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Module-4

Eigenvalues and eigenfunction of a particle confined in a one-dimensional 
box - Basics of nanophysics - Quantum confinement and nanostructures - 
Tunnel effect (qualitative) and scanning tunneling microscope.  

Reference Books:
1. H. D. Young and R. A. Freedman, University Physics with Modern 

Physics, 2020, 15th Edition, Pearson, USA., Section 41.1 to 41.3, Page 
No: 1360-1365

2. Concepts of Modern Physics; Sixth Edition; Arthur Beiser
3. Raymond A. Serway, Clement J. Mosses, Curt A. Moyer Modern Physics, 

2010, 3rd Indian Edition Cengage learning.

Syllabus
Application of Quantum Physics
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Particle in a 1-Dimensional Potential Box 

ψ = 0
K . E = 0

ψ = 0
K . E = 0

Lets consider a particle is trapped in a one 
dimensional infinite potential box of length L

Our aim is to understand the properties of the 
particle by using Schrödinger Wave Equation to 
describe its : 

• Energy
• Wavefunction
• Probability density

As the potential is only position-dependent, so we 
can apply the time-independent Schrödinger Wave 
Equation, here, and we know that the equation is: 

Hψ(x) = Eψ(x)

[ − ℏ2

2m
∂2

∂x2 + V]ψ(x) = Eψ(x)⇒
(i) at, �  �x = 0, ψ = 0 (ii) at, �  �x = L, ψ = 0

Boundary conditions

V (x)
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(i) at, �  �x = 0, ψ = 0 (ii) at, �  �x = L, ψ = 0

Boundary conditions

V (x)

Particle in a 1-Dimensional Potential Box 

ψ = 0
K . E = 0

ψ = 0
K . E = 0
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Particle in a 1-Dimensional Potential Box  

∴ k = 2mE
ℏ2

∂2ψ(x)
∂x2 = − 2mE

ℏ2 ψ(x)⇒
∂2ψ(x)

∂x2 = − k2 ψ(x)⇒

[ − ℏ2

2m
∂2

∂x2 + V]ψ(x) = Eψ(x)

∂2ψ(x)
∂x2 + 2m

ℏ2 (E − V) ψ(x) = 0⇒
For particle,

 �V(x) = 0

∂2ψ(x)
∂x2 + k2 ψ(x) = 0⇒

it is second order partial differential equation, 
and the possible solution for the equation is:

where, A & B are constant

(i) at, �  �x = 0, ψ = 0 (ii) at, �  �x = L, ψ = 0

2. Let’s apply the Boundary conditions (i):
(i) at, �  �x = 0, ψ = 0

ψ = A sin(kx) + B cos(kx)⇒
ψ = 0 + B cos(0)⇒ 0 = 0 + B⇒
B = 0⇒

ψ = A sin(kx)
So the wave function reduced to:

(ii) at, �  �x = L, ψ = 0
Let’s apply the Boundary conditions (ii):

ψ = A sin(kx) = A sin(kL) = 0⇒
kL = nπ . . . . . n= 1, 2, 3..⇒
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Particle in a 1-Dimensional Potential Box  
We got energy of that trapped article, lets 
Let’s  find its wave function(i):

3. Now apply the normalization to the wave function:

∴ k = 2mE
ℏ2

so now we have:

kL = nπ

⇒ nπ
L

= 2mE
ℏ2

n2π2

L2 = 2mE
ℏ2⇒

E = n2π2ℏ2

2mL2⇒n2π2ℏ2

2mL2 = E⇒

⇒ E = n2h 2

8mL2

En = n2h 2

8mL2

we know that: ψ = A sin(kx) & kL = nπ

⇒ ∫
L

0
ψ * ψ dx = ∫

L

0
|ψ |2 dx = 1

⇒∫
L

0
(A sin( nπx

L ))2 dx = ∫
L

0
A2 sin2( nπx

L ) dx = 1

⇒ A2

2 ∫
L

0
(1 − cos2(kx)) dx = 1

⇒ A2

2 [[L]L − [0]0] = 1 ⇒ A = 2
L

⇒ ψ = 2
L

sin( nπx
L )
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Particle in a 1-Dimensional Potential Box: Energy  

En = n2h 2

8mL2

so now we have energy and the wave function as :

E1 = h 2

8mL2 , E2 = 4E1, E3 = 9E1 . . . .

E1 = h 2

8mL2

E2 = 4 h 2

8mL2

E3 = 9 h 2

8mL2

E1

E2 = 4E1

E3 = 9E1
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Particle in a 1-Dimensional Potential Box: Wavefunction  

so the wave function as : ψ = 2
L

sin( nπx
L )
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Particle in a 1-Dimensional Potential Box  

En = n2h 2

8mL2

so now we have energy and the wave function as :

ψ = 2
L

sin( nπx
L )

P = |ψ |2The probability density is defined as :

P = 2
L

sin2( nπx
L )
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Graphical representation of E,  . and P  ψ
En = n2h 2

8mL2
ψ = 2

L
sin( nπx

L ) P = 2
L

sin2( nπx
L )

E

x/L

n=1

n=2

n=3

n=4

x/L

E

n=1

n=2

n=3

n=4

E1 : E2 : E3 . . . : En = 1 : 4 : 9... : n2
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Particle in a 3-Dimensional Potential Box  
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Facts Learn from Particle in a 1-D Potential Box  

• The energy of a particle is quantized. This means it can only take on discrete energy 
values.

• The lowest possible energy for a particle is NOT zero (even at 0 K).

• This means the particle always has some kinetic energy.

• The square of the wavefunction is related to the probability of finding the particle in a 
specific position for a given energy level.

•  In classical physics, the probability of finding the particle is independent of the 
energy and the same at all points in the box 
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Particle in a 1-D Potential Box: Numerical 
Calculate	the	ground	state	and	third	excited	energies	of	an	electron	trapped	in	one	
dimensional	poten2al	well	of	width	L=2	nm.
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Particle in a 1-D Potential Box: Numerical 
An	object	of	mass	1mg	is	confined	to	move	between	two	rigid	walls	separated	by	
1cm.	Calculate	the	minimum	speed	of	the	object.	If	the	speed	of	the	object	is	3cm/
s,	find	the	corresponding	value	of	n.
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Possible Question in Exam 
1.	Show	that	the	energy	of	an	electron	in	an	infinite	poten2al	well	varied	as	the	square	
of	the	natural	numbers.		

2.	Solve	the	Schrodinger	wave	equa2on	for	the	mo2on	of	a	free	par2cle	with	mass	‘m’	
and	in	a	one-dimensional	infinite	poten2al	well	of	width	‘L’.	

3.	Calculate	the	minimum	energy	required	to	an	electron	to	transit	from	the	third	
energy	level	to	the	4th	energy	level,	if	it	is	trapped	within	a	one-dimension	well	of	
length	1.0	nm?	

4.	Derive	the	Eigen	energy	level	of	an	par2cle	trapped	in	a	poten2al	box.	Plot	the	
Energy,	corresponding	wave	func2on	and	probability	of	the	electron	if	it	is	in	the	3rd	
excited	state.	

5.	A	par2cle	is	confined	to	one	dimensional	poten2al	well	of	width	2	nm.	It	is	found	
that	when	energy	of	the	par2cle	is	230	eV	its	Eigen	func2ons	have	five	an2nodes.	Find	
the	mass	of	the	par2cle	in	the	lowest	energy	level.	

6.	An	electron	is	bound	in	one-dimensional	infinite	well	of	width	5	nm.	Find	the	energy	
values	at	2nd	excited	states	
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Particle in a finite Potential Box  

VV E

I

II

III
− ℏ2

2m
∂2ψ(x)

∂x2 + Vψ(x) = Eψ(x)

V(x) =
V x ≤ 0 Region− I

0 x ≤ 0 − to− x ≥ L Region− II
V x ≥ L Region− III

Region-1, �V ≠ 0
∂2ψ(x)

∂x2 + 2m
ℏ2 (E − V) ψ(x) = 0⇒

Region-2, �V = 0

∂2ψ(x)
∂x2 + 2m

ℏ2 (E − V) ψ(x) = 0⇒
Region-2, �V = 0

∂2ψ(x)
∂x2 + 2mE

ℏ2 ψ(x) = 0⇒

ψ1(x) = Aek1x

ψ2(x) = Cek2x + De−k2x

ψ3(x) = Be−k1x

∴ k1 = 2m(V − E)
ℏ2

∴ k2 = 2mE
ℏ2
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Particle in a finite Potential Box  

Energy wave function Probability

the wave function of the particle extends outside the well and the probability of the 
finding particle outside of the box increases
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Infinite Vs Finite potential well
Infinite Well

Wave function

Probability

Finite Well
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Tunneling  
From	our	discussion	of	the	finite	poten=al	well,	the	wave	func=on	of	the	par=cle	extends	outside	
the	well	and	the	probability	of	the	finding	par=cle	outside	of	the	box	increases.	So	you	can	think	
that	even	if	the	total	energy,	E	of	the	par2cle	is	less	than	the	V,	s=ll,	there	is	the	probability	we	
can	find	it	outside,	which	is	forbidden	in	classical	mechanics.	Here	the	concept	of	tunneling	
starts		

Classical point of view Quantum point of view

• The object having mass=m, K.E=E, 
PE=V=0

• if, E < V = mgh, it will not pass the Hill

• Macroscopic object

• if, E<V, there is a finite probability the 
particle can found other side of the Hill

• Microscopic object
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Barriers and Quantum Tunneling 
Consider a particle of energy E approaching a potential barrier of height V0 and the potential 
everywhere else is zero. Now we consider the situation where classically the particle does not have 
enough energy to surmount the potential barrier, E < V0 

V0

E>V0

V0

E<V0

Quntum	tunneling	is	a	phenomenon	in	which	an	microscopic	object	such	as	an	electron	
or	atom	passes	through	a	poten2al	energy	barrier	although	that	does	not	have	sufficient	
energy	to	penetrate	it.
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Quantum Tunneling 

+V0

V0V0

V0
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V0

Quantum Tunneling 
So quantum results that there is a non-zero probability  
è the particle can penetrate the barrier and emerge on the other side 

è the incident particle can tunnel the barrier 

ψ1 = Sinu soidal

ψ2 = Exponetntial Decay
or Evanescent wave

ψ3 = Sinu soidal
(lower amplitu de)

Reflec2on	probability	

Transmission	probability	

Remember,	transmission	probability	is	zero	in	classical	physics!	
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Barriers and Tunneling 

The wave function 
in region II becomes:

The transmission probability that 
describes the phenomenon of tunneling is:

V0
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Tunneling: Problem 
In a particular semiconducting device, electrons that are accelerated through a potential difference 
of 5 V attempt to tunnel through a barrier of width 0.8 nm and height 10 V. What fraction of 
electrons are able to tunnel through the barrier? 

Given:
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Tunneling Applications

•  , Radio Active decay 
• Nuclear Fusion and Fission Process 
• Tunnel Diode 
• SQUID 
• Quantum Computing 
• Scanning Tunnelling Microscope

α − β
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Quantum Tunneling Applications

•  , Radio Active decay 
• Nuclear Fusion and Fission Process 
• Tunnel Diode 
• SQUID 
• Quantum Computing 
• Scanning Tunnelling Microscope

α − β
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Scanning	Tunneling	Microscopy	(STM),	is	an	imaging	technique	used	to	obtain	ultra-high	resolu=on	images	at	the	
atomic	scale,	without	using	light	or	electron	beam	by	using	the	concept	of	quantum	tunneling.

Scanning Tunnelling Microscope (STM)  

• Construc=on	

•Working	Principle	

• Mode	of	Opera=on	

• Applica=ons

Ultra-high	vacuum	and	low-temperature	STM	set-up.	The	system	needs	a	clean	environment	such	as	the	par2cle	take	40	km	
distance	travel	for	a	single	collision		

1981 
Gerd Binnig and 
Heinrich Rohrer
@ IBM Zürich

Nobel Prize in Physics in 1986



School of Physics,VIT VelloreDr JB: BPHY101L

STM: Construction 
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STM: Construction 
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STM: Working Principle   
• STM	is	based	on	the	concept	of	quantum	tunneling		
• An	electrically	conduc=ng	probe	with	a	very	sharp	edge	is	
brought	near	the	surface	to	be	studied		

• The	empty	space	between	the	=p	and	the	surface	
represents	the	“barrier”		

• The	=p	and	the	surface	are	two	walls	of	the	“poten=al	
well”electrons	to	tunnel	through	the	vacuum	separa=ng	
the	=p	and	the	sample	

Tunneling current:   I ∝ e−kd

From	the	concept	of	tunneling	from	a	poten=al	barrier,	we	
know	that:

• 0.1 nm change in 
separation produces n 
order of magnitude 
change in current 

• Atomic scale 
resolution up to 0.1 
nm 

• Scan on the surface to 
give the 2D image of 
sample

Distance (d)

C
ur

re
nt

 (I
)

I(d ) ∝ e −ϕd

∴ k = 2mϕ
ℏ2

 : the work function (energy barrier)ϕ
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STM: Working Principle   
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STM: Working Principle   
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STM: Mode of Operation  

• Image	the	surface	with	constant	
tunnel	current	and	variable	
height	

• Feed	back	loop	help	to	maintain	
a	constant	current		

• Surface	(height)	structure	can	
detect	

•Image	the	surface	with	constant	
height	and	variable	tunnel	current		
•Electron	density	on	the	surface	
can	detect	
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STM: Applications  
Widely	used	in	nanotechnology:	

• Image	the	surface	structure		

• Es=mate	surface	roughness		

• 3D	images	of	the	surface		

• Locate	the	defect	on	the	surface	of	the	crystal	

• Understand	the	electric	structure	of	materials		

C 60 MoleculeSiliconGraphite
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STM: Applications  

Arrangement of atoms in Silver (Ag)



School of Physics,VIT VelloreDr JB: BPHY101L

STM: Manipulating with atoms  
Direct Measurement of IψI2 using STM and to manipulate atoms


