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(i) Since from equation (1), any one vector can be expressed as the linear combination
of the remaining two, any two of vectors v,, v,, v, will form a basis for V.

Example 9: Let V/ be the space spanned by v, = sin x, v, = cos x, v, = x. Show that
S={v,, v,, v;} forms a basis for V.

Solution: It is given that S spans V. To prove S linearly independent, we need to
show that the Wronskian, W of v,, v,, v, is non-zero.
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sinx  COSXx X
=| cosx -—sinx |

—sinx —cosx O

= sin x(cos x) — cos x(sin x) + x(—cos’ x —sin” x)

=-—Xx

This function is not zero for all values of x. This shows that S is linearly independent.
Hence, S forms a basis for V.

Basis for the Subspace Span (S)

If S={v,, v, ..., v,} is a linearly independent set in a vector space /' then S is a basis
for the subspace span (S).

2.9 FINITE DIMENSIONAL VECTOR SPACE

A vector space V is called finite dimensional if the number of vectors in its basis are
finite. Otherwise, V is called infinite dimensional.

Theorem 2.11: Ifbasis S={v,, v,, ..., v,} of a finite dimensional vector space /" has
n vectors then

(1) Every set in / having more than n vectors is linearly dependent
(ii) Every set in J having less than n vectors does not span

Theorem 2.12: From the above theorem, we conclude that all the bases for a finite-
dimensional vector space have the same number of vectors.

2.9.1 Dimension

The number of vectors in a basis of a non-zero finite dimensional vector space V is
known as the dimension of / and is denoted by dim (V).

Note: Dimensions of some standard vector spaces can be found directly from their
standard basis.
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(i) dim (R")=n
(ii) dim(P)=n+1
(iii) dim (M,,)=mn

(iv) dim {0} =0 [ 0 is linearly dependent, vector space {0} has no basis.]

Theorem 2.13: If dim (V) =nand S= {v, v,, ..., v,} is a set in }V/ with exactly n
vectors then S is a basis for V if either S is linearly independent or S spans V.

Theorem 2.14: Let S be a non-empty set of vectors in a vector space V.

(1) If Sis a linearly independent set then S L {v} is also linearly independent if the
vector v does not belong to the span (S).
(i) Ifvisa vector in S that can be expressed as a linear combination of other vectors
in S then
span () = span (S - {v})

Theorem 2.15: If I is a subspace of a finite dimensional vector space /' then

(1) W is finite dimensional and dim (W) < dim (V); if dim (W) = dim (V') then W= V.
(i1) Every basis for W is part of a basis for V.

2.10 BASIS AND DIMENSION FOR SOLUTION SPACE
OF THE HOMOGENEOUS SYSTEMS

Let Ax = 0 be a homogeneous system of m equations in » unknowns. The basis and
dimension for the solution space of this system can be found as follows:

1. Solve the homogeneous system using Gaussian elimination method. If the
system has only a trivial solution then the solution space is {0}, which has no
basis and hence the dimension of the solution space is zero.

2. If the solution vector x contains arbitrary constants (parameters) #,, f,, ..., L
express X as a linear combination of vectors X, X,, ..., X, with #,, #,, ..., 7, as
coefficients.

Le. X=4X, +5,X, +-+1 X,

3. The set of vectors {X,, X,, ..., X,} form a basis for the solution space of 4x =0
and hence the dimension of the solution space is p.

Note: If the row echelon form has » non-zero rows then dimension of the solution
space is p = n — r where n represents the number of unknowns.

Example 1: Determine the dimension and a basis for the solution space of the

system
e =2 — 0

=2x,—2x, +4x, =0

=20 = 2=
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Solution: The matrix form of the system is

1 1 =2][x] [0
-2 =2 4{|x|=|0
=1 =1 2|=] LU
The augmented matrix of the system is
1 1 -2,0]
-2 -2 4 i 0
1 -1 210

Reducing the augmented matrix to row echelon form,

R2+2R1,R3+R1
1 1 =210
~lo 0 o010
00 000

The corresponding system of equations is
x+x,—-2x,=0
Solving for the leading variables,
X, =—x, + 2x,

Assigning the free variables x, and x; arbitrary values 7, and ¢, respectively,
X, =—t, +2t,,x, =1, x; =1, is the solution of the system.

The solution vector is % —t +21,

=t,| 1(+4,]0
0 1

=X, +14,X,

Hence, Basis = {x,, x,} = 1,10

Dimension = 2

Example 2: Find the dimension and a basis for the solution space of the system
e R R — ()

S e Eh =)
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Solution: The matrix form of the system is

The augmented matrix of the system is

311 110
5 <1 1 1%

Reducing the augmented matrix to row echelon form,

1 l l l:()
~ 3 3 3
15 -1 1 -1,0
R, -5R,
B I
r & & Lig
~ 3 3 3
|
0o -5 2 81
L 3 3 3; !
(-3)x
g )
I
1 l l 1:0
_ 3 3 39
1 i
0O 1 — 110
4 !

The corresponding system of equations is
1

| 1
x+=x+=-x+-x,=0
3 3 3

3

1
x2+zx_~+ x,=0

Solving for the leading variables,
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Assigning the free variables x; and x, arbitrary values 7, and ¢, respectively.

|

X ==gh=h
1( 1 ) 1 1
X, =——|—=t,—-t,|-=t,—=t,
30 4 3 3
1
=_Zt|
1 1 ; g
Hence, x, = —le, X, = —Zt, —1,, X, =1, x, =1, is the solution of the system.
The solution vector is )
X
X,
X=
X3
[ X4
- F T
_ZZI
1
=|-zh-%
tl
| L]
__lﬂ
4 0
g |-t len ]
- 4 2 0
1 1
L 0_4
=1X, +1,X,
Hence, Basis = {x,, X, }
[ 1] |
~ ,
_J_1f)-l
= i
o
L 0_

Dimension = 2

2.73
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Example 3: Find the dimension and a basis for the solution space of the system
T an g = =]
D E5%, =0
=R 2 =)

Solution: The matrix form of the system is

1 2 =3 x 0
2 5 1fx|=]|0
1 =1 2] % 0
The augmented matrix of the system is
1 2 =30
2 5 110
1 -1 2O

Reducing the augmented matrix to row echelon form,

Ry —2R,R;—R
1 2 -3!0
~jo 1 710
0 -3 50
Ry +3R,
12 <819
~lo 1 710
00 260

1

= |R
(26) ’

1 2 -3!0
~lo 1 710
00 1'0

|
The corresponding system of equations is
X, +2x,-3x,=0
X, +7x,=0
x=0
Hence, x, = 0, x, = 0, x; = 0 is the solution of the system.
The solution vector is

X 0
x, |=|0[= {0}
X 0

Hence, the solution space has no basis and dimension = 0.
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Example 4: Determine the dimension and basis for the following subspaces of
R? and R*.

(i) theplane3x—2y+5z=0
(i) thelinex=2t,y=—t,z=4¢
(ii1) all vectors of the form (a, b, ¢, d) whered=a+bandc=a-b

Solution: (i)3x—2y+5z=0
Solving for x,
2 5

x==—y-=z
3?3

Assigning y and z arbitrary values 7, and ¢, respectively,

2 5
x=Zt-=t,
3 3

Any vector x lying on the plane is

h ——t
x| (3737
X=|y|= [l
z b
2022
3 3
=H|1[+5] O
0 1
=4HX| +6HX

Thus, x, and x, span the given plane. Also, x, and x, are linearly independent as
they are not scalar multiples of each other.

2
Hence, Basis= | | 3 3

1

0

Dimension = 2

(i) Any vector x lying on the line x =2¢, y =—t,z =4t is

2t 2
x=|y|=|-t|=t|-1|=1x
Z 4t 4

Thus, x, spans the given line and is also linearly independent as it is a non-
zero vector.
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2
Hence, Basis ={x,} =1 | -1
4
Dimension = 1
a a
b b
(ii1) Let X= =
c a—>b
d a+b
1 0
0 1
=al| [+b
1 -1
1 1
= ax, +bx,

Thus, x, and x, span the given set of vectors. Also, X, and x, are linearly indepen-
dent as one is not the scalar multiple of another.

_— O

Hence, Basis = {x,,X,} =

—_— = O

Dimension = 2

Example 5: Find a basis and dimension of

4
W={(a,,a2,a3,a4)eR ]al+02=0,a2+a3=0,a3+a4=0}
Solution:
a+a,=0 = a,=-q
a,+ay,=0 = a,=-a,=q

a,+a,=0 = a,=-a,

3

=-q,

Any vector x in W'is

ay a
a —a
X = 2| 1
a aq
ay —da
1
-1
= al

= aXy
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Thus, x, spans W and is also linearly independent as it is a non-zero vector.

1
-1
1
-1

Hence, Basis ={x, } =

Dimension=1
Example 6: Find the dimension and a basis for the following subspaces of P,
and P,.

(i) all polynomials of the form a, + @, x + a,x* + a, x*, where a,= 0
(i1) all polynomials of the form ax?® + bx* + cx + d, where b = 3a — 5d and
c=d+4a

Solution: (i) Let p be any polynomial in the given subspace of P,.
p=a,+ax+a,x +ax’
=ax+a,x’ +ax’ [.a,=0]
Thus, the vectors x, x> and x* span the given subspace of P,. Also, x, x> and x* are
linearly independent which can be verified as follows:
Let kx+kx’+kx' =0

Equating corresponding coefficients,
k=k=kK=0.
Thus, x, x* and x* are linearly independent.

Hence, Basis = {x, x%, x°}
Dimension =3

(ii) Let p be any polynomial in the given subspace of P;.
p=ax’ +bx’ +cex+d
=ax’ +(3a—-5d)x* +(d +4a)x+d
=a(x’ +3x* +4x)+d(-5x> + x+1)
=ap, +dp,

Thus, p, and p, span the given subspace of P,. Also, p, and p, are linearly indepen-
dent as one is not the scalar multiple of another.

Hence, Basis = {p,, p,}

= {(* +3x* +4x), (-5x" +x+ 1)}

Dimension = 2



2.78  Chapter 2 Vector Spaces

2.11 REDUCTION AND EXTENSION TO BASIS

Theorem 2.16: LetS = {v,,v,, ..., V,} be a set of non-zero vectors in a vector space V.

(i) If S spans ¥ then S can be reduced to a basis for /' by removing some vectors
from S and dim (V') <n.

(i1) If S is linearly independent then S can be extended to a basis for /' by adding
some vectors into S and dim (V) > n.

2.11.1 Reduction to Basis

LetS = {v,V,, ..., v,} be a set of non-zero vectors in a real vector space V.
If V'=span S and dim (/') < n then S can be reduced to a basis for /" as follows:

1. Consider, kv, +k,v,+---+k v, =0 (2.7)

2. Construct the augmented matrix of the homogeneous system obtained from
Eq. (2.7). Reduce the homogeneous system to row echelon form.

3. The vectors corresponding to the columns containing the leading 1’s form a
basis for V.

Note: By changing the order of vectors in S, other possible bases can be found.

2.11.2 Extension to Basis

Let S={v,, v, ..., v,} be a linearly independent set of vectors in a real vector space
V. If dim (V) = n > m then S can be extended to a basis for V" as follows:

1. Form the set S’ ={v,, v,,...,v
dard basis vectors for R".
2. Follow all the steps (1 to 3) of 2.11.1.

e,e,,....e | wheree,e, ..., e, are the stan-

m?

Note: By changing the order of standard basis vectors e ,e,,...,e, in S, other
possible bases can be found.

Example 1: Reduce S={(1,0,0),(0,1,-1),(0,4,-3), (0,2, 0)} to obtain a basis
for W= span §

Solution: Consider,
k(1,0,0)+k,(0,1, =1)+ £,(0, 4, = 3) + £, (0, 2, 0) = (0, 0, 0)
(ky, key + 4k, +2k,, — k, = 3k;) = (0,0, 0)
Equating corresponding components,
k, =0
k, +4k,+2k, =0
—k, =3k, =0



