Special Functions

Beta and Gamma functions

Interrelation between beta and gamma functions

Evaluation of multiple integrals using gamma and beta functions.
Dirichlet’s integral

Error functions complementary error functions



Improper integral
For the existence of Riemann integral (definite integral) f f (x)dx, we require

that the limit of integration a and b are finite and function f(x) is bounded. In

case

(i) limit of integration a or b or both become infinite (improper integral of first
kind),
(ii) integrand f(z) has singular points (discontinuity) i.e. f(z) becomes infinite

at some points in the interval a < z < b (improper integral of second kind),

then the integral f f(z)dz is called improper integral.



Beta and Gamma functions (improper integral)

The first and second Eulerian Integrals which are also called "Beta and Gamma

functions" respectively are defined as follows:

pf(m,n) = folxm—l(l _ x)"_ldx
I'n = foooe‘xx"‘ldx
f(m,n) is read as “Beta m,n” and I'n 1s read as “Gamma n”. Here the

quantities m and n are positive numbers which may or may not be integers.



Properties of Beta function

* The function f(m, n) is symmetrical with respect to m and n

B(m,n) = [ z™ (1 — z)* 'dz

Putx=1—9. Then

B(m,n) = — [[ (1 —y)™ ty"tdy = [} y" (1 —y)™ 'dy = B(n,m).



/2 (in2m=1 gcog2n1 0dé,n > 0

* B(m,n) =2/

Put x = sin?0, do = 2sin 0 cos 6 df in B(m,n) = fol ™ 11— z)" daz.

/2
f(m,n) = f (sin? 8)™ 1(cos? )" 12sinB cosf db
0

/2
=2 f sin®™~ 10 cos?™" 19 do
0

Which is another form of f(m, n).

e B(mn)=F(m+1,n)+L(mn+1)
(Home work)



Properties of Gamma function

The improper integral of the form I'(n) = |, e Tz ldx, n > 01is called gamma

0

function.
1. T{1) = [~ e ®dn=1,
2. Reduction formula I'(n + 1) = nIl'(n)
Proof: I'(n+1) = [ e ®z"dz = [—z"e %] +n [, e %z" ldx

=ml{n)] =il



3 Relation between 8 and I' functions

['(m)I'(n)
Proof: T(m) = [Ce ™ ldt =2 [° e 22 1dyp
— 2‘[0 2n—1dy
T'(mn) _4f0 —z? .2m— 1d;z:f0 2y2n—1dy

_ 4]‘()00 fooo 6_($2+y2)I2m_1y2n_1dIdy

=4[5/ fooo — gl Lapem 1y gL g dpde
= 2 [ e p2mAn) =L 5 9 [T/2 ¢os2m=1g 5in2n=1 9de

= T'(m + n)B(m,n).



['(1/2) = /7.

Proof: I'(1/2) = [,” e ®z2dx =2 [~ e~¥ dy (by putting z = y?).
(0(1/2))* = 4 [ [° e~ & +¥) dady

= 4fw/2 J¢ e rdrdf = ?ﬂ J e rdr =7



5. 7% cos™8 sin™ 0df

m + 1 n+ 1
_lﬁ(erl n+1)_ ( AN
— — , _2—2_2 ,
2 2 2 2I,(m ;’z, )
Special case:
n+1 )
r("37)
fsm xdx = —_
r("7°) |
n+1
r("37) Ja
fcos xdx = —— N
r("7°)




(Gamma for Negative Real Numbers). Forp < 0,p # 0, —1,—2, ..., we have

1 11 1
F f — & F f 1 f— — LI
p)=2-To+1) =27 77%

-T'(p+ k+1),

where £ is the least positive integer such that p + &£ + 1 > 0.



j‘l dx Put x° =sin 0, i.e., x =sin'’% 0

_ . ~1/2
0 ,(l—x") so that dx =1/2sin"""“ 6 cos 6 d6

3\
—%+1
n/2 1 sin?0.cos0d0® 1 (/2 . _,,, 1 Jn ) n \Z)
=.[ 2 — “F L WTRNEE T T T A" 13
0 J(1 - sin? 6) 0 1., r _J
r| —2 \4







Multiple Integrals using Beta and Gamma Function

Example: The cylinder x2 + z% = 1 is cut by the plane x = 0,y = 0 and y = x. Find the
volume of the region in the first octant.

Ans: In the first octant the equation of the cylinder is given by,
Z=+/1—x2

The required volume is given by:

1 rx 1
V=f f \/1—x2dydx=f xy1— x?%dx
x=0“y=0 x=0

1 3
7 1(z 1 7 ML (7) 1
= j sin 8 cos Bcos 0dO = —j 2sin @ cos? 8df ==p(1,=] = = = =
6=0 2 Jg=0 2 2 F(T) 3






Dirichlet Integral
()" (m)

[—1 m—ldd —
fwa Yy ray —F(l—l—m+1)

h't™ where D is domain

Proof. Put z = Xh,y = Yh, dedy = h*dXdY. Then
.ffD r'~ly™ tdedy = ffD(Xh)l_l(Yh)m_ldXdY
= pl+m (1 [1=% xl-lym-lg x4y



X)



—Lailtb—1 s T—1 F(Z)F(m)r(n)
[ o~y 8 dudydz = T(l+m+n+1)

recionx >0,y 20,220,z +y+ 2 < 1.

, Where V is

Proof. Put y+ 2 <1—x=h. then z < h —y.

ff‘fv iUl_lym_lZn_ldiEdydz: fgl $l—1d$f{)1—$ m—ldy fol—::s—y ~m—1 ],

_ 1 ih— 1dm fo fh Y T ldyz’”’_ldz]

_— 1 1 m n—F(m)F(n)

0 (Z )dg(“[l; ’ I‘(m+n+1)]
I'(m)I'(n Y .y M
:F_(m(—_l_)—n(I)l_) Oml (1—$) o

I'(m)['(n
_F(m—k?’z—l—l)ﬁ(ljm_'_n_l_l)




~ T(m)I'(n) TDOI'(m+n41)
T T(m+n+1)T(l+m+n+1)

(DI (m)I'(n)
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Prob: Find the value of
I = [ff,xty™ 1z Ydxdydz
Where V is given by:

V={(x7v2)1x7v2>0and (E)a + (%)ﬁ + (g)y < 1}

Ans: We con51der =7
(< G <.
Now == X « Similarly, y = bY8, z Z
b 1_
= dy = —Yﬁ tdy
B
a l—l
d —Xa “dX
a
1,
dz —Z Y “dZ



So, due to this substitution, the new region is:
V' ={(X,Y,Z): X,Y,Z>0 and X +Y + Z < 1}

Hence,

abc -1 m-1 n-1 1 1 1
] = ql~1pm-1cn- a,By fjf X a Y B 7 v Xa 'YB 1ZV 1dXdeZ
VI

albmn r n11

— | X7+a‘1yT+F_1Z vy v rdxdydz
apy JJ)
lbm n

_A M xaty B v taxdydz
apy JJ)




Exercise: Find the volume of the sphere x + y2? + z%? = 1 in the first Octant.



— i : 2 x
Error function erf(x) = _J o—t2
VT Jg
— Standard model or Gaussian cumulative distribution function
1 _ 1 1
d(x) = mf_xoo t*/2q¢ = -+ Eerf(x/\/?) (say P(—, x))

d(x) —== e~t*/2qt = %erf(x/\/f).

=7
Proof: Put s =J2uand proceed, you might reach a step of

x /N2
\/_J.e_” du
P(0.x) = lezf(

P(onx) = P(—n0) + P(0.x), where £ (0>X) =

Here you can prove that \/_ . This can be

done by using the definition of error functlon in (1).



. To find

0
I = J.e”“ du
—oL

Now you need to find P(—=.,0) = frwhere
T

this integral you have to put u=x first, then u= y and multiply
the two resulting integrals. Make the change of variables to

polar coordinate you get

o
I? = J.e"_rdrjdé’
—an 0
From this latter integral you get
Jr 1
/ :7 and = £(=.,0) ZE.

1 1 X

o P(=,x) = — +—erf (==
(=0, x) >t f(\/z) Q. . D.




— Complementary error function

erfc(x) = \/%jooe_tz/zdt =1 —erf(x/V2),

Proof: Put = u and use the definition (1) of error function
and the definition of I'(1/2).

[Pe-t*/2qt.

X

S

* erfc (%) =

— in terms of the standard normal cumulative distribution function

erf(x)= 2CD(x«/§)— 1.



— Several useful facts

erf(— x) = —erf(x)

_ 2 ey 21
erf(oo)_\/;“‘oe a’—\/;2
2 x _p 2

26



