2.3 Vector Spaces 2.1

14. Verify Cauchy—Schwarz inequality: (i) u=(0,-2,2,1),

(i) u=(-4,2,1), v=(-1,-1,1,1)

v=(8,-4,-2) [Ans.: (i) yes (ii) yes]

2.3 VECTOR SPACES

Let V be a non-empty set of objects on which the operations of addition and multi-
plication by scalars are defined. Here addition means a rule for assigning to each pair
of objects u, v in 7 a unique object u + v and scalar multiplication means a rule for
assigning to each scalar k and each object u in V" a unique object ku. If the following
axioms are satisfied by all objects u, v, w in V" and all scalars k,, k, then V' is called a
vector space and the objects in V are called vectors.

If w and v are objects in V' thenu + visin V.

utv=v+u

ut(vtw)=(m+v)+w

There is an object 0 in V, called zero vector, such that 0 + u=wu + 0 = u for all
uin V.

For each object u in V, there exists an object —u in V' called a negative of u,
such that u + (—u) = (-u) + u=0.

If k, is any scalar and u is an object in V, then ku isin V.
k,(u+v)y=ku+kv

If k,, k, are scalars and u is an object in V, then (k, + k) u = kju + k,u.
k\(kyw) = (k, ky)u

lu=u
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The operations of addition and scalar multiplication in these axioms are not always
defined as standard vector operations (addition and scalar multiplication) on Euclidean
space R".

The scalars may be real numbers or complex numbers. When the scalars are real
numbers, the vector space is called real vector space, and when the scalars are complex
numbers, the vector space is called complex vector space.

Some standard vector spaces are as follows:

(i) The set R" under standard vector addition and scalar multiplication.
(i) The set P, of all polynomials of degree < n together with the zero polynomial
under addition and scalar multiplication of polynomials.
(iii) The set M, of all m X n matrices of real numbers under matrix addition and
scalar multiplication.
(iv) The set F[a, b] of all real-valued functions defined on the interval [a, b] under
addition and scalar multiplication of functions.
(v) The set F'[—oo, oo] of all real-valued functions defined for all real numbers
under addition and scalar multiplication of functions.
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Example 1: Determine whether the given set V is closed under the given
operations:

(i) Vis the set of all ordered triples of real numbers of the form (0, y, z);

0,22+ 0,y,2)=0.y 5, zt2)
k0, v,2z)=(0, 0, kz)

a
(i) Vis the set of all 2 x 2 matrices [

b
d:| where a = d under matrix addition and
c

scalar multiplication.
Solution:

(i) @ 0,y,2)+(0,y,2) =0,y +)',z +2)
Since y, )/, z, z" are real numbers, y + )7, z + 2" are also real numbers. Therefore,
0,y+),z+Z)isin V.
Hence, V' is closed under the addition operation.
(b) k&0, y,2)=1(0,0, kz)
If z is a real number then 4z is also a real number. Therefore, (0, 0, kz) is in V.
Hence, V' is closed under multiplication operation.

b , b P
(i) (a) Letu= |:a, dl ] and v = [a_ d—] where a, = d, and a, = d, be two objects in V.
c

cl 1 2 2

a, b a, b, a,+a, b+b,
u+v= * C = - N
¢ d, c, d, ¢ +c, d+d,
Ifa,=d,a,=d, thena, +a,=d, +d,
Therefore, u + v is also an object in V.

Hence, V' is closed under matrix addition.
(b) Let k be some scalar.

a, b ka, kb,
ku =k =
¢ d, ke, kd,

If a, = d,, then ka, = kd,. Therefore, ku is also an object in V.
Hence, V' is closed under scalar multiplication.

Example 2: Determine whether the set /' of all pairs of real numbers (x, y) with
the operations (x;, y;) + (x,, y,) = (x; tx, + 1,y + y, + 1) and k(x, y) = (kx, ky) is a
vector space.

Solution: Let u = (x,, ), v = (x,, »,) and w = (x;, y,) are objects in V and k,, k, are
some scalars.
Lutv=0,p)+0)=0+tx,+1Ly+y+1)
Since x;, X,, ¥,, ¥, are real numbers x, +x, + 1 and y, +y, +1 are also real numbers.
Therefore, u + v is also an object in V.
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2 utv=(x+x,+Ly +y,+1)
=, +x,+L y,+y +1)
=v+u

Hence, vector addition is commutative.

3. u+(v+w)=(xl,y,)+[(x2,y2)+(x3,y3)]

=(xp, )+ +x+L y, +y, +1)
=[x+, +x, + D+ 1Ly + (0, +y, +1)+1]
=[(x +x,+D+x,+L (1 + 3, + D+ p, +1]
=(x,+x,+1L, y +y, +D)+(x;, y;)
=(u+v)+w
Hence, vector addition is associative.
4. Let (a, b) be an object in V' such that
(a,b)+u=u
(a,b)+(x;, y) = (x, )
(a+x,+L,b+y,+1)=(x, )
at+x+l=x , b+y +1=y
a=-1 , bh=-1
Also,u+(a,b)=u
Hence, (-1, —1) is the zero vector in V.
5. Let (a, b) be an object in V' such that
u+(a,b)=(-1,-1)
(x, y)+(a,b)=(-1,-1)
(g +a+l,y+b+1)=(=1,-1)
X ta+l=-1 , »+tb+l=-1
a=-x-2 , b=-y -2
Also, (a, b) +u=(-1,-1)
Hence, (—x, — 2, —y, — 2) is the negative of u in V.
6. ku=k(x,y)
=(kx,, ky,)
Since &, x, and k, y, are real numbers, &, u is an object in V'

Hence, V' is closed under scalar multiplication.
7. k(u+v)=k(x +x,+1, y,+y,+1)

= (erl +k|x2 +k1’ klyl +k1y2 +k1)
# ku+kv

2.13
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V' is not distributive under scalar multiplication.
Hence, V is not a vector space.

Example 3: Determine whether the set R* of all positive real numbers with
operations
x +y=uxyand kx = x*is a vector space.

Solution: Letx, y and z be positive real numbers in R and k,, k, are some scalars
1. x+y=uxy, is also a positive real number
R* is closed under vector addition.
2. xty=xy=yx=y+x
Vector addition is commutative.
3. x+(y+2)=x(y+2)=x(y2)=(y)z=(x+y)z=(x+y)+z
Vector addition is associative.
4. Let a be an object in R* such that

atx=x
ax=x
a=1

Alsox+a=x
Hence, 0 = 1 is the zero vector in V.

5. Let a be an object in R* such that

x+a=1
xa=1
1

a=—

X

Also,a+x=1

Hence, 1 is the negative of x in R".
X

6. Ifk, is real then k,x = x" is a positive real number for all x in R*.
R'is closed under scalar multiplication.

7. k(x+y)=k(p) = ()"
= x" Y = (kx)(ky) = kx+ky
Scalar multiplication is distributive with respect to vector addition in R".
8. (k +kk=x""=gh2"
= (kx)(k,x) = kx+k,x
Scalar multiplication is distributive with respect to scalar addition in R".
9. k(kx)= klxk2 =(x" )
= xhh = xhb = (kk,)x
Scalar and vector multiplications are compatible with each other.
10. Ix=x'=x

All axioms are satisfied by R under given operations. Hence, R" is a vector space
under given operations.
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Example 4: Why are the following sets not vector spaces under the given
operations? Justify your answer.

(i) The set of all pairs of real numbers (x, y) with the operation (x,, y,) + (x,, »,)
= (x, +x,, y, +,) and k(x, y) = (2kx, 2ky).
(i) e, 3152) + (0 2, 2)) = (2, + 23,y T 15, %, H )
Solution: (i) 1 is a scalar.
1(x, y) = (2x, 2y) # (x, y)
Axiom 10 fails. Hence, given set is not a vector space.
G) (x5 ¥ 2)+H{(xy) 120 2) + (35, 135 2,)}
=X, V5 2)+(2y+ 23, ¥, + 5, X, +X5)
= {zI +(x, +x,), ¥, + (1, +3), X, +(2, +z3)}
= {(zl +X,)+ x5, (1, +2,) + 15, (X +22)+z3}
= ('xl T2, 0t s 2 +xz)+(z3’ Vi» xs)
= {(Z]’ Yis %) (%55 Vs Zz)}+(z3= V35 X3)
Given set is not associative under vector addition. Axiom 3 fails. Hence, the given
set is not a vector space.

Example 5: Check whether V= R* is a vector space with respect to the opera-
tions (x,, ¥,)+ (%, ¥,)=(x +x, -2, y,+y,—3) and
k(x, y)=(kx+2k—-2, ky =3k + 3), k is a real number.

Solution: Let u=(x,, ), v=_(x,, y,) and w = (x,, y;) are objects in R* and k, k,
are some real scalars.
Lout+v=(x,y)+(x,»)
=(x, +x, =2, y, +y, —3) which is also in R*.
R? is closed under vector addition.
2. utv=(x+x,-2,y+y,-3)
=(x,+x-2,y,+y,-3)
=(x,, ¥,) +(x, 1)

=v+u
Vector addition is commutative.

30w+ (VW) = (3, 1) {00, 1)+ (x5, p)}
=(x, y)+0,+x,-2,y,+y,-3)
=+ +x,-2)=2, y,+ (¥, + ¥, =3)=3)
=((x,+x,=-2)+x, -2, (¥, +y,=3)+y;-3)
=(x, +x,=2, 3, + ¥, =3)+(x;, ;)
= {00, )+ )+ (x5 )
=(u+v)+w

Vector addition is commutative.
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4. Let (a, b) be an object in R? such that
(a,b)+u=u
(a’b)+(x]a y1)=(~x1a }’1)
(a+x,=2,b+y,=-3)=(x, )
at+x,—-2=x, , b+y -3=y
a=2 b=3
Also, u+(a,b)=u
Hence, (2, 3) is the zero vector in V.
5. Let (a, b) be an object in R? such that
u+(a,b)=(2,3)
(x, »)+(a,b)=(2,3)
(x+a-2,y,+b-3)=(2,3)

x+a-2=2 , y+b-3=3
a=-x,+4 , b=-y +6
Also, (a, b) tu=(2, 3)
Hence, (—x, +4, —y, + 6) is the negative of u in V.
6. If k, is a real number then &, (x,, y,) = (k,x, +2k, -2, ky — 3k, +3)
is also in R%. R? is closed under scalar multiplication.
7. k@ v) =k {Go, 0)+ (x5, 0]
=k +x,-2,y,+y,-3)
= (k,(x, +x, = 2)+ 2k, =2, k,(y, + , —3) = 3k +3)
= (kx, + 2k, =2+ kx, = 2k,, k,y, =3k, +3+ky, = 3k,)
#ku+kv

Scalar multiplication is not distributive with respect to vector addition in R%.
Hence, R? is not a vector space.

Exercise 2.2 D |

1. Determine whether the given set V is (ay+ax+a,x)+ (b, +bx+b,x°)

closed under the given operations.
) . =(a,+b))+(a,+b)x+
(1) The set of all pairs of real numbers

of the form (x, 0) with the standard (a, +b,)x*

o 2
operations on R, k(a, +a,x+ a,x*)

ii) The set of all pol ials of th 2
(i) : e set of a po;zlnomlas of the = (ka,)+ (ka,)x + (ka, )x
orm a, +a, x + a, x* where a,, a,, a,
are real numbersanda, =a; + 1 with (i) The set of all 2 x 2 matrices

operations defined as a 1
of the form |:1 b] with the
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standard matrix addition and the operations defined as
scalar multiplication. |:a 1 } |:c 1 :| |:a +c 1 :|
+ -]
[Ans. : (i) yes (ii) no (iii) no] 1 b |1 d 1 b+d
2. Determine which sets are vector spaces a 1 ka 1
under the given operations: 1 bl

(1) The set of all ordered triples of real

iv) The set of all ordered pairs of real
numbers (x, y, z) with the operations (tv) The set of all ordered pairs of rea

numbers (x, y), where x < 0, with

s Vs 20+ (35 V35 25) the usual operations in R
= (%5 Y, +5 2;) [Ans.: (()no (i) yes (iii)yes (iv)no]
k(x, v, z) 3. Show that the set V' of all pairs of real
= (kx, ky, kz) numbers of the form (1, x) with the

operations defined as

.. . I, x Lx,)=(,x +x,

(i1) The set of all ordered triples of real U Hl T ) =1+ )
numbers of the form (0, 0, z) with the k(1, x) = (1, k x)
operations is a vector space.

(0,0,z)+(0,0,2,)=(0,0, z, + z,) 4. Show that the set M of all n X n

matrices with real entries is a vector
k(0,0, z) = (0,0, kz)

space under the matrix addition and

(iii) The set of all 2 x 2 matrices scalar multiplication.

1
of the form . with
1 b

2.4 SUBSPACES

A non-empty subset W of a vector space V is called a subspace of V if W is itself a
vector space under the operations defined on V.

Note: Every vector space has at least two subspaces, itself and the subspace {0}. The
subspace {0} is called the zero subspace consisting only of the zero vector.

Since W is the part of a vector space V, most of the axioms are true for 7 as they are
true for V. The following theorem shows that to prove / a subspace of a vector space
V, we need to verify only the closure property with respect to the operations defined
on V.

Theorem 2.2: If IV is a non-empty subset of vector space V, then W is a subspace of
V if and only if the following axioms hold:

Axiom 1: If u and v are vectors in /¥ then u + v is in V.
Axiom 2: If kis any scalar and u is a vector in W, then ku is in V.

Example 1: Show that W ={(x, y)|x =3y} is a subspace of R*. State all
possible subspaces of R>.
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Solution: Let u={(x,, »,)|x, =3y} and v={(x,, »,) | x, =3y,} are in Wand k
is any scalar.

Axiom 1: u+v=(x,y)+(x,,»,)
=(x,+X,, Y, +¥,)
But xX=3yandx; = 3y;

Sx X, =30+ ,)

kY= {(x, +X,, Y+ 1) X +x, =30y, +y2)}
Thus, u +visin W.

Axiom 2: ku=k(x,, y,)
= (kx, ky)
But x =3y
sokx, =3(ky,)

ku= {(kx, ky)) | kx, =3 (ky,)}

Thus, ku is in W.
Hence, W is a subspace of R%.
All possible subspaces of R* are

(1) {0} (ii) R? (ii1) Lines passing through the origin.

Example 2: Check whether the following are subspaces of R®. Justify your
answer. State all possible subspaces of R°.

(i) w={(x,0,0)|xeR}
(i) W={(x,y,2)|x*+y* +2* <1}
(i) w={(x,y,2)| y=x+z+1}
Solution: (i) Letu = {(x,,0,0) | x, € R} and v=(x,, 0, 0) | x, € R} be in ¥, and k
be any scalar.
Axiom 1: u+v=(x,0,0)+(x,,0,0)
=(x,+x,,0,0)
Since R is closed under addition, x, + x, is in R.
Thus, u +visin .
Axiom 2: ku=k(x,,0,0)
= (kx;, 0,0)
Since R is closed under scalar multiplication, kx, is in R.

Thus, ku is in W.
Hence, ¥ is a subspace of R,

(ii)) Letu=(1,0,0)andv=(0,0, 1) be two vectors of the set }¥ satisfying the condi-
tion x2 + )2+ 22 < 1.
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Axiom 1: u+v=(1,0,0)+(0,0,1)
=(1,0,1)

Here x> +)*+2z2=2>1. Thus, u + v is not in W.
W is not closed under addition and hence is not a subspace of R*.

(i) Let u={(x, y,2)|y =x+z+1} and v={(x,,7,,2,) |y, =x, +z, +1} be

in W.
Axiom 1: u+v=(x,¥,z)+(x,, ¥, 2,)
=X+ X  + 15,2+ 2,)
But n=x+z,+Ly,=x,+z,+1

Sty =Xtz D)+ (x, +2,+1)
=(x,+x,)+(z,+2,)+2
Thus, u + v is not in W.

W is not closed under addition and hence is not a subspace of R°.

All possible subspaces of R* are (i) {0} (ii) Lines passing through the origin.
(iii) Planes through the origin (iv) R.

Example 3: Show that the set of solution vectors of a homogenous linear system
Ax = 0 of m equations in # unknowns, is a subspace of R".

Solution: Let ¥ be the set of solution vectors of Ax = 0.

Case I: If system has only a trivial solution (x = 0) then W has at least one vector 0
and hence is a subspace of R°.

Case II: In case of non-trivial solution, let x, and x, be solution vectors in W and k
is any scalar.

Axiom 1: A(X, +X,) = AX, + 4X,
=0+0 [ 4x, =0, 4x, =0]
=0
Thus, x, + X, is also a solution vector in V.
Axiom 2: A(kx,)=k(Ax,) [ & is a scalar]
=0
Thus, kx, is also a solution vector in 7.

Hence, W is a subspace of R".

Example 4: Show that the following sets are the subspaces of the respective real
vector space J under the standard operations:

(1) W={a0+alx+a2xz+a3x3|a0=0}, V=P
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b
(i) W={[i d:||a+b+c+d=0}, V=M,

(iii)y W ={4, |AB=BA forafixed B, }, V=M,

(iv) W={f|f(x)=a,+a,sinx, wherea, and a, are real numbers},
= F(—>s,9)
Solution: (i) Let p, =a,+ax+a,x’ +a,x’ and p, =b, +bx+b,x* +bx’ be in
W such that ¢, = 0, b, = 0 and £ is any scalar.
Axiom 1: P, +P, =(a, +ax+a,x’ +a,x’)+ (b, + bx+b,x* +b,x’)
= (a, +b,)+(a, +b)x+(a, + b,)x* +(a, + b,)x’
But a,=0,b,=0
sayg+b, =0
Thus, p, + p, isin .
Axiom 2:  kp, = ka, +ka,x+ ka,x” + ka,x’
But a,=0
o kay, =0
Thus, kp, isin W.

Hence, W is a subspace of P;.

s a, b (a, b,
(1) Let 4, = d and 4, =

:l be in M,, such that a, + b, + ¢, + d,= 0,
1 1 ~C2 dl

a,+ b, + ¢, +d,=0and k is any scalar.

. al bl | a2 bZ
Axiom 1: 4 +4, = +
Cole 4] e

_|a+a, b, +b,
a ¢ +c, d+d,
Buta, +b,+c¢, +d,=0,a,+b,+c,+d,=0

s(a +ay)+ (b +by)+ (¢, +¢,)+(d, +d,)
=(a,+b +c,+d)+(a,+b,+c,+d,)=0

Thus, 4,+ 4,1s in W.
ka, kb,
ke, kd,
Buta,+b,+¢c,+d,=0
coka, + kb, + ke, +kd, =k(a, +b +c,+d)=0
Thus, k4, isin W.
Hence, W is a subspace of M,,.

Axiom 2: k4, =|:
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(iii) Let 4, and 4, be in W such that 4,8 = BA,, A,B = BA, and k be any real scalar.
Axiom 1: (4, +4,)B=AB+A,B
= BA, + B4,
=B(4,+4,)
Thus, 4, + 4, isin W.

Axiom 2: (kA4)B=k(AB)
=k(BA4)
= B(k4,)) [ kis a scalar]

Thus, kA4, is in W.
Hence, ¥ is a subspace of M,

nn*

(iv) Let f(x)=a, +a,sinx and f,(x)= b, +b,sinx be in W where a,, a,, b,, b, are
real numbers and & be any scalar.

Axiom 1:  f(x)+ f,(x) = (a, +a,sinx)+ (b, + b, sinx)
=(a,+b)+(a, +b,)sinx
Since a,, b,, a,, b, are real numbers, (a, + b,) and (a, + b,) are also real numbers.
Thus, f,(x) + fi(x) is in W.
Axiom 2: k f,(x)=k(a, +a,sinx)
= ka, + ka, sin x
Since £ is a real scalar, ka, and ka, are real numbers.

Thus, k& f,(x) is in W.
Hence, W is a subspace of F(—oo, o).

Example 5: State only one axiom that fails to hold for each of the following sets

W to be subspaces of the respective real vector space V" under the standard opera-
tions:

0 w={x <=y}, V=R
(i) W ={(x »)|xy20}, V=R
(i) W={4,,|4x=0=>x=0}, V=M,

(iv) W={f|f(x)<0,Vx}, V = F (=00, o)
) W={a,+ax+ a,x*+ a,x*, Vx where a,, a,, a, and a, are integers}, V=P,

Solution: (i) Let u = (-1, 1) and v = (2, 2) be two vectors of the set /¥ such that

X2 =y~

Axiom 1: u+v=(-1L1)+(2,2)
=i(1,3)
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Here 1% # 3% Thus, u + v is not in 7.
W is not closed under addition and hence is not a subspace of R>.

(i) Let u=(-2,-3) and v=(3,1) be two vectors of the set /¥ such that xy > 0.
Axiom 1: u+v=(-2,-3)+(3,1)
={1,-2)

Here 1(-2) =-2 <0. Thus, u + v is not in W.
W is not closed under addition and hence is not a subspace of R%.

(iii) From the definition of 17, it is clear that W is the set of all non-singular matrices
of order n so that Ax = 0 has only trivial solution (x = 0)

30 0 ... 0 200 ... 0
0 -1 0 ... 0 010 ..0
Let 4 =0 0 -1 ... 0 and 4,=[0 0 1 0
00 0 .. -1 000 .. 1]

are two matrices in I such that |A,| # 0 and |A2| #0.

500 ...0

000 ...0
Axiom 1: A+4,=10 0 0 ... O

000

|4, +4,|=0. Thus, 4, + 4, is not in V.
W is not closed under addition and hence is not a subspace of M.
(iv) W is the set of all negative functions of x. Let f{x) is in I such that f(x) <0
Axiom 2: If k=-2, then
kf(x)==2f(x)>0 [ f(x)<0]

Thus, kf(x) is not in .
W is not closed under scalar multiplication and hence is not a subspace of F(—oo, ).

(v) Let u=a, +ax+a,x* +a,x’ be in W, where a,, a,, a,, a,, are integers.

Axiom 2: If k= %, then
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. a, a a, a . . | .
Since 7", ?', ?“, 3’ are not necessarily to be integers, Eu isnot in W.

W is not closed under scalar multiplication and hence is not a subspace of P,.

2.5 LINEAR COMBINATION

A vector v is called a linear combination of vectors v,, v,, ..., v, if it can be
expressed as

v=kv, +kv,++kv,

where k,, k,, ..., k, are scalars.

Note: If » =1, then v = k,v,. This shows that a vector v is a linear combination of a
single vector v, if it is a scalar multiple of v,.

Vector Expressed as a Linear Combination of Given Vectors

The method to check if a vector v is a linear combination of the given vectors v, v,, ..., Vv,
is as follows:

1. Express v as linear combination of v;, v,, ...,V

v=kv, +kv,++kv, (2.4)

2. If the system of equations in (1) is consistent then v is a linear combination of
V,, Vs, ..., V.. If it is inconsistent, then v is not a linear combination of v, v,, ..., V,

P

Note: To express v as a linear combination of v,, v,, ..., v,, solve the system of
equations in (2.4) directly to determine scalars k,, k,, ..., &

-

Example 1: Which of the following are linear combinations of v, = (0, -2, 2) and
v,=(1,3,-1)?

1 3, 1,5) (i) (0, 4, 5)
Solution: Letv=/kyv, + kv,
() (3,1,5)=k(0,-2,2)+k,(1,3,-1)
= (k,, =2k +3k,, 2k, —k,)

Equating corresponding components,

k,=3
=2k +3k, =1
2k — k, =5
The augmented matrix of the system is
0 13
2 301
2 -115



