DEFINITIONS Let f be a function with domain D. Then f has an absolute
maximum value on D at a point ¢ if

and an absolute minimum value on D at ¢ if

f(x) = f(e) forall xin D

f(x) = f(e) forallxin D.

Maximum and minimum values are called extreme values of the function f. Absolute
maxima or minima are also referred to as globhal maxima or minima.
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Absolute extrema for
y =sinx the sine and cosine functions on
[—/2, m/2]. These values can depend
on the domain of a function.
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For cxample, on the closed interval [—7/2, 7/2] the function f(x) = cosx takes on
an absolute maximum value of 1 (once) and an absolute minimum value of 0 (twice). On
the same interval, the function g(x) = sinx takes on a maximum value of 1 and a
minimum value of —1
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(a) abs min only (b) abs max and min (c¢) abs max only (d) no max or min

Notice that a function might not have a maximum or minimum if the domain is
unbounded or fails to contain an endpoint.

Function rule Domain D Absolute extrema on D
@@ y = x? (—o00, 00) No absolute maximum.
Absolute minimum of 0 at x = 0.
(b) y = x* [0, 2] Absolute maximum of 4 at x = 2.
Absolute minimum of 0 at x = 0.
(©) y=x? (0, 2] Absolute maximum of 4 at x = 2.
No absolute minimum.
d) y = x? (0, 2) No absolute extrema.




THEOREM —The Extreme Value Theorem  If f is continuous on a closed interval
[a, b], then f attains both an absolute maximum value M and an absolute
minimum value m in [a, b]. That is, there are numbers x; and x» iIn
[@, b] with f(x;) = m, f(x3) = M, and m = f(x) = M for every other x in
[a, b].

(Xz. M)

|
|
' M
|
|
.l'l m
: L > x L > x
| b a b
1|m| . »
I Maximum and minimum
» at endpoints
(xy. m)
Maximum and minimum
at interior points
|
|
|
I
I
|
|
|
|
\m :
1 1 1 > X
a X b
Maximum at interior point, Minimum at interior point,

minimum at endpoint maximum at endpoint



Local (Relative) Extreme Values

DEFINITIONS A function f has a local maximum value at a point ¢ within its
domain D if f(x) = f(c) for all x € D lying in some open interval containing c.

A function f has a local minimum value at a point ¢ within its domain D if
f(x) = f(c) forall x e D lying in some open interval containing c.

Absolute maximum
No greater value of fanywhere.
Local maximum Also a local maximum.
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THEOREM —The First Derivative Theorem for Local Extreme Values If fhasa
local maximum or minimum value at an interior point ¢ of its domain, and if f’ is
defined at ¢, then

f'(e) = 0.

DEFINITION An interior point of the domain of a function f where f’ is zero
or undefined is a critical point of f.

How to Find the Absolute Extrema of a Continuous Function f on a
Finite Closed Interval

1. Evaluate f at all critical points and endpoints.

2. Take the largest and smallest of these values.




EXAMPLE Find the absolute maximum and minimum values of f(x) = x* on [—2, 1].

Solution  The function is differentiable over its entire domain, so the only critical point is

where f'(x) = 2x = 0, namely x = 0. We need to check the function’s values at x = 0
and at the endpoints x = —2and x = 1:

Critical point value: f(0) = 0
Endpoint values: f(=2) =4
f(1) =1

The function has an absolute maximum value of 4 at x = —2 and an absolute mmimum
value of Q atx = 0.



EXAMPLE Find the absolute maximum and minimum values of f(x) = 10x(2 — Inx)
on the interval [1, ¢?].
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EXAMPLE Find the absolute maximum and minimum values of f(x) = x*° on the
interval [—2, 3].
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EXAMPLE

oy
2,z 3

Find the absolute maximum and minimum values of f(x) = on the

interval [—2, 3].

Solution We evaluate the function at the critical points and endpoints and take the
largest and smallest of the resulting values.

The first derivative
’ 2 —1/3 2
fix)==x = —
3 3V

has no zeros but is undefined at the interior point x = 0. The values of f at this one criti-
cal point and at the endpoints are

Critical point value: f(0) = 0
Endpoint values: f(=2) = (=2)*3 = V4
f3) = 3y = V.

the function’s absolute maximum value is V9 =~ 2.08 ,and it

The absolute mmimum value 1s 0, and 1t occurs at the




1) f(x)=%x—5, —2=x=

Absolute maximum: —3;
absolute minimum: —19/3
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2)f(x) =x*—1, -1

Absolute maximum: 3;
absolute mmimum: —1
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3) h(x)=\3/.\—’, —1l=x=28

Absolute maximum: 2;
absolute minimum: — 1

Tl — r<8 __.(8,2)
Abs
I max
] [ AR N SR [ N S > x
-1 1 2 3 4 5 6 7 8

(-1.-1)
Ab: min




Increasing Functions and Decreasing Functions
Suppose that f is continuous on [a, b] and differentiable on (a, b).
If f'(x) > 0 at each point x € (a, b), then f is increasing on [a, b].
If f'(x) < 0 at each point x € (a, b), then f is decreasing on [a, b].



EXAMPLE 1  Find the critical points of f(x) — x> — 12x — 5 and identify the inter-
vals on which f is increasing and on which f 1s decreasing.

Solution  The function f is everywhere continuous and differentiable. The first derivative

Fix) = 3> —12= 56T —4)
= 3(x + 2)(x — 2)

i1s zero at x = —2 and x = 2. These critical points subdivide the domain of f to create
nonoverlapping open intervals (—00, —2), (—2, 2), and (2, 0©) on which f' is either pos-
itive or negative. We determine the sign of f' by evaluating f at a convenient point in each
subinterval.

Interval — Q0 <L X =2 = <G << 2 2 =% £ 00
f’ evaluated f'(=3)=15 f'(0) = —12 f'(3) =15
Sign of f’ + — +

Behavior of f increasing decreasing increasing




First Derivative Test for Local Extrema

Suppose that ¢ is a critical point of a continuous function f, and that f is differen-
tiable at every point in some interval containing ¢ except possibly at ¢ itself.
Moving across this interval from left to right,

1. if f’ changes from negative to positive at ¢, then f has a local minimum at c;

2. if f’ changes from positive to negative at ¢, then f has a local maximum at c;

3. if f’ does not change sign at ¢ (that is, f’ is positive on both sides of ¢ or
negative on both sides), then f has no local extremum at c.



EXAMPLE Find the critical points of

f(x) = -\'1/3(1' —4) = X33 — 4x1/3

Identify the intervals on which f is increasing and decreasing. Find the function’s local and
absolute extreme values.

Solution  The function f is continuous at all x since it is the product of two continuous
functions, x'/° and (x — 4). The first derivative
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4 -2/3 4(x — 1)
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is zero at x = 1 and undefined at x = 0. There are no endpoints in the domain, so the crit-

ical points x = 0 and x = 1 are the only places where f might have an extreme value.
The critical points partition the x-axis into intervals on which f’ is either positive or

negative. The sign pattern of f’ reveals the behavior of f between and at the critical points,

as summarized in the following table.
Interval X< U 0= << 1

Sign of f’ — —
Behavior of f decreasing decreasing

x > 1
+
increasing




Interval x <9 0<x <1 x> 1
Sign of f’ — = +
Behavior of f decreasing decreasing increasing

Mean Value Theorem tells us that f decreases on (—o0, 0], de-
creases on [0, 1], and increases on [1, ©0). The First Derivative Test for Local Extrema
tells us that f does not have an extreme value at x = 0 (f’ does not change sign) and that f
has a local minimum at x = 1 (f’ changes from negative to positive).

The value of the local minimum is f(1) = 1'3(1 — 4) = —3. This is also an ab-
solute minimum since f is decreasing on (—00, 1] and increasing on [1, 00),



EXAMPLE Find the critical points of
flx) = (x% — 3)e".

Identify the intervals on which f is increasing and decreasing. Find the function’s local and
absolute extreme values.

The zeros x = —3 and x = 1 partition the x-axis into intervals as follows.
Interval x < —3 =3 < =< ] | < x
Sign of f’ + — +
Behavior of f increasing decreasing  increasing
We can see from the table that there 1s a local maximum (about 0.299) at x = —3 and a

local minimum (about —5.437) at x = 1. The local minimum value 1s also an absolute
minimum because f(x) > 0 for |x| > \/3. There is no absolute maximum. The func-

tion increases on (—o0, —3) and (1, o0) and decreases on (—3, 1).
the graph.




THEOREM —Second Derivative Test for Local Extrema  Suppose f” is continuous
on an open interval that contains x = c.

1. If f'(¢) = Oand f"(c¢) < 0, then f has a local maximum at x = c.
2. If f'(¢) = 0and f"(¢) > 0, then f has a local minimum at x = c.

3. If f'(¢) = 0 and f"(c¢) = 0, then the test fails. The function f may have a
local maximum, a local minimum, or neither.



EXAMPLE

(a) Identify where the extrema of f occur.

(b) Find the intervals on which f is increasing and the intervals on which f is decreasing.

where flx) =x*—4x*> + 10

Solution  The function f is continuous since f'(x) = 4x> — 12x? exists. The domain of
fis (—00, 00), and the domain of f' is also (—o0, o0). Thus, the critical points of f occur
only at the zeros of f’. Since

fl(x) = 4x® — 12x% = 4x*(x — 3),

the first derivative is zero at x = 0 and x = 3. We use these critical points to define inter-

ValS Where f iS increaSing or deCI’eaSing. by SCCOIld derlvatlve test

F(x) = 12x> — 24

Interval x50 << x<3 I <=z
Sign of f’ - - i f"(0) = 0 (No conclusion)
Behavior of f decreasing decreasing increasing

£ = positive (minimum)

(a) Using the First Derivative Test for local extrema and the table above, we see that there
is no extremum at x = 0 and a local minimum at x = 3.

(b) Using the table above, we see that f is decreasing on (—00, 0] and [0, 3], and increas-
ing on [3, 00).
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EXAMPLE Find extrema values of f(x) =

The critical points occur at x = +£2 where f'(x) = 0. Since f"(—2) < 0 and
f"(2) = 0, we see from the Second Derivative Test that a relative maximum occurs
at x = —2 with f(—2) = —2, and a relative minimum occurs at x = 2 with

f@) = 2.




