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Chapter 3

Continuity and Differentiability of Multi-variable Functions

3.1 Geometry of Functions of Two Variables

Definition 3.1.1 (Functions of Two Variables). Let @ c R2. A function f: 2 — R is called
a real-valued function of two variables. The elements of & are ordered pairs (x,y) of real
numbers, where x and y are called input variables and the real number w = f(x,y), an output
variable of the function f.

Definition 3.1.2 (Surface and Trace). Let f(x,y) be a two-variable function defined on & c R 2.
The the graph {(x,y, f(x,y)) : (x,y) € D} of f(x,y) defines a surface z= f(x,y) in space. The
curve of intersection of the surface z = f(x,y) and the plane z = ¢ is known as a trace or plane
section of the surface in the plane z = ¢. Other traces are similarly defined.

Definition 3.1.3 (Level Curves and Contours). Let f(x,y) be a two-variable function defined
on @ c R2. Let ¢ be a constant. The curve lying in the xy-plane, given by f(x,y) = c is called
a level curve of f. Thus f takes on a constant value on its level curve. A contour f(x,y) =c¢
is regarded as a curve of intersection of the surface z = f(x,y) and the plane z = c.

For ¢ > 0, it lies at a height of ¢ units from the xy-plane, and hence is a line of constant
elevation. Whereas, for ¢ < 0, it lies at a depth of ¢ units from the xy-plane, and hence is a line
of constant depression.

Isobars are the curves of constant pressure, isotherms are curves of constant temperature, and
equipotential curves are curves of constant electrostatic potential.

3.2 Continuity of Two-variable Function u = f(x, y)

Definition 3.2.1 (Continuity). A function f(x,y) is said to be continuous at a point P(xg, yo)
in the domain 9 of f, if the limit limy y)—(xg,yy) f (X, y) exists and is equal to f(xo,yo). The
function f is said to be continuous on the domain 9, if it is continuous at every point of 9.

Theorem 3.2.1 (Existence of the Limit). If the f has different limits along different paths in
2 as (x,y) approaches (xp, yo), then the limit lim y y)—(x,yo) f(*,y) does not exist.

Example 3.2.1. Show that the limit of each of the following functions does not exist at (0,0),
and hence f is discontinuous at (0, 0):

(a) f(x,y) = \/X;Tyz (x,y) # (0,0)

0, (x, ) = (0,0)
o (1) #(0,0)

b) flry)={
(b) £y {o, (x.) = (0,0)

Solution.

(a) Along the line y = mx, m # 0, f(x,y) = 1/V1+m?2. Then lim(y y)—(0,0) f(x,y) = \/%,
m
which changes with each value of the slope m. Thus the limit of f does not exist as

(x,y) — (0,0). Hence f is discontinuous at (0, 0).
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3.2. Continuity of Two-variable Function u = f(x, y) 13

(b) Along the line y = mx, m # 0, lim(x,y)—(0,0) f(x,¥) = =m which changes with each value

1+m
of m. Thus the limit does not exist as (x,y) — (0,0). Hence f is discontinuous at (0, 0).

Exercise 3.2.1. Show that the following functions have no limit as (x,y) — (0,0), and hence
are discontinuous at the origin (0, 0):

2 () # (0,0)
0,  (xy) =(0,0)
20 (x,y) # (0,0)

b) flay) =1
(b) 7=y {o, (x.y) = (0,0)

Az (5y) #(0,0)
0, (%) =(0,0)

(a) flx,y)= {

(c) flx,y)= {

Answers.

. ) . m -1, ifm<0
(a) Along the line y = mx with m # 0, lim(y y)—(0,0) f(x,y) = ] = ‘ . Thus
1, ifm>0.

for different paths as (x,y) — (0,0) we get different values of the limit as (x,y) — (0,0).
Hence f is discontinuous at (0, 0).

(b) Along the line y = mx with m # 1, as (x,y) — (0,0), f(x,y) tends to —m/(1 — m), which
is different for different choices of m. Thus the limit of f does not exist as (x,y) — (0,0).
Hence f is discontinuous at (0, 0).

(c) Along the parabola y = x2, f(x,y) — 1/2, while along the x-axis, f(x,y) tends to 1,
as (x,y) — (0,0). Thus for two different paths f(x,y) approaches to different numbers.
Thus the limit does not exist as (x,y) — (0,0). Hence f is discontinuous at (0, 0).

Example 3.2.2. By an appropriate substitution, show that the limit of

2xy
fx,y) = {x2+y2’ (x,y) # (0,0)
0, (x,y) = (0,0)

varies from —1 to 1 along the line y = mx as (x,y) — (0,0).

Solution. Along the line y = mx, m # 1, [ = lim( y)—0,0) f(x,y) = 2m/(1 + m?). Then

substitute m = tan in this, we get | = % = sin 26, which varies with the angle 6 of

inclination. Since sin 26 lies in the interval [-1, 1], [ varies between —1 and 1 for each real 6.
Example 3.2.3. Using the polar coordinates

x=rcosf, r=rsiné, (3.2.1)
show that

tan~! (IXI+Iy|) . (x,y) #(0,0)

x2+y?

0, (x,y) =(0,0).

flx,y) =

is not continuous at the origin.

Solution. Using (3.2.1), f(x,y) = tan~! {w} — tan"l oo = 1/2 as r — 0. Thus the

r

limit is / = §- Since [ # £(0,0), f is not continuous at (0, 0).
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14 Chapter 3. Continuity and Differentiability of Multi-variable Functions

Example 3.2.4. Use the polar coordinates (3.2.1]) to show that

2x2y
441,20 (x,y) # (070)
floy)=q5™
Y {0, (x,y) =(0,0).

is not continuous at the origin.

Solution. Using (3.2.1)), we see that

2r3 cos? 0 sin 0 r cos 6 sin 20
r#0.

flx,y) =

. = . b
rdcost®+r2sin20  r2cost 6 +sin?6

Along the line 8 = constant, as r — 0, the double limit is 0. While along the parabolic path

y = x2, we have r cos 6 = r?sin 26 so that

6. .2 6

2r2 cos? - r? cos

rtcost@+ricosto

flx,y) =

As, for two different paths of approach, I = lim(y ) (0,0) f(x,y) is different, I does not exist,
and hence f is not continuous at (0, 0).

25 (1) £(0,0)
Exercise 3.2.2. Using (3.2.1), examine the continuity of f(x,y) =< **

0, (x,y) = (0,0)
at the origin:

Solution. In view of (3.2.1)), f(x,y) = cos? #—sin? 6 = cos 26 € [-1,1]. Thus limx,y)—(0,0) F(x,¥)
does not exist and hence f is not continuous at (0, 0).

Exercise 3.2.3 (self-check). Given that f(x,y) = X2 for (x,y) # (0,0), justify whether it is

x2+y?2

possible to define f at (0,0) so that it will be continuous at the origin.

3.3 The Total Derivative

Let u = f(x,y) be defined on a domain @ c R? and (xg,yg) € @. The first order partial
derivatives of f with respect to x and y are given by
J(xo+h,yo) = f(x0,y0) Of

h E(XOJ’O) = IP_T%

S (x0,y0 + k) = f(x0,¥0)
. ,

af .
a(xo,yo) = lim
Second order partial derivatives of f are defined by

PL DY) S (o) PL 0 () 2o (o]

" 9y2 Oy *oxdy  ox \dy) dyox dy \ox

ax2  Ox

Ox

dy
Higher order partial derivatives are similarly defined. The rules of finding partial derivatives of
sum, difference, product and quotient are similar to those of ordinary derivatives.

Theorem 3.3.1 (Two Intermediate Variables and One Independent Variable). Let u = f(x,y),
where x = g1(f), y = go(¢). Then u is a composite function of ¢ through the intermediate
variables x and y. The derivative of w with respect to ¢, given by

df _afdx of dy

_O0fdx of 3.1
x| By dr (3.3.1)

is called the total derivative of f with respect to t.

Dr. T. Phaneendra Department of Mathematics, Vellore Institute of Technology



3.4. Jacobians 15

Example 3.3.1. Let 0 =xy — 2 be the temperature at the point (x,y) on the circle

X = 2\/§COSt,y = 2\/§sint, 0<r<2m

Find the points where the total derivative % becomes zero.

Solution. We see that
do_90dx 90y
dr ~ dxdr Ay dr
= (2V2sin 1) (-2V2sin 1) + (2V2 cos 1) (2V2 cos 1)

= 8(cos? 1 — sin? ) = 8 cos 21.

= y(=2V2sint) + x(2V2 cos 1)

Therefore, % =0 only if 2t = /2, 3n/2, that is when ¢ = /4, 3n/4.

Example 3.3.2 (Changing Voltage in a Circuit). The voltage V in a circuit that satisfies Ohm’s
law
V=IRorI=V/R (3.3.2)

drops slowly as the battery discharges. At the same time, the resistance R is increasing as the
resistor heats up. The change in current at any instance is described by the total derivative of
I with respect to the time #:

& " v ToRd Rdr REdr  R\dr ' dr

dI _91dv  9IdR _1dVv VdR 1 (dv dR
dr dr |-

Exercise 3.3.1 (Self-check). Using the formula (3.3.1)), find ‘Cil—': at a given value of ¢, and verify
your result by the direct differentiation:

(a) u=sin (i), where x = ¢/, y =12

(b) u=sin"!(x —y), where x = 31, y = 4¢3

(¢) u=x%+y? where x = cost +sint, y = cost —sint
X+

(d) u:Ty,wherex:COSQI,y=sin2t,Z:1/t atr=3

(e) u=xy+yz+zx, wherex=e', y=e™', z=1/t
3.4 Jacobians

Definition 3.4.1 (Second Order Jacobian). Consider the transformation

u=f(x,y),v=_gxy). (3.4.1)

The Jacobian of u and v with respect to x and y is given by

ou du
J(u,v) _ J(u,v) _lax o).
wy) oty |2 %
Example 3.4.1.
(a) Let u =ax+by, v=cx+dy Then
u,v O A
J(x’ ): & 2= | =ad=be
Y ox Oy ¢

Department of Mathematics, Vellore Institute of Technology Dr. T. Phaneendra



16 Chapter 3. Continuity and Differentiability of Multi-variable Functions

(b) Let u =x%—y2, v =2xy. Then

u,v ou 3—5 2x -2y 2, .2
J T =lov  ov|= 5 oy =4(x +y)
>y ox Oy y

Exercise 3.4.1. Find J(%), where
(a) u=xsiny, v=ysinx
(b) u=x>-2y,v=x+y
Answers.

(a) sinxsiny — xy cosx cosy

(b) 2(x+y)

Theorem 3.4.1 (Inverse Property of Jacobians). IfJ (

(3.4.1) is invertible, and
J(U) J(ﬂ) =1or J(Q) = 1/1(””)- (3.4.2)
u,v

X,y u,v X,y

%) # 0, then the Jacobian transformation

Example 3.4.2. Let u =x(1—-y), v=xy. Then

1 1

X u+v

-y —x|_

J(x’y) =1/7(2) =1/

u,v X,y X

d(x.y)  9(r.0)
a(r.6) " d(x.y)

Example 3.4.3. Verify that =1, where x =rcosf,y =rsinf.

Solution. Note that

ox ox :
X, = = cosf —rsinéd .
722 = g %=1 i =r(00829+sm20):r.
r,0 5 39 sinf rsin@

The given transformation implies that » = \/x2 + y2, 6 = tan~! (%) - Hence

0 or  or 23 2 1 1

(=) &P Wl L
ov 2t y

Xy ox 9y TXZy2 xziyz VxZ+y2 T

This verifies the property, given in (3.4.1)).

Theorem 3.4.2 (Chain Rule of Jacobians). Consider the transformations:
u=f(r,s), v=_g(rs),

where
r=py),s=qxy).

Then

J(U) = J(“’V)J(r’s). (3.4.3)
X,y r,Ss X,y

Dr. T. Phaneendra Department of Mathematics, Vellore Institute of Technology




3.4. Jacobians 17

Example 3.4.4. Consider the elliptical polar transformation: x = arcosé, y = brsinf. Let
u=rcos6,v=rsind. Then x = au, y = bv. Therefore,

xy\ o (xy _ _
](r,_Q)_J(u,V)J(r,H) (ab)(r) = abr.

Definition 3.4.2 (Third Order Jacobian). Consider the transformation

= f(x,9,2),v=2g(x,y,2)w=h(x,y,2). (3.4.4)

The Jacobian of u, v and w with respect to x, y and z is given by

Ou  Ou  QOu
ox Iy Jz
u,v,w =6(M,V,W) _|ov ov ov | .
= a( ) “|ox Oy Jz
XY, XY, 2 ow  ow  Ow
9x Oy 0z

X,¥,2

Exercise 3.4.2 (Self-check). Find J(” = W), where:

(a) U= 2x—

(¢) u=x? —2y, v=x+y+z, w=x—-2y+3z.

Remark 3.4.1. The inverse property given in Theorem and the chain rule given in
Theorem [3.4.2| can be extended to third and higher order Jacobians also.

Exercise 3.4.3 (Self-check). Find J ( - Z) where:

(@) u=x+y+z,uv=y+2z, uvw =2

_yz o _ _xy
(b) u= ,v—%,w—7.
Example 3.4.5. Find 2292 where the cylindrical polar coordinates r,0 and z are described

a(r,0,2)
by the transformation x = r cosf, y = rsiné, z = z. Also, verify that ggfg;; . gg;gg =1

Solution. First we see that

g—f % % cosf —rsinf 0
XY, 2 dy 0Oy B)Z) . . 2 2.2
J =% % ==|=|sinf@ rsingd 0 =r(cos 6 + sin 6))=
r,0,z or 900 Oz
9z 0z 0z 0 0 1
or 00 0Oz

by expanding the determinant using third row. Now, the inverse of the transformation is
r=vx2+y2, 0=tan"! (X), =2z
X

provided r # 0. Therefore,

or or  or = 2 0
recy_[momom (Er 4
xvz) |2 T wer YT Eee v
ax dy 0z 0 0 1
Xy, 0.2\ _
Hence J( Z)J(;’yé) =1.
Exercise 3.4.4. Find the Jacobian 2 a(p Lo 23 , where the spherical polar coordinates p, ¢ and 6 are

described by x = psingcos @, y = psin@sinf, z = pcos¢. Verify that gg;’g’gi : ggi’i’g =1.

Department of Mathematics, Vellore Institute of Technology Dr. T. Phaneendra



18 Chapter 3. Continuity and Differentiability of Multi-variable Functions

9(x,y,2)

6(99(9’9) — a(x7y’z) . a(@s‘?vg) — 1
9(e,9,0)

9. 2
= p”sing and Ay = 1/p” sin . Therefore, 3(0,0,0)  O(x,y,z) -

Answer.

Example 3.4.6. Consider the spheroidal polar transformation: x = apsin¢cos 6, y = bpsin ¢sin 6,
z=cpcosy. Let u = psingcosf, v =psingsind, w = pcosg. Then x = au, y = bv, z = cw.
Therefore,

J(x,y,z) :J(x,y,z )J(M’V’w) = abcp®sin ¢,
p’ ('P’e u,v,w p,<<P36

Theorem 3.4.3 (Jacobians and Functional Dependence). Consider the transformation (3.4.1]).
Then u and v are functionally dependent of each other if and only if

du  du
u,v Ox oy
Y ox 0Oy

Example 3.4.7. Let u = xy/1 —y2+yV1 —x2 and v = sin"! x+sin~! y. Verify Theorem and
hence find the functional relationship between u and v.

Solution. First we have

K] ) 1_ 2 _ Xy 1__x2_x—y
7Y = ox oy|_ R 1-y2
v T | T 1 1
Y ox  Jy Vi—x2 1—y2
X X
-1- 4 1+ Y =0

V1 — x24/1 — y? V1 — x24/1 — y? -

Thus by Theorem [3.4.3] u and v are functionally related. Indeed, we observe from trigonometry
that u = sinv.

Exercise 3.4.5 (self-check). Let u = % and v = tan~!x +tan~!y. Verify that u and v are

functionally dependent and hence find the functional relationship between u and v.

Similarly, we have

Theorem 3.4.4 (Jacobians and Functional Dependence). Consider the transformation (3.4.4).
Then u, v and w are functionally dependent if and only if

ou  Jdu

u,v,w = o=
J( )=|% Sl=0. (3.4.6)

X, ¥,2 ox Oy

Exercise 3.4.6 (self-check). Let u =3x+2y—z, v=x—2y+2z, w=x2+2xy — zx. Verify that u,
v and w are functionally dependent and hence find the functional relationship among them.
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