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GRADIENT OF & SCALAR FIELD




GRADIENT

e The gradient of a scalar field S is a vector
whose magnitude at any point is equal to
the maximum rate of increase of S at that
point and whose direction is along the
normal to the level surface at that point.

e Grad S = 9S/on n



» Gradient is a differential
operator by means of which
we can associate a vector field
with a scalar field.

—



GRADIENT

e Let S(x, v, z) be a scalar point function depending
on the three Cartesian coordinates in space.

* Suppose 0S/ 0%, 0S/ oy and 0S/ 0z be the partial
derivatives along the three perpendicular axes

respectively.
 grad S=<S=1(0S/ ox) +j (0S/ dy) + k( S/ 9z)
where < =i(0/0x)+j(d/dy)+k(0d/dz)



GRADIENT- PHYSICAL
SIGNIFICANCE

Gradient: is a vector; hence, we can
fully identify it using two pieces of
information:

A-Direction: it points in the direction
of the biggest increase in the
function.

B-Magnitude: its magnitude
determines the slope(the derivative)
of that direction.




GRADIENT

Gradient tells you how much
something changes as you move
from one point to another (such
as the pressure in a stream).

The gradient always points in the
direction of the maximum rate of
change 1n a field.




EXAMPLE

Intensity of electric field E,( a vector
quantity) is the gradient of potential V(a
scalar quantity) with negative sign i.e.,

E=-gradV

The negative sign indicates that the
direction of field intensity is opposite to
the direction of increase of potential



DIVERGENCE OF &

VECTOR FIELD




DIVERGENCE

» The divergence of a vector
field at any point is defined as

“the amount of flux per unit
volume diverging from that
point.”

.




DIVERGENCE

» Divergence of A =

div A = . A
\V4
= (i (0/ 0x) +j(0d/ dy) + k( 9/ 02)).
(iAx+jAy+kAz)

= (an/ 8x) + (aAy/ aY) + (aAz/ 82)

p—



/D;I/MER@E f %
" PHYSICAL SIGNIFICANCE

* Divergence of vector quality indicates how
much the vector quality spreads out from
the certain point.

* Imagine a fluid, with the wvector field
representing the velocity of the fluid at each
point in space. Divergence measures the net
flow of fluid out of (i.e., diverging from) a
given point. If fluid is instead flowing into
that point, the divergence will be negative.




ERGENCE
PHYSICAL SIGNIFICANCE

* A point or region with positive divergence
is often referred to as a "source" (of fluid,
or whatever the field is describing), while a
point or region with negative divergence is
a "sink".

e [f div V = O, then the fluid entering and
leaving is the same . i.e., the fluid is
incompressible and the vector is called
Solenoidal vector




DIVERGENCE




» The divergence of current density J gives the
amount of charge flowing per unit volume
per second from small element of closed
surface around that point.

» div] =0, indicates medium is of free charges.




CURL OF & VECTOR FIELD




CURL

* The maximum line integral of the vector per
unit area.

e CurlA= WV X A
o (i(0/0x)+j(o/ay)+k(0/0az)) X (iAx+jA+kAz)
i j k

= |d/0x 9/09y 0/ 0z
Ax Ay A:
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CURL
- PHYSICAL SIGNIFICANCE

Curl of vector quality indicates that how
much the vector quality curls or twist
around.

Example: Rotating water in a bucket has
curl. You can measure curl by putting a
piece of dust in the liquid and seeing if
it spins around its own axis.






EXAMPLES

oCurl of an electric field results the
rate of change of magnetic field 1n
perpendicular direction.

o Curl of magnetic field results the
flow of electricity.

oCurlV=2®»

Where V 1s the linear velocity and ®

1s the angular velocity of a rigid
body.
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S. | Nature of divergence
No. | & curl

1 divA =0 Incompressible
2 divA 0 Compressible
3 curlA=0 Irrotational

4 curl A=0 Rotational

5 div A=0 &curl =0 Irrotational flow of incompressible fluid

6 divA =0 &curl =0 Irrotatioal flow of compressible fluid

7 div A = 0 & curl A0 Rotatioal flow of incompressible fluid

8 div A = 0 & curl A+0 Rotational flow of compressible fluid

i



114 (x3,2)=3 ¢ y- y3 7" find the value of grad at point ] - ]
|Ans. -i12-19-k16) |

)

0 ,0 .0

Hint. gradg=" =(i-—+‘-—-+k-— 3 y-

i gadd=T4=|i 41 az}uyM
=i6xy+j(3x2-3);zz)-k2y3z

Now substitute x =1, y=-2 and z=-1]




ExAMPLE . R I CIE JOM P S

<y

¢ (ii+j—?—+k—a—]¢ :

Solution. B o % =
> (.0 .0 ,0).2 2.2
Vo=|li—+j—+k— |3 & -
¢ \18x+‘l5y+ 6z)(xy y“z)
5> .0 a2 228 0 a2 22 & .2 2.2
or Vo=i—@x"y-yz2)+j-Bx"y-y"z Y+k —@Bx“y-y“2%)
X " Oy 0z
=i (6xy) +j(3x* -2y2")-kQ@y*D)
At(l,-2,1) | |
T _pp =160 2]+iBO? -2 O 1-kR (-2 O]

=-12i+7j-8K




Evaluate div F, where

.,Fxe?zi—xy?zj+3y2xk

0. O . 0O | 2
VeF=| —i+—j+=—Kk|{s2x3zi-xy2zi+3y> xK)

(ax .ay" Oz } @x7zi-xy 2343y
veF=2022-L(xy? 5+23y? x

Ox 0z

=6x2z—2xyz+0

=6xz-2 xXyz.



IV R B  Find the value of __con.stant""c . for whtchthe '-vec.t'or‘

A=i(x+39)+j(y - 22 +k (x + cg)is solenoidal.

olution. The vector A is solenoidal if the divergence is zero. We know that

0A
divA=an +— +aAZ
Ox oy 07

0 5, 0
=—@x+3N+—0Q-220+—(x+c?
~ ( y) 5 (y 2) P (x+c2)

=l+1+c=2+c
24¢c=0 or c=-2.
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= pROBLEM | ' Find curl A, where A=2x1+2y j. Is the motion rCitauonal or

irrotational?
Solution. Given A =2x1i+2y j.We know that
i j k| |i § Kk
8 @, 8 18 & 4
gl ax a oz| |0x Oy 0z

A, A, Al Rx 2y O
D 0 0 0
i<o>——<2y> S O-=20|+k| Ly -0 o,
oy ox . Oy ox y

=10 +jO)+k(0)
socurl A =0

Therefore, vector A is irrotational.







