: u < uo (left-
tailed), or Hy: u # uo (two-tailed).

The rejection region for a level a is either t > t, ,.1(right-tailed), or t <t, ,.1(left-tailed), and or
either t > typ 0.1 Or t <-t,o 01 (two-tailed).

To test the difference between two means or to compare two samples.

I.  If two small samples drawn from the same normal population:

Let X,and X, be the sample means for two small samples drawn from a normal population.
Under the null hypothesis Ho: u1=u», the test statistic is given by

(%-%)
2 g and follows t-distribution with v=n;+n,-1 degree of freedom.
2, %2
L)

t=

X: X:
where lez L and Kz=z :
N n;

Z(Xi —171)2 and s = Z(Xi %)’

n >

be the means of the sample sizes n; and n,. There variances are

givenby s/ = respectively.

Il.  If two small samples drawn from the normal populations having different means:

Let X and X, be the sample means for two small samples drawn from the normal

population with different means iy and uo, respectively. Under the null hypothesis Ho:
u1=uy the test statistic is given by

t= (71_72)—(#1_/“2)

S i+i
\lnl n;




1

|2 RV
Where $* = n 1, _Z[Z(Xi ~%) + (% -%) } with degrees of freedom v=n;+n,-1.
in in .
Also, x = = and x, = - be the means of the sample sizes n; and ns.
1 2
Problems:

1. Ten individuals are chosen at random from a population and their heights are found to be
in inches 63,63,64,65,66,69,69,70,70,71 discuss the suggestion that the mean height in
the universe is 65 inches given that for 9 degrees of freedom the value of Student's t and 5
percent level of significance is 2.262.

Solution:
For the calculation of sample mean and sample variance, we have taken the following
into consideration

Serial no X x—X (x — %)
1 63 -4 16
2 63 -4 16
3 64 -3 9
4 65 -2 4
5 66 -1 1
6 69 2 4
7 69 2 4
8 70 3 9
9 70 3 9
10 71 4 16
n=10 rx=670 - Y (x—%)*=88




x 670

Z =——=067
7 10

Sample standard deviation

S (x—%)? 38
5= Qz ?=3.15‘>3}ch3»&?&
i

X—H {x—,t.f}w.-“;
s

Sample mean, x =

Test static: t =-
Ry
/1..";3

Ho: the mean of the universe is 65 inches.

=2.02

_I-M [—(67-65)10
F

3.13

The number of degrees of freedom=v=10-1=09.
Tabulated value for 9 d.f. at 5% level of significance is 2.262.

Since calculated value of t is less than tabulated value for 9 d.f. (2.02 < 2.262). This error
could have arisen due to fluctuations and we may conclude that the data are consistent
with the assumption of mean height in the universe of 65 inches.

. Two independent samples of 8 and 7 items respectively had the following values of the
variable (weight in ounces):

Sample 1: 9 11 13 11 15 9 12 14

Sample 2: 10 12 10 14 9 8 10

Is the difference between the means of the sample significant? Given tg o5 = 2.16.

Solution:

Assumed mean of x = 12, Assumed mean of y = 10
X (x—12) (x—12) y (v—10) (v—10)?
9 -3 9 10 0 0
11 -1 1 12 2 4
13 1 1 10 0 0
11 -1 1 14 4 16
15 3 9 9 -1 1
9 -3 9 8 -2 4
12 0 0 10 0 0
14 2 4 - - _
94 2 34 73 3 25




x=—=—=1175
! i 8
12 - ’ ; _" 2
o2 = 21 —(z < 12)] :ﬁ—(—“] = 4.1875
' n n 8 3
—_ Xy _ 73 _ .,
y= =2 = 2= 1043
o2 = 20 =101 —F i 10)} - é—(il_ = 3438
: 7 n 7 7
Y s oy / 5 S .
o= VOTOHFZOoY) _ \[3FD 9 a3
ny+m—2 8+7-2 13
. X—y _11.75-1043 1.32 _ 1.32
s i‘l—L 2.13«f1+i 2.13v0.268 2.13x0.518
o I 8 7
1.32
1.103 112

The 5% value of t for 13 degree of freedom is given to be 2.16. Since calculated value of t is
1.12 is less than 2.16, the difference between the means of samples is not significant.

3.
3. E-Test for Equality of Population Variances

A random variable X is said to follow F-distribution, if its probability density function is
given by

v, /2 M
AAVA 2
f(F)_( 1/V2) . F>0
v,V (V1+V2y
ﬂ Y VlF
2 2 1+ —=—
\p)

where viand v, are the degrees of freedom of samples.

Suppose we want to test

(i) Whether two independent samples X1, X2, ..., Xn1 and ys, Yo, ..., Yn2 have been drawn
from the normal population with the same variance .

(if) Whether the two independent estimates of the population variance are homogeneous
or not.



Under the null hypothesis (Ho) and when

i. Population variances are equal.
ii. Two independent estimates of population variance are homogeneous.

2

. g - M F _ S_X 82 82 - M - -
The test statistic F is given by F = 52> >y follows F-distribution with (n;-1, np-1)
y
degree's freedom. The value of F is greater than 1.

Problems:

4. Two independent samples of 8 and 7 items respectively had the following values of the
variable:

n
=]

SampleI |9 |11 (13 (11]1 12 | 14

SampleIl |10 |12 (10 (14 |9 |8 |10

Does the estimate of Population variance differ significantly? Given that for 7 degrees of
freedom the value of F at 5 % level of significance is 4.20 nearly

Solution:



Sample I Sample IT
¥ ¥

X X y ¥

9 81 10 100

11 121 12 144

13 169 10 100

11 121 14 196

15 225 9 81

9 81 8 04

12 144 10 100

14 196 — —

94 1138 73 785

73
fz& =11.75, y=— =10.43
8 7
Y (-5’
=2 X -2y x4 % Similarly, > (y—¥)* =23.7
04 04
= 2 —_— 4 _ |
1138 -2 x < x 94 Bx( 3 ] : Z(JL—I] 335
2 ! n—1 7
=1138—— _
5,1 Z(I—I:I' 3.7

=335 7 -1 6

S _ 335
F=511 _ 33 Xﬁ:l.ll

Sy Tx23.7

This calculated value is less than the value of F at 5% level of significance.
Hence differences are not significant. Therefore the samples may well be drawn from the
population with same variance.



21.82 CHI-SQUARE (*) TEST

When a coin is tossed 200 times, the theoretical considerations lead us to expect 100 heads
and 100 tails. But in practice, these results are rarely achieved. The quantity y* (the Greek letter
chi squared, pronounced chi-square) describes the magnitude of discrepancy between theory and
observation. If y = 0, the observed and expected frequencies completely coincide. The greater the
discrepancy between the observed and expected frequencies, the greater the value of y*. Thus y*
affords a measure of the correspondence between theory and observation.

IfO;(i=1,2,...,n)isaset of observed (experimental) frequencies and E; (i =1, 2, ..., n)
is the corresponding set of expected (theoretical or hypothetical) frequencies, then y* is defined

as
2 . (Oi_Ei)z
e

where 2O, =XE, = N (total frequency) and degrees of freedom (d.f)) = (n — 1).

Note. (i) If ° =0, the observed and theoretical frequencies agree exactly.

(i) If x> 0 they do not agree exactly.
21.82.1 Degrees of Freedom

While comparing the calculated value of »* with the table value, we have to determine the
degrees of freedom.

If we have to choose any four numbers whose sum is 50, we can exercise our independent
choice for any three numbers only, the fourth being 50 minus the total of the three numbers
selected. Thus, though we are to choose any four numbers, our choice is reduced to three because
of an imposed condition. There is only one restraint on our freedom and our degrees of freedom
are 4 — 1 = 3. If two restrictions are imposed, our freedom to choose will be further curtailed and
the degrees of freedom will be 4 —2 = 2.

In general, the number of degrees of freedom is the total number of observations less the
number of independent constraints imposed on the observations. Degrees of freedom (d.f) are
usually denoted by v (the letter nu of the Greek alphabet).

Thus, v = n — k, where k is the number of independent constraints in a set of data of n
observations.

Note. (i) Forap x g contingency table (p columns and g rows), v = (p —1)(g—1)

(i) In the case of a contingency table, the expected frequency of any class
Total of row in which it occurs x Total of columns in which it occurs

Total number of observations



The 4* test is one of the simplest and the most general tests known. It is applicable to a very
large number of problems in practice, which can be summed up under the following heads:
(i) as atest of goodness of fit.
(if) as atest of independence of attributes.
(iii) as a test of homogeneity of independent estimates of the population variance.
(iv) as a test of the hypothetical value of the population variance .
(v) as a list of the homogeneity of independent estimates of the population correlation
coefficient.

21.82.2 Conditions for Applying the »* Test

Following are the conditions that should be satisfied before the y* test can be applied.

(a) N, the total number of frequencies, should be large. It is difficult to say what constitutes
largeness, but as an arbitrary figure, we may say that N should be at least 50, however few the
cells.

(b) No theoretical cell-frequency should be small. Here again, it is difficult to say what
constitutes smallness, but 5 should be regarded as the very minimum and 10 is better. If small
theoretical frequencies occur (i.e., < 10), the difficulty is overcome by grouping two or more
classes together before calculating (O — E). It is important to remember that the number of
degrees of freedom is determined with the number of classes after regrouping.

(c) The constraints on the cell frequencies, if any, should be linear.

Note. If any one of the theoretical frequencies is less than 5, we then apply a correction given by F. Yates,

which is usually known as “Yates’s correction for continuity,” we add 0.5 to the cell frequency that is less than 5
and adjust the remaining cell frequency suitably so that the marginal total is not changed.

21.82.3 The 4* Distribution

For large sample sizes, the sampling distribution of y* can be closely approximated by a
continuous curve known as the chi-square distribution. The probability function of »* distribution
is given by

f()(z) _ c(lz)(v/zfl)efxz/z

where e = 2.71828, v = number of degrees of freedom; ¢ = a constant depending only on v.

Symbolically, the degrees of freedom are denoted by the symbol v or by d.f. and are
obtained by the rule v =n — k, where k refers to the number of independent constraints.

In general, when we fit a binomial distribution the number of degrees of freedom is one less
than the number of classes; when we fit a Poisson distribution, the degrees of freedom are 2 less
than the number of classes, because we use the total frequency and the arithmetic mean to get the
parameter of the Poisson distribution. When we fit a normal curve, the number of degrees of
freedom are 3 less than the number of classes, because in this fitting we use the total frequency,
mean, and standard deviation.

If the data is given in a series of “n” numbers then degrees of freedom =n — 1.

In the case of Binomial distribution d.f. =n — 1.

In the case of Poisson distribution d.f. =n — 2.

In the case of Normal distribution d.f. =n — 3.

21.82.4 The 4’ Test as a Test of Goodness of Fit

The y* test enables us to ascertain how well the theoretical distributions such as Binomial,
Poisson, or Normal, etc. fit empirical distributions, i.e., distributions obtained from sample data.



If the calculated value of * is less than the table value at a specified level (generally 5%) of
significance, the fit is considered to be good, i.e., the divergence between actual and expected
frequencies is attributed to fluctuations of simple sampling. If the calculated value of y* is greater
than the table value, the fit is considered to be poor.

ILLUSTRATIVE EXAMPLES

Example 1. The following table gives the number of accidents that took place in an industry
during various days of the week. Test whether accidents are uniformly distributed over the week.

Day

Mon

Tue

Wed

Thu

Fri

Sat

No. of accidents

14

18

12

11

15

14

Sol. Null hypothesis Hy. The accidents are uniformly distributed over the week.

Under this Hy, the expected frequencies of the accidents on each of these days = % = 14.
Observed frequency O; 14 18 12 11 15 14
Expected frequency E; 14 14 14 14 14 14

(O, -E,) 0 16 4 9 1 0
2
2 =2OE) 305 14,

E,

l

14

Conclusion. Table value of »* at 5% level for (6 — 1 = 5 d.f.) is 11.09.

Since the calculated value of )(2 is less than the tabulated value, Hy is accepted, i.e., the

accidents are uniformly distributed over the week.

Example 2. 4 die is thrown 270 times and the results of these throws are given below:

No. appeared on the die 1 2 3 4 5 6
Frequency 40 32 29 59 57 59
Test whether the die is biased or not.
Sol. Null hypothesis Hy. Die is unbiased.
Under this Hy, the expected frequencies for each digit is %6 = 46.
To find the value of y*
O; 40 32 29 59 57 59
E; 46 46 46 46 46 46
(O.-E)Y 36 196 289 169 121 169




=21.30.

, X(0,-E)’ 980

YTTTE a6

Conclusion. The tabulated value of x* at 5% level of significance for (6 — 1 = 5) d.f. is
11.09. Since the calculated value of y* = 21.30 > 11.07 the tabulated value, Hy is rejected.

L e., the die is not unbiased or the die is biased.

Example 3. The following table shows the distribution of digits in numbers chosen at
random from a telephone directory:

Digits 0 1 2 3 4 5 6 7 8 9
Frequency | 1026 | 1107 | 997 | 966 | 1075 | 933 |1107| 972 | 964 | 853

Test whether the digits may be taken to occur equally frequently in the directory.

Sol. Null hypothesis Hy. The digits taken in the directory occur with equal frequency, i.e.,
there is no significant difference between the observed and expected frequency.
10,000 _ 1000

Under Hy, the expected frequency is given by =

To find the value of y*

O, 1026 | 1107 | 997 | 996 | 1075 | 1107 | 933 972 | 964 | 853
E; 1000 | 1000 | 1000 | 1000 | 1000 | 1000 | 1107 | 1000 | 1000 | 1000
(O,—E) | 676 |11449| 9 1156 | 5625 | 11449 | 4489 | 784 | 1296 | 21609

, X(0,-E,)’ 58542
E, 1000

1

=58.542.

Conclusion. The tabulated value of »* at 5% level of significance for 9 d.f. is 16.919. Since
the calculated value of y* is greater than the tabulated value, Hy is rejected.
Le., there is a significant difference between the observed and theoretical frequency.
Le., the digits taken in the directory do not occur with equal frequency.

Example 4. Records taken of the number of male and female births in 800 families having
four children are as follows:

No. of male births 0 1 2 3 4
No. of female births 4 3 2 1 0
No. of families 32 178 290 236 94

Test whether the data are consistent with the hypothesis that the binomial law holds and the
chance of male birth is equal to that of female birth, namely p =g = 1/2.

Sol. Hy: The data are consistent with the hypothesis of equal probability for male and
female births, i.e., p=q =1/2.



We use binomial distribution to calculate theoretical frequency given by:
N(r)=NxP(X=r)

where N is the total frequency. N(r) is the number of families with » male children:
P(X — 7") — ncrprqn—r
where p and g are the probability of male and female births, 7 is the number of children.

N(0) = No. of families with 0 male children = 800x *C, j =800x1x 2i =50

N(1) = 800><4C1(%j Gj =200; N(2)=800x ( ) ( j =300
N@3) = 800><4C3(%j Gj =200; N(4)=800x‘C ( j ( j =

Observed frequency O; 32 178 290 236 94
Expected frequency E; 50 200 300 200 50
(O,-E) 324 484 100 1296 1936
(Oi;?—Ei)z 6.48 242 0.333 6.48 38.72
P = M =54.433.

Conclusion. The table value of 5 at 5% level of significance for 5 — 1 =4 d.f. is 9.49.

Since the calculated value of y* is greater than the tabulated value, Hy is rejected.
Le., the data are not consistent with the hypothesis that the binomial law holds and that the
chance of a male birth is not equal to that of a female birth.

Note. Since the fitting is binomial, the degrees of freedom v =n—1,ie, v =5-1=4,

Example 5. Verify whether the Poisson distribution can be assumed from the data given
below:

No. of defects 0 1 2 3 4 5

Frequency 6 13 13 8 4 3

Sol. Hy : The Poisson fit is a good fit to the data.

Mean of the given distribution = RN/ = o4 =2

Xf, 47
To fit a Poisson distribution we require m. Parameter m = x = 2.
By the Poisson distribution the frequency of r success is

r

N(r)=Nxe™

, N is the total frequency.



0
N(0) =47 xe” ~%= 6.36 ~ 6;
2 3
NQ)=47xe” —(?' =12.72~13; N@3)=47xe” % =8.48~9

4
N@)=47xe™ -% =424~ 4;

1
N(1)=47xe™ ~%= 12.72~13

5
N(5)=47xe™ % =1.696 = 2.

Conclusion. The calculated value of y* is 1.2864. The tabulated value of 5 at 5% level of
significance for y = 6 — 2 = 4 d.f. is 9.49. Since the calculated value of * is less than that of the

i

X 0 1 2 3 4 5
0; 6 13 13 8 4 3
E, 6.36 12.72 12.72 8.48 4.24 1.696

O -E)

- 0.2037 | 0.00616 | 0.00616 | 0.02716 | 0.0135 | 1.0026
_ 2
=20 E) 5564

tabulated value, Hy is accepted, i.e., the Poisson distribution provides a good fit to the data.

Example 6. The theory predicts the proportion of beans in the four groups, G, G2, G3, G4
should be in the ratio 9 : 3 : 3 : 1. In an experiment with 1600 beans the numbers in the four

groups were 882, 313, 287, and 118. Does the experimental result support the theory?

Sol. Hy. The experimental result supports the theory, i.e., there is no significant difference
between the observed and theoretical frequency under Hy; the theoretical frequency can be

calculated as follows:

1600x9

1600x3

E(G)) = =900; E(G,)= =300;
E(G3)=16OOX3:300; E(G4):1600X1:100
To calculate the value of
Observed frequency O; 882 313 287 118
Expected frequency E; 900 300 300 100
(O,-E)
7 0.36 0.5633 0.5633 3.24
_ 2
’ =—Z(OfE E)" _ 4.7266.

Conclusion. The table value of y* at 5% level of significance for 3 d.f. is 7.815. Since the

i

calculated value of y” is less than that of the tabulated value, hence Hy is accepted.
Le., the experimental results support the theory.




TEST YOUR KNOWLEDGE

1. The following table gives the frequency of occupance of the digits 0, 1, . . ., 9 in the last place in four
logarithms of numbers 10-99. Examine whether there is any peculiarity.
Digits : 0 1 2 3 4 5 6 7 8 9
Frequency 6 16 15 10 12 12 3 2 9 5

2. The sales in a supermarket during a week are given below. Test the hypothesis that the sales do not
depend on the day of the week, using a significance level of 0.05.

Days : Mon  Tues Wed Thurs Fri Sat
Sales (in $10000) : 65 54 60 56 71 84

3. A survey of 320 families with 5 children each revealed the following information:
No. of boys : 5 4 3 2 1 0
No. of girls : 0 | 2 3 4 5
No. of families : 14 56 110 88 40 12

Is this result consistent with the hypothesis that male and female births are equally probable?

4. 4 coins were tossed at a time and this operation was repeated 160 times. It is found that 4 heads occur 6
times, 3 heads occur 43 times, 2 heads occur 69 times, and one head occur 34 times. Discuss whether the
coin may be regarded as unbiased.

5. Fit a Poisson distribution to the following data and the best goodness of fit:

x : 0 1 2 3 4
foro109 65 2 3 1

6. In the accounting department of a bank, 100 accounts are selected at random and estimated for errors.
The following results were obtained:

No. of errors : 0 | 2 3 4 5 6
No. of accounts : 35 40 19 2 0 2 2

Does this information verify that the errors are distributed according to the Poisson probability law?

7. In a sample analysis of examination results of 500 students, it was found that 280 students have failed,
170 have gotten C’s, 90 have gotten B’s, and the rest, A’s. Do these figures support the general belief
that the above categories are in the ratio 4 : 3 : 2 : 1 respectively?

Answers
1. no 2. accepted 3. accepted 4. unbiased
5. Poisson law fits the data 6. maybe 7. yes

21.82.5 The 4’ Test as a Test of Independence

With the help of the y* test, we can find whether or not two attributes are associated. We
take the null hypothesis that there is no association between the attributes under study, i.e., we
assume that the two attributes are independent. If the calculated value of 2" is less than the
table value at a specified level (generally 5%) of significance, the hypothesis holds true, i.e., the
attributes are independent and do not bear any association. On the other hand, if the calculated
value of y* is greater than the table value at a specified level of significance, we say that the
results of the experiment do not support the hypothesis. In other words, the attributes are
associated. Thus a very useful application of the y” test is to investigate the relationship between
trials or attributes, which can be classified into two or more categories.



The sample data are set out into a two-way table, called a contingency table.

Let us consider two attributes A and B divided into » classes A, Ay, As, ..., A, and B
divided into s classes By, By, Bs, . . ., B,. If (A;), (B)) represents the number of people possessing
the attributes A;, B; respectively, i =1, 2, ..., r j=1,2,...,s) and (A; B)) represent the

number of people possessing attributes A; and B;. Also we have ZA,. = ZB ; where N is the

i=1 i=1

total frequency. The contingency table for » x s is given below:

< 4, 4> A 4 Total
B, (AB) | (AB) | (AB) | ...(AB) B,
B, (AB) | (ABy) | (ABy) | ...(ABy B,
B, (ABs) | (ABs) | (ABs) | ...(ABy B,

By (A1By) (A2By) (AsBy) ... (A/By) (By)
Total (A1) (A2) (As) (A N

Hy : Both the attributes are independent, i.e., A and B are independent under the null
hypothesis; we calculate the expected frequency as follows:

),
N
(B

P(A,) = Probability that a person possesses the attribute A, =

N

J

P(B,) = Probability that a person possesses the attribute B, =

(AB))

P(A,B;) = Probability that a person possesses both attributes A, and B, =

If (A;B)), is the expected number of people possessing both the attributes A; and B;
(A;B;), =NP(AB,)=NP(A))B))
_n A B _(A)B)
N N N
2
| [(AB)-(AB)), ]

Hence 7= iz

i=1j=1 (AiBj)O

(. A and B are independent)

which is distributed as a y* variate with (» — 1)(s — 1) degrees of freedom.

Note 1. For a 2 X 2 contingency table where the frequencies are _IE 2 can be calculated from independent
(a+b+c+d)ad -bc)

(a+b)c+d)b+d)a+c)

alb
c

frequencies as y* =



Note 2. If the contingency table is not 2 x 2, then the formula for calculating y* as given in Note 1, cannot be

(A)B))
used. Hence, we have another formula for calculating the expected frequency (A;B;)y = ————
. ) Product of column total and row total
Le., the expected frequency in each cell is =
whole total
ad — bc

Note 3. If Z—lﬁ is the 2 x 2 contingency table with two attributes, Q =

p is called the coefficient of

ad + bc
association.

a c
If the attributes are independent then — = —.

Note 4. Yate’s Correction. In a 2 x 2 table, if the frequencies of a cell is small, we make Yates’s correction to
make y* continuous.

Decrease by % those cell frequencies that are greater than expected frequencies, and increase by % those that

are less than expected. This will not affect the marginal columns. This correction is known as Yates’s correction to

continuity.

1 2

N (bc —ad —— Nj

After Yates’s correction 1= 2 when ad —bc<0
(a+c)b+d)c+d)a+b)

1 2

N (ad —bc—— Nj

2 2

= when ad —bc > 0.
(a+c)b+d)c+d)a+b)

ILLUSTRATIVE EXAMPLES

Example 1. What are the expected frequencies of the 2 x 2 contingency tables given below:

a | b 2 (10
(1) (i)
c | d 6 | 6
Sol. Observed frequencies Expected frequencies
@ a b a+tbh (a+c)a+b) | (b+d)a+b)
c d c+d a+b+c+d a+b+c+d
_)

(a+c)c+d) (b+d)(c+d)
a+b+c+d a+b+c+d

atc b+d |lat+tb+c+d=N




Observed frequencies Expected frequencies

(if) 2 10 12 8><12_4 16><12_8
24 24
6 6 12 -
8><12:4 16><12:8
8 16 24 24 24

Example 2. From the following table regarding the color of eyes of fathers and sons test
whether the color of the son’s eye is associated with that of the father.

Eye color of son

Light Not light
Eye color of father Light 471 51
Not light 148 230

Sol. Null hypothesis Hy. The color of the son’s eye is not associated with that of the father,
i.e., they are independent.
Under Hy, we calculate the expected frequency in each cell as

_ Product of column total and row total

whole total

Expected frequencies are:

Eye color
of son . .
Eye color Light Not light Total
of father

Light O19x522 35900 | 289522 16060 522
900

Not light S19378 55995 | 2892378 15y 3¢ 378
900

Total 619 289 900

»_(471-359.02)° (51-167.62)° (148-259.98)" (230-121.38)

359.02

=261.498.

167.62

259.98

Conclusion. Tabulated value of y* at 5% level for 1 d.f. is 3.841.
Since the calculated value of y* > the tabulated value of ¥, Hy is rejected. They are

dependent, i.e., the color of the son’s eye is associated with that of the father.

121.38



Example 3. The following table gives the number of good and bad parts produced by each

of the three shifts in a factory:

Good parts Bad parts Total

Day shift 960 40 1000
Evening shift 940 50 990
Night shift 950 45 995
Total 2850 135 2985

Test whether or not the production of bad parts is independent of the shift on which they
were produced.

Sol. Null hypothesis Hy. The production of bad parts is independent of the shift on which
they were produced.
Le., the two attributes, production and shifts, are independent.

P —ii[[(A (AzBf)T]

Calculation of expected frequencies

Under Hy,

Let A and B be two attributes, namely, production and shifts. A is divided into two classes
A1, Ay, and B is divided into three classes By, B,, Bs.

(AB), = (A))(B, ) (2850) % (1000) 95477
N 2985
(AB,), = (A))B,) (2850)X(990)—945.2Z6
N 2985
(AB,), = (A)(B,) (2850)x(995) — 950
N 2985
(A,B,), = (A,)B)) (135)><(1000) 4597
N 2985
(A.B,), = (A,)(B, ) (135)%(990) 44773
N 2985
(A.B,), = (A,)(B,) (135)><(995) 45,
N 2985
To calculate the value of )(2
Class O, E; (O, -E,) (O.-E)/E,
(A1B) 960 954.77 27.3529 0.02864
(A1B») 940 945.226 273110 0.02889
(A1B3) 950 950 0 0
(A2B)) 40 45.27 27.7729 0.61349
(A2B>) 50 44773 27.3215 0.61022
(A2B3) 45 45 0 0
1.28126




Conclusion. The tabulated value of y* at 5% level of significance for 2 degrees of freedom
(r—1)(s — 1) is 5.991. Since the calculated value of y* is less than the tabulated value, we accept
Hy, i.e., the production of bad parts is independent of the shift on which they were produced.

Example 4. From the following data, find whether hair color and sex are associated.

Sex Color Fair Red Medium Dark Black Total
Boys 592 849 504 119 36 2100
Girls 544 677 451 97 14 1783
Total 1136 1526 955 216 50 3883

Sol. Null hypothesis Hy. The two attributes of hair color and sex are not associated, i.e.,
they are independent.

Let A and B be the attributes of hair color and sex, respectively. A is divided into 5 classes
(r=175). B is divided into 2 classes (s = 2).

Degrees of freedom=(r—1)(s—-1)=(5-1)(2-1)=4

(AB),~(AB)]

(AB )o

Under Hy, we calculate ;( Z Z [

i=1j=1

Calculate the expected frequency (A,B;), as follows:

(AB), = (A)B,) _1136x2100 _ -
N 3883

(AB,) = (A)(B,) _1136x1783 _ . o
N 3883

(AB,), = (A)(B,) _1526x2100 _ oo o
N 3883

(AB.), = (A,)(B,) _1526x1783
N 3883

(AB), = (A)(B) _955x2100 _ o)
N 3883

(AB,), (A,)(B,) _955x1783 _ os o

N 3883



_(A)(B,) _216x2100

A,B), = =116.816
(ABy), N 3883
(AB,), = (A,)B,) _ 216x1783 _ 99183
N 3883
(A.B,), = (A5)(B)) _ 50x2100 2704
N 3883
(A.B,), = (A5)B,) _ 50x1783 19,959
N 3883
Calculation of y*
O —-E)
Class O, E; (@ —El.)2 %
A,B 592 614.37 500.416 0.8145
AB> 544 521.629 500.462 0.959
A,B 849 852.289 10.8175 0.0127
AB, 677 700.71 562.1641 0.8023
A3B 504 516.482 155.800 0.3016
A3B, 451 438.517 155.825 0.3553
A4B 119 116.816 4.7698 0.0408
A4B> 97 99.183 4.7654 0.0480
AsB 36 27.04 80.2816 2.9689
AsB, 14 22.959 80.2636 3.495
9.79975

¥ =9.799.

Conclusion. Table of 5 at 5% level of significance for 4 d.f. is 9.488.
Since the calculated value of )(2 < tabulated value Hj is rejected, i.e., the two attributes are
not independent, i.e., the hair color and sex are associated.

Example 5. Can vaccination be regarded as a preventive measure of smallpox as evidenced
by the following data of 1482 people exposed to small pox in a locality? 368 in all were attacked
of these 1482 people, and 343 were vaccinated, and of these only 35 were attacked.

Sol. For the given data we form the contingency table. Let the two attributes be vaccination
and exposed to smallpox. Each attribute is divided into two classes.



Vaccination A
. Vaccinated Not Total
Disease
smallpox B
Attacked 35 333 368
Not 308 806 1114
Total 343 1139 1482

Null hypothesis Hy. The two attributes are independent, i.e., vaccination cannot be regarded

as a preventive measure of smallpox.

Degrees of freedom v=(r—-1)(s-1)=2-1)(2-1)=1

Under Hy,

i=1

Calculation of expected frequency

(A)(B,) _343x368

Jj=1

I:(AiBj)O - (AiB‘j)]z

(AiBj)O

AB), = =85.1713
(A8, N 1482
(AB,), = (A))B,) _ 343x1114 157878
N 1482
(A,B)), = (A,)(B)) _ 1139x368 187878
N 1482
(A,B,), = (A,)(B,) _ 1139x1114 856,171
N 1482
Calculation of y*
O -E)
Class O; E; (@ —E[)2 %
(A1B)) 35 85.1713 2517.159 29.554
(A1B») 308 257.828 2517.229 8.1728
(A2B)) 333 282.828 2517.2295 7.5592
(A2B») 806 856.171 2517.1292 2.9399
48.2261

Calculated value of y* = 48.2261.

Conclusion. Tabulated value of y* at 5% level of significance for 1 d.f. is 3.841. Since the
calculated value of y* > tabulated value Hy is rejected.

Le., the two attributes are not independent, i.e., the vaccination can be regarded as a
preventive measure of smallpox.



TEST YOUR KNOWLEDGE

1. In a locality 100 people were randomly selected and asked about their educational achievements. The
results are given below:

Education
Middle High school College
Sex Male 10 15 25
Female 25 10 15

Based on this information, can you say the education depends on sex?

2. The following data is collected on two characteristics:

Smokers Nonsmokers
Literate 83 57
Illiterate 45 68

Based on this information can you say that there is no relation between habit of smoking and literacy?

3. 500 students at school were graded according to their intelligences and economic conditions of their
homes. Examine whether there is any association between economic condition and intelligence, from the

following data:

Economic conditions Intelligence
Good Bad
Rich 85 75
Poor 165 175

your inferences on the efficiency of the vaccine.

4. In an experiment on the immunization of goats from anthrax, the following results were obtained. Derive

Died from anthrax Survived
Inoculated with vaccine 2 10
Not inoculated 6 6
Answers
1. Yes 2. No 3. No 4. Not effective.
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3 . A completely randomised design experiment with 10 plots and 3 treatments gave

the following results:

Plot No. .- 1 2 3 4 5 6 7 8 * ] 10
Treatment : A B C A = - A B A R
Yield ~ .’ 4 3. 7 5 1 3 4 1 *

Analyse the results for treatment effects.

Solution:
Rearranging the data according to the treatments, we have the following table:

Treatment| Yield from plots (x;) T, 2, n; L
: n;

A 'S -7 3 1 16 256 4 64
B 4 4 | - 15 225 3 75

> |3 5 1 — 9 81 3 27

- Total T=40 | - N=10 166

DD xF = (2544949 + 1)+ (16 + 16 +49) + (9 + 25+ 1)
= 84 + 81 + 35 = 200

2 TZ i 402 ) .

o 7
e —— =166 - 160=6
= n; N ‘

0,= 0—0Q,=40—6=34



ANOVA table

S. V. " S.S. d.f. M.S. Fy

v 4.86
Between Q,=6 h—-1=2 3.0 -
: : 3.0
classes )
(treatments)
Within Q, =34 _N—-h=7 4.86 = 1.62
classes
Total Q = 40 N-1=90 s —

From the F-table, Fsq (v, =7, v, =2) = 19.35

We note that F, < Fsg, -

Let H, : The treatments do not differ significantly.
. The null hypothesis is accepted.

i.e., the treatments are not significantly different.
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Exercise:

The following table shows the lives in hours of four brands of electric lamps: -
Brand '

A : 1610, 1610, 1650, 1680, 1700, 1720, 1800

B : 1580, 1640, 1640, 1700, 1750

- C : 1460, 1550, 1600, 1620, 1640, 1660, 1740, 1820

. D : 1510, 1520, 1530, 1570, 1600, 1680

Perform an analysis of variance and test the homogeneity of the mean lives of
the four brands of lamps.
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3. Three varieties of a crop are tested in a randomised block design with four repli-
cations, the layout being as given below: The yields are given in kilograms. Ana-
lyse for mgmﬁcancc

.-

cis | As1 [ B2 [ A49
| A47 | B49 - | C52 Csl
B4 | C53 A4 | B30

Solution:

Rewriting the data such that the rows represent the blocks and the columns
represent the varieties of the crop (as assumed in the discussion of analysis of
variance for {two factors of classification), we have the following table:

Crops
Blocks A B C
B | 47 49 48
.- 51 | 49 53
3 49 52 52
4 . 49 | 50 51

We shift the origin to 50 and work out with the new values of x;;.

Crops
Blocks A B c T, TP A
1 .3 ol "~ — 6 363 =12 14
2 1 =] 3 3 93 =3 11
i -1 | 3 2 3 /3 =3 )
4 — 1 1] 1 [i] 03=0 -
7—3
- = T= el R
T 4 0 + T=0 [3.,--=18 36
16 0 16
'l 4 —_—= —_— = —_—= =
T/ h . = 30 | o~ Zz‘ 8
> x | 12 6 18 16
i — -
T2 oi
Q=) ¥ x3——--=36--—=
>3 x-L =36-
0 =1372-T _18-0=18
= — _ - =
' k&~="" N
Q 1y r? i =8 =8
= 207 -vo-



- — e e— — —— g - ——————— — ——

7 .  ANOVA table
S.V. . 5.5. af- - M.S. Fp

Betweenrows  Q, = 18 h—1=3 6 ey

(blocks) 1.67

ﬁetweeu columns Q,=8 k-1=2 4 . 2 2.4
| o 167

(crops)

Residual Q,=10 (h-1)(k-1)=6 167 . -

Total Q=36  hk-1=11 - -

From F'tablcs, Fs* (VI = 3. vz = 6) =4-76 ‘-nd FS‘ (VI = 2. VZ = 6) = 5.14
Considering the difference between rows, we see that Fj (= 3.6) < Fsq (= 4.76)
Hence the difference between the rows is not significant. (H, is accepted) viz.,
the blocks do not differ significantly with respect to the yield.

Considering the difference between columns, we see that F (= 2.4) < Fsq
(=5.14) |

Hence the difference between the columns is not significant. (H, is accepted)
viz., the varieties of crop do not differ significantly with respect to the yield.
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Exercise:

The following data represent the number of units of production per day turned out
by 5 different workers using 4 different types of machines:

Machine Type ‘

A B M D

.44 38 47 36

46 40 52 43

34 36 44 32

43 38 46 33

- _ 5 38 42 49 39
(a) Test whether the five men differ with respect to mean productivity.,

(b) Test whether the mean productivity is the same for the four different machine
types. |

Workers:

& W o -
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