Module:3 Multivariable Calculus

v’ Functions of two variables
v’ Limits and Continuity

v’ Partial Derivatives

v’ Total Differential

v’ Jacobian and its properties.



Multivariable Calculus:

Functions of two variables

Let xand y be two independent variables.

It z has a definite value for each pair of values of xand vy,
z 1s called a function of x and y. It 1s denoted by z = {(x,y).

Example: (a) z=x+y
(b) z=x*+y% 3y

(¢) z=e" sin(x+7) .



Limits:
The limit of f{x,y) as (x,y)— (a.b) 1s said to be L

if f(x,y) approaches to L whatever manner

(x,y)— (a,b). Itis denoted as

limit

Jf(xy)=L. o

(x,¥) > (a,b) Pe j&Y)
e

0

if, for every number € > 0, there exists a corresponding number 6 > 0 such that
for all (x, y) in the domain of f,

|fx; ) —L] < € whenever 0< Vi(x—x)+ (y— ) <8




Properties of Limits of Functions of Two Variables The fol-
lowing rules hold if L, M, and k are real numbers and

li y) =L d li xX,y) =
(x, _\")—l’r{}o, Yo) fx.7) = (x, }’)—l’l}-l\‘o.,\’o) glx. )
1. Sum Rule: lim (f(x,y) + gx,y)) =L+ M
(x, ¥)—(xg. yo)
2. Difference Rule: lim (f(x,y) —gx,v)) =L - M
(x, ¥)—(xq, yo)
3. Constant Multiple Rule: ( )lil}l kf(x,v) = kL (any number k)
X, V)Xo, Yo
4. Product Rule: lim (f(x,v)-glx,v)) =L-M
(x, v)—{x0, vo)
, flx,y) L
5. Quotient Rule: lim = —> M #0
0 (x, )= (xa, v0) (X, V) M
6. Power Rule: lim [ f(x,y)]" = L", n a positive integer

(x, y)—(x0, o)

7. Root Rule: lim \/f(x v) \'VZ = LI

(x, v)—(xq, )
n a positive integer, and if » is even, we

assume that L > 0.




x* — xy (x2 = xp)(Vx + \/;)

lim |

(x, ¥)—(0,0) \/_ - \/; - (x,),.)i_,m(o,o) (\/‘ B \/}:)(\/; i \/}—))
x(x = y)(Va + V5)

= lim

(x, v)—(0,0) X =y
= lim x(\/z—c + \/}—;)
(x, v)—(0.0)

=0(Vo+ Vo) =0




DEFINITION A function f(x, y) is continuous at the point (x, yg) if

1. fis defined at (xq, yo),
2, lim  f(x, y) exists,

(x, ¥)—(xo, yo)

3. lim )f(x, v) = f(xo, vo)-

1o ,1’) - (.\'(). Yo

A function is continuous if it is continuous at every point of its domain.

EXAMPLE Show that ¢
2xy

—, ((x,y) # (0,0
f(x,y) - < ,\'2 +y25 (\ y) ( )

L0, (x,») = (0,0)
1s continuous at every point except the origin.

Solution The function f is continuous at any point (x, y) # (0, 0) because its values are
then given by a rational function of x and y and the limiting value is obtained by substitut-
ing the values of x and y into the functional expression.




At (0, 0), the value of f is defined, but f, we claim, has no limit as (x, y) — (0, 0). The

reason is that different paths of approach to the origin can lead to dlﬁ"erent results.

¥y = mx, X ;ﬁ 0, because

2x(mx) 2mx? 2m

y=mx x2 g = (mX)Z X2 = m2x2 | R > n12

2xy
x2 + y2

f(x,y)‘ _E

lim f(x,y) = lim [f(x,y)

Therefore, f has this number as its limit as (x, y) approaches (0, 0) along the line:
(x, v)—(0,0) (x, ¥)—(0,0)

_ 2m
=mx 1 + m?’
y=mx
along y=mx

This limit changes with each value of the slope m. There is therefore no single num-
ber we may call the limit of f as (x, y) approaches the origin. The limit fails to exist,

and the function is not continuous.



Two-Path Test for Nonexistence of a Limit
If a function f(x, y) has different limits along two different paths in the domain of
f as (x, y) approaches (xo, yo), then limy, ;)—(x,, y,) f(x, ) does not exist.

2x%y

EXAMPLE Show that the function f(x,y) — — 3
xt+y

has no limit as (x, y) approaches (0, 0).

Solution  The limit cannot be found by direct substitution, which gives the indeterminate
form 0/0. We examine the values of f along curves that end at (0, 0). Along the curve y =
kx?, x # (0, the function has the constant value

2x%y 2x(kx?) 2t 2k

(x’ v) — —_— — ; o 2
fix,! y=kx> x* + yz y=kx? x* + (kxz)2 xt + kA ] b 2
Therefore,
2k
lim x,y) = X,y } B .
(x, \)—>(00)f( ) ‘)—>(00) [f( ) - 1 + k2
along y=khx?

If (x, y) approaches (0, 0) along the parabola ¥ = x?, for instance, k = 1 and the limit is 1.
If (x, y) approaches (0, 0) along the x-axis, & = 0 and the limit is 0.
By the two-path test, f has no limit as (x, y) approaches (0, 0).



DEFINITION  The partial derivative of f(x, y) with respect to x at the point
(x0, o) is

df

. flxo + A, yo) — flxo0,y0)
= lim

(x0, vo) h—0 h

°

provided the limit exists.

We use several notations for the partial derivative:

of "
= (x0,y0) or fulxo, y0), 3¢

dof z

R and fx, a, Zy, O g

(xq, ¥o)

DEFINITION The partial derivative of f(x, y) with respect to y at the point
(x()s y()) IS

af d

af e - i flxg, o + h) — f(xo, yo)
a‘v - dvfxo,_y ! 0 ¢ ]

}.‘ =.‘?(l h p— 0 h

b
(x0, y0)

provided the limit exists.

The partial derivative with respect to y is denoted the same way as the partial deriva-
tive with respect to x:

af , af
@ (xUs yO)a f_\‘(x(), ,VO)s 5’ f_\" .




EXAMPLE Find the values of df/dx and df/dy at the point (4, —5) if

fx,y) =x*+3xy +y— 1

Solution  To find df/dx, we treat y as a constant and differentiate with respect to x:

af 9

oz = (et gy + yoo 1)i=2pk 30lag + 0 ~ 0= 2¢ + 3y

The value of df/dx at (4, —5) is 2(4) + 3(—5) = —7.

To find df/dy, we treat x as a constant and differentiate with respect to y:

o =B
dy Iy
The value of af/dy at(4, —5) is 3(4) + 1 = 13.

(x24+3xy+y—1)=0+3-x14+1—0=3x+ L



EXAMPLE Find dz/ox if the equation
yz—Inz=x+y

defines z as a function of the two independent variables x and y and the partial derivative
exists.

Solution  We differentiate both sides of the equation with respect to x, holding y constant
and treating z as a differentiable function of x:

ady
%(YZ)—alnz=g—;+§
v(?_z . la_z ey \:uh ) wnslax;l,
<%k Z ox K(“:) = ‘K
1) oz
(J’ B ‘z‘)g; =1
0z z

ox jpz=1"



_ _ _ . 2y
EXAMPLE Find f, and f, as functions if f(x, y) = ‘—_v I

Solution  We treat f as a quotient. With y held constant, we get

a a
5 ( 2y ) (v + cosx) 3-(2v) — 2y - (v + cosx)
J)

Jx=ax\y Fcosx )~ (v + cosx)?
_y+ cos x)(0) — 2y(—sinx) _ 2ysinx
(y + cosx)2 (y + cosx)2.

With x held constant, we get

d

d i
( 2y ) B (y + cosx) ay (2y) 2y dy (y + CoS x)
4

Iy = dy \y + cosx (y + cosx)*

_ (y + cosx)(2) — 2y(1) 2 cos x

(v + cosx)? N (y + cosx)*’



Second-Order Partial Derivatives

> f i
— or fi; — or i,
ax? S 8_v2 I

o’f PR

3%y or fi, an 3y0x or fi.

EXAMPLE If f(x,y) = xcosy + ye’, find the second-order derivatives

O’ f &> f *f *f
7’ ’ Ao ? R and a -
a2 dyox ay? dxdy

Solution  The first step is to calculate both first partial derivatives.

af o _ af o .

—_— e [y X —_— o — » X

3y = 3y (XCOSY + ye ) 3 By (xcosy + ye®)
= cosy + ye* = —xsiny + e*

Now we find both partial derivatives of each first partial:

I _a (N e F_a (¥
dyax ay \ax ) Sy Te axdy _ ox \ay

N OAN f _a (of\ _
=== -(;)-{‘- = | = ye". = Al ] = REOs).
ox ¢

ox ay 2 gy \ay

—siny + e*



EXAMPLE Find £, if f(x,y,2z) =1 — 2xp°z + x?%.

Solution = We first differentiate with respect to the variable y, then x, then y again, and
finally with respect to z:

fy=—4yz+ x°
Fu= 4z + 2
f_ oy —4z

f\:\'_\f: = =4




Chain Rule for Functions of One Independent Variable and Two Intermediate Variables

Ifw = f(x, y)is differentiable and if x = x(7), y = (1)
are differentiable functions of 7, then the composite w = f(x(z), v(#)) 1s a
differentiable function of 7 and

dw _3f dv  Of dv
dt ax dt ay dt’

Chain Rule
w = f(x, y) Dependem
o variable
< /'/ \\\ ~
ow [/ \. dw
T ¢ \ SR
ox / \ dy
/ \'-, 4
eedl \ Intermediate
X g oYy R
variables
\"\ ,/ 4
dx\ / dy
dt \ / dt
v Independent
: variable

dw _ dw dx & dw dy
dt  dx dt  dy dt




Chain Rule for Functions of One Independent Variable and Three

Intermediate Variables

If w= f(x,y,z) i1s differentiable and x, y, and z are

differentiable functions of 7, then w 1s a differentiable function of 7 and

dw _dwdx [ owdy | owdz
dt ox dt  dyv dt 0z dt’
Chain Rule
w = f(x.y.7) Dependent
! variable
A
/ay '
i o : . . Intermediate
X ®) -
\ / variables
N, dy Y
dx \_dt / dz
dt N | i
Y lnd'ependent
t variable
dw  dw dx - dw dy - dw dz
dt  dx dt  dy dt = 0z dt




Chain Rule for Two Independent Variables and Three Intermediate

Variables  Suppose thatw = f(x,y,z),x = g(r,s),y = h(r,s),and z = k(r, s).
If all four functions are differentiable, then w has partial derivatives with respect to
r and s, given by the formulas

dw _dwdx  owo  ow oz
ar dx or  dy dr  dz or
ds dx ds  dy ds dz ds

Dependent
variable

Intermediate
variables

Independent
variables

w=f(x,y,2)

w
"
S = I
I | x y z | !
| - —3 |
. S S S
g8\ h| k
8
w=f(g(r,s), h(r s),k(rs)) dw - dw dx  dwdy  dw dz
ar ax dr dy dr dz dr
(a) (b) (c)




Ifw= f(x)and x = g(r, 5), then

ow _ dw ox i ow _ dw ox
or  dx or ds dx 0s’

Chain Rule

w = f(x)
e

dw
dx




EXAMPLE Use the Chain Rule to find the derivative of
w = Xy
with respect to ¢ along the path x = cost, y = sint. What is the derivative’s value at
t = a/2?
Solution  We apply the Chain Rule to find dw/dt as follows:
dw _ dw dx 4 aw dy
dt  ox dt Oy dt

_dlxy) g d(xy)
= d cost) + 2y

= (y)(—sint) + (x)(cost)
= (sint)(—sint) + (cost)(cost)

= —sin®t + cos?¢

d ;s
7 (sin ¢)

= COS 2L,

(d_w) = COS (2-£>=cosw=—l.
dt t=1/2 2



EXAMPLE  Find dw/d if

w=xy + z X = Cost, y = sint, z =t
What is the derivative’s value at t = 0?
Solution  Using the Chain Rule for three intermediate variables, we have
dw _ dwdx  awd | owdz
dt ox dt  dy dt 0z dt
= (y)(—sint) + (x)(cost) + (1)(1)
(sinf)(—sint) + (cost)(cost) + 1

—sin’t + cos’t + 1 = 1 + cos2t,

SO

1 + cos(0) = 2.

ME
N
I

I



EXAMPLE Express dw/dr and dw/ds in terms of » and s if
-

w=ux+ 2y + z% = y =r? + Ins, z = 2r.
Solution  Using the formulas of chain rule
dw _ dwox  aw9y . dwiz
dr  ox dr  dy dr 0z dr
o1
= (1)(5) + (2)(2r) + (22)(2)
1 1 Substitute for intermediate

-3 + 4F <+ (47‘)(2) =3 + 12r variable z.
ow __ ow dx n ow 9y i ow oz
ds  dx ds dyds 0z ds

r 1 2 r
- (1)(—;) + (2)(;) & @0 =5~ 5



EXAMPLE Express dw/dr and dw/ds in terms of » and s if

2 2
W% T+ Y-, X = r—f, Y= Py,

Solution  The preceding discussion gives the following.

dwox | dw¢ y ow _ dwadx . w9y

ow

or ox dr  dy Jr as dx ds dy ds

= (2x)(1) + (2y)(1) (2x)(=1) + (2p)(])
= 2F'— §)F 2(r ¥ %) =2F—5) + 24y + %)
— 4" 4S




DEFINITION The Jacobian determinant or Jacobian of the coordinate
transformation x = g(u, v), y = h(u. v) is

ox ox

ou v ox 9 W ax
Ju, v) = dy dy T uov  ouov

ou dv

du ov ow
dy dy ay a(x, y, z)

J(u, v, M,!) = E % o — (')(u, ” M-’) ;

oz oz oz
Ju dv odw




EXAMPLE Find the Jacobian for the polar coordinate transformation x = r cos 6,

y =rsinf.
dar a6 cosf —rsind
J(r,0) = |. - = N = r(cos?H + sin’0) = r.
f)X 2}_} sin 6 rcos 6
ar 06
Find Jacobian J(u.v)  , = sz_ A Jz_)

ox ox a a9

o au| |l tYl pEtu)l o
) d 0

ol (—9;(2v) 5;(2v)










