Module:7 Vector Integration

** line, surface and volume integrals
% Statement of Green’s, Stoke’s and Gauss divergence theorems
¢ Verification and evaluation of vector integrals using them.



Line Integrals

Suppose that f(x, y, z) 1s a real-valued function we wish to integrate over the curve C
lying within the domain of f and parametrized by r(¢) = g(¢)i + h(t)j + k(t)k,a =t = b. z

DEFINITION If f 1s defined on a curve C given parametrically by r(f) =
g(Oi + h(1)j + k(t)k,a = t = b, then the line integral of f over C is

/f{x,y,z) ds = lim Ef{xk:}’hzk) &Sﬂ':
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To integrate a continuous function f(x, v, z) over a curve C: length of a typical subarc is As.

1. Find a smooth parametrization of C,
r(t) = g(0)i + h(r)j + k(1)k, a=t=h)

2. Evaluate the integral as ds _ v] = dx ‘:"+ dy ‘j'+ dz\’
dt drt dt dt

b
ﬁf(x,y,Z) ds =/ flg(t), h(t), k(1)) |v(2)| dt.




EXAMPLE 1  Integrate f(x,y,z) = x — 3y + z over the line segment C joining the
origin to the point (1, 1, 1)

Solution We choose the simplest parametrization we can think of’
r(f) = ti + tj + 1k, 0=t=1

The components have continuous first derivatives and |v(7)| = |i +j + k| =

V12 + 12 + 12 = V3 is never 0, so the parametrization is smooth. The integral of f
over C is

1
ff(x,y,z)a’s =/ §ilr, 1, r)(\/g) dt
O 0

= /.l(r — 32+ V3 dt
0

E \/§/l1(2t— 3t%) dt = \/g[f"" — rﬂé = 0.
0



EXAMPLE Figure shows g  path from the origin to (1, 1, 1), the union of

o(1.1,1)
line segments C; and C». Integrate f(x, v,z) = x — 3y> + z over C; U C».
o Solution We choose the simplest parametrizations for C; and C> we can find, calculating
(0,0, 0) ';E#,_,-—* v the lengths of the velocity vectors as we go along:

~
r()=d+14, 0=t=1 |v|=VIE+12=V2

Cll
C G: ri)=i+j+tk 0=tr=1 |[v|]=V0OP+0+12=1

(1. 1.0) : s i :
With these parametrizations we find that

f f(x,y,2)ds = / flx,y,z)ds + / flx, v, 2) ds
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Line Integrals of Vector
Fiold<

DEFINITION Let F be a vector field with continuous components defined
along a smooth curve C parametrized by r(¢), a = t = b. Then the line integral

of F along Cis
[F-Tda.":/(F-d—r)ds:[F-dr.
C C ds C

The vector field F = M(x, y, z)i + N(x, y,z)j + P(x, v, z) k has contin-
uous components, and that the curve C has a smooth parametrization r(z) = g(#)i +
h(t)j + k(t)k,a =t =< b.

the tangent vector T = dr/ds = v/|v|is a unit vector tangent to the path
The vector v = dr/dt is the velocity vector tangent to C at the point.-

_ @ dr
F-T=F s




Evaluating the Line Integral of F = Mi + Nj + Pk along

Cr(t) = g(t)i + h(t)] + k(t)k

1. Express the vector field F in terms of the parametrized curve C as F(r(¢)) by
substituting the components x = g(¢), vy = h(t),z = k(t) of r into the scalar
components M(x, v, z), N(x, v, z), P(x, v, z) of F.

2. Find the derivative (velocity) vector dr/dt.
3. Evaluate the line integral with respect to the parameter t, a = t = b, to obtain

/F-dr - be(r(r}}-d—rdr.
c B dt

EXAMPLE Evaluate ch -dr,where F(x, v, z) = zi + xvj — v’k along the curve C
given by r(r) = #%i + tj + %k,(} =t=1.

Solution Wehave F(r(7)) = Vi + ’j — 1’k

ﬂ=2.-‘i+j+—l k.

dt 2‘\/;

1
Hence fF'er/ F(r(r}}-d—rdr
C 0 dt
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EXAMPLE Evaluate the line integral f:: —ydx + zdy + 2x dz, where C is the helix
r(7) = (cos i + (sint)j + tk,0 =t = 2.

Solution Glven x = cost, y = sint, z = t,and
dx = —sintdt, dv = costdt, dz = dt. Then,

2ar
f —ydx +zdy + 2xdz = / [(—sin ¢)(—sint) + tcost + 2 cos{] dt
C 0

2ar
=f [2 cost + tcost + sin’ 1] dt
0

. 2ar
= {2 sint + (tsint + cost) + (% — szr)]
4 0

=[0+O0+1)+(w#—-0)]—-[0+ 0+ 1)+ (0— 0)]

= Tr.



