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Discrete-Time Fourier Transform

* Definition - The Discrete-Time Fourier
Transform (DTFT) X(e/®) of a sequence
x[n] 1s given by

X ()= ix[n]e_jm N

« In general, X(e/®) isa complex function
of the real variable ® and can be written as

X(ejm) = Xre(ejm) +inm(ejm)
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X (e/?) can alternately be expressed as
X (e/®) = ‘ X (e© )‘ejﬂ(m)

where
O(m) =arg{X (e/®)}

‘X (efm)‘ 1s called the magnitude function
O(w) 1s called the phase function
Both quantities are again real functions of

In many applications, the DTFT 1s called
the Fourier spectrum

Likewise, | X (efm)‘ and O(mw) are called the
magnitude and phase spectra
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« The DTFT X (e/®) of a sequence x[n] is a
continuous function of ®

It 1s also a periodic function of @ with a
period 27:

* Inverse Discrete-Time Fourier Transform:

y: o
x[n]=— [ X(e/?)e’/"do
27

n
« Convergence Condition - An infinite

series of the form

X (e/?) = Ex[m]e_jm"

FI——f

may or may not converge

1/9/2023 DSP_WINTER 2022-23 DrS SKALAIVANI




* If x[n] is an absolutely summable sequence, 1.€., 1f

o)
Z‘x[n]‘ < O
n=—au
. o0 . o0
‘X(ejm)‘ =| >x[nle "< Y|x[n] <w©
n=—ao N=——0o0
for all values of ®

* Thus, the absolute summability of x[#] 1s a sufficient

condition for the existence of the DTFT
« Since

o o 2
P 5( z|x[n]|] :

Fl=—00

an absolutely summmable sequence has
always a finite emnergy
- However, a finite-energy sequence 1s not
1/9/2023 necessarily absolrtelvssurriinable




DFT, Sequence's Fourier Transform and z-transform

Continuous x,(2) Fourier Transform

Sampling

Sequence’s Fourier

Discrete- x(n) =X, (nT) Transform

time
Periodic Copies

x((n)), X (¥)

IV \
O

¥)
,/71‘ Extract One period Extract One period

A\ ) X(8)

1/9/2023 DSP_WINTER 2022-23 DrS SKALAIVANI




[ X (k)
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Relationship between X (k) and X (e’)
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Frequency sampling theorem

X(k)= X () or X(2)

How to realize? Prerequisite for implementation?
What is interpolation formula?

Sampling

x(n)'s z-transform:

X(@)= 3 x(m)z”

n=-o0

Regular interval sampling on unit circle:

X, (0= XE)| = Y 5y

n=—00

2
—k
TN
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Discrete Fourier Transform

Definition - For a length-N sequence x[#],
defined for 0 <n < N —1 only N samples of 1ts
DTEFT are required, which are obtained by
uniformly sampling X (e/®) on the w-axis
between 0<®<2m at ©, =2nk/N 0<k <N -1

From the definition of the DTFT we thus have
N-1
k=X = T alnle 2N,
0<k<N-1
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Discrete Fourier Transform

* Note: X[k] 1s also a length-N sequence n
the frequency domain

* The sequence X[4] 1s called the Discrete

Fourier Transform (DFT) of the sequence
x[n]

+ Using the notation Wy, =e/*™¥  the
DEFT 1s usually expressed as:

N-1 Jon
X[k]=X (mW", 0<k<N-1
n=0
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Discrete Fourier Transform

* The Inverse Discrete Fourier Transform
(IDET) 1s given by
] N-1

nl=— 3 X[KIWy™, 0<n<N-1
N k=0
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Matrix Relations

* The DFT samples defined by

N-1 I
X[k]="% a[n]W}F, 0<k<N-1
n=0

can be expressed 1n matrix form as
X=Dyx
where
X=[X[0] X[1] ... X[N-1]]F
x=[+[0] Af1] ... AN-=1]]"
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> = )‘L“ X3
e 1 T Wnpn =¢
2 (N-1) —)zn
Wy o Wy -y N .5 —o =
Wi . wEND é lr/ﬂ_

}.J—l 2}«—1 ' I\;'—lz
Wh(r ) WN( ) L. WI(\I )
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Matrix Relations

 Likewise, the IDFT relation given by
N-1
Mnl= S XKW, 0<n< N -1

k=0

can be expressed mn matrix form as

D]

whereDj} 1s the N x N IDFT matrix
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Matrix Relations
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DFT PROPERTIES B

Table of DFT Properties

Property Name Time-Domain: x|n) | Frequency-Domain: X|k)

Peniodic x[n] = x[n + N X[k] = X[k + N]

Linearity axiln] 4 bxs|n] aXilk]+ bXslk]

Conjugate Symmetry x[n] is real X[N = k] = X*[k]

Conjugation x*|n] XN =k]

Time-Reversal X[((N =mhin] XIN = k]

Delay xlitn = nghin]

Frequency Shift x[n)efErlolNia X1k — k]

Modulation xln]cos(2xka/Nym) | X1k — ko] + $ X[k + &

Convolution hlm)x[iin — m)iy] HIk]X[k]

L=
Parseval's Theorem E Lx[a]]® =
=

.

1
— XK1
%3_ [£11
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Ex.1

« Derive the DFT for the sequence x[n]=[1,1,2,2,3,3]. Compute the corresponding
Amplitude and Phase spectrum.

=1+05-,0.866 + 2(-0.5-70.866) + 2(- 1)

N-=1 : .
_ + 3(-0.5 +;0.866) + 3(0.5 + j 0.866)
X(hy= Y x(m)e />N =0,1,..,N-1. _ 15,250

n=( Fork=2
Fork=0 X2 = Y x(n)e s2x@ms

n=0

- i x(n) e~24%/3

n=0
Fork=1 o 14 ed2V8 4 0N , 0,2 , g ,I8%3 , g, -jl08/3
=1+(-0.5)-,0.866 + 2(-0.5 + j 0.866) + 2(1)

» +3(=0.5—;0.866) + 3( 0.5 + j 0.866)
X(1= i x(n) g™ /28116 =-15+0.866
n=0

5 5
X0)= Y x(n)e /206 = ¥ x(n)=1+1+2+2+3+3=12

n= n=0

5 .
- Z x(n) e-_rtm‘ﬂ
a=0

-jn/3 =j2n3 —in -j4 /3 ~5n/3
1/9-/20]i3+ = +2e +2e +3e DSP_VWV\ﬁEﬁ 2022-23 DrS SKALAIVANI 18




Contd.,

Fork=3

5
X3 =3 x(n) g~ J2n(3In/6

n=0

5
= ) x(n)e”/*"
a=0
=1+e7"+2e7 4 2073 4 3e 74" 4 375"
=1-1+2(1)+2(-1)+3(1)+3(-1)=0

Fork=4

5
X(4)= E x(n) g~ /2%(4)n/6

n=l

5
= Z x{n]e-jiunfﬂ
n=0
=1+ed458 , 2 F0NB  gpJixn , gJ16nB 4 g /2R

=1+(-0.5+0.866) + 2(-0.5 - 0.866) + 2(1)

Conjugate Symmetry |

Fork=5

x{ﬁ] = i x(n) e-j?l{ﬁlllfﬁ

n=0

= i x(n) e~ /5%n/3

n=D

=1+e75R

+ 271078  0,ib% | 3o -J2xA | go-i2x/

=1+ (-0.5+,0.866) + 2(-0.5 + j 0.866) + 2(- 1)
+3(-0.5 -7 0.866) + 3(0.5 - 0.866)
=-1.5-,2.598

X (k) = (12, -1.5 +j2.598, -1.5 +0.866, 0, =1.5 — j 0.866,
-1.5 - 2.598

For N=6, X(6-k)=X*(k)

+3(-0.5+,0.866) + 3(-0.5 - 0.866)

=-1.5 - 0.866
1/9/2023
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The corresponding amplitude spectrum is given by
1X()| = {J12x12,J(-15)* + (-2.598)%, (- 15)* + (0.866)* 0,
V(-1.5)% +(-0.866)?, J(-15) + (- 2598)* }

= (12, 2.999, 1.732, 0, 1.732, 2.999}
and the corresponding phase spectrum is given by

ZX(k) = {tan" (0), tan™? {-?‘-51—9: tan~! (E%} tan~! (0)

tan-! (—G.Bﬁ-ﬁ tan-] [-—2,593)}
-1.5 -15
=t S
{ 3° 6 6 3}
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FEx 2 <Findthe Inverse DFT of X(k)={1,2,3,4}

The inverse DFT is defined as When n = 2 .
-1 x@=1 Y Xke'™
x(n) = %E X(k)e/?*MN n=0,123,.. ., N-1

k=0 =%(1+2e-”‘+3e""‘+4e13')

=%(1+2(—1}+3(1}+4(—1))

3
Given N = 4, x{n]=i— ) X (k) e/2=¥N n 20,123
k=0

1 = =
4( 2)=-1/2

When n =0 When n = 1
]

a "
x(0) = l z Xk e Jr(0)k/2 x(1) = i. Z X (k) e I5(Dk/2 When n = 3

8 -
k=0 e x@=1 3 x@essrn
=l(1+2€"m+3¢“+4e13!’9] k=0

1 5 4
==(1+2+3+4) ==
4{ } 2

= —: (1+2()+3(-D+4(-,))
1 p 1 .1
4{ 3 2 "2

I

"
|t et |

(1+ 27372 4 3¢ I35 4 41%2)

(1+2(-)+3(-1D+4))

(—2+2j)=—%+jl

2

i
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To find DTFT of x(n) = (3)" u(n):

oo

X (w) E x(n)e—jon

X(w) = Z(%)",-J-
n=0

— 1
E'n"=' : -, lal <1
n=0 —

1
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X(w) =




N—e

X(@)|, g, 0<K<O
1
1- %eﬂ '
=

L= %Wfo

0<k<9

- TN :
0—point

[
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(ﬁmﬁefoﬂwmgwqm

i | ,m.. d"" osnr.nr s wy) %]]

w e ]

‘ a.pwmnn-'rmw ;

b, Find the N-point DFT of x(n).

e_mumwm}mmmm-%mmum -’D) ]
= e N\rYWNT )

sin [(m - ) 5 1]
b. Recall the relation: Xk)=X (m)]m;{r.

)8 [ - o0) 7]

sin[ (57 - av) 3

Hence, X(k) = /(5o

c. Suppose wy = %, where, kq is an integer.

- ) Snlr o)
Then, X(k)=e - [ % i -kn)]
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DFT pairs

$0) &5 (1,1,--<1) (constant)

(1,1,---1) (constant) <+ (N.O0,---0) = N&(k)

N
E o™ =1
a"(exponential) <—

(expo ) P

cos (Zr;h) (sinusoid) o f: [8(k — ko) + 8(k + ko))

N
- = [8(k — ko) + 8(k — (N — ko))]
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Table: DFT Properties:

Symmetry Relations

Length-N Sequence N-point DFT
x(n] X[k] = Re[X[k]} + j Im{X [k]}
Xpe[n] Re{X[k]}
-l-'l'ﬂ;'.l”] JI'“{x[II-'”'

X[k] = X*((=k)§]

Re X[k] = Re X[{—k)n]

Symmetry relations ImX[k] = =Im X[(=k)n]
|X1K] = [ X{(=k)pn]|

arg X [k] = —arg X[{=k) ]

e o T —— I S—— i s e

Nole: tp,[rr] and ul,ulrrl are the periodic even and periodic odd parts
of x[n], respectively.

91293 x[n] is a real sequence

Table: DFT Properties:
Symmetry Relations

Length-N Sequence N-point DFT
x[n] X[k]
x*[n] X*[(=k)w)
x*[(=n)pn] X* k)
Re(x[n]) Xpes(k] = 3(X[(K)N] + X*[(=k)N])
JIm{x(n)) Xpealk] = S{X[(k)n] = X*[(=k)n])
Xpesin] Re{X[k])
Xpea[n] J Im(X[k])

Note: xpes[n] and xpcy[n] are the periodic conjugate-symmetric and
periodic conjugate-antisymmetric parts of x [n], respectively. Likewise,
X pes k] and X pey [k] are the periodic conjugate-symmetric and periodic
conjugate-antisymmetric parts of X [k], respectively.
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Circular Convolution

Since the operation defined involves two
length-N sequences, it 1s often referred to as
an N-point circular convolution, denoted as

yln] = gln]® hn]
The circular convolution 1s commutative,
1.€.

gln|®hln] = hin]®gln]
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Circular Shift of a Sequence

Q =
9
Q

iR

n J l
0 1 2 3 4 5 012 3 435

[(n =] x[(n = 4)4]
= x[(n+5)¢] = x[(n+2)¢]
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Linear Convolution of Two
Finite-Length Sequences

* Then

ypIn]=glnl®hln] = ycln]= gln]@ hln]
* The corresponding implementation scheme
1s 1llustrated below

gln] ing| g, [17] |(N + M -1)-
point DFT o

Length-V & [M-D j{,[ﬂ]
hln] i L] (V+ M -1)- point IDFT

EEEE——

Length-M | (N — 1} Zeros point DFT Length-(N + M —1)
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MATRIXMETHOD

1 1
W W2
Wz Wi

L]

N—1 2(N-1)
1 Wy Wy

1 1 1
p=2milh  —4aild  —6xil4
p=dmilh  —8mild  —12xild
p=67il4  p—127il4  ,—18zil4
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Find the DFT of the sequence
x(n)={0,1,2,1} for N=4
X[k}

X[o]
X[1]
X[2]
| X[3].

= {4l _2: Ot _2}
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CIRCULAR CONVOLUTION

« Example - Determine the 4-point circular
convolution of the two length-4 sequences

[oero1]  [elof] o1 1 17
{glnl}=4 2 0 1}, {lnl}={2 2 1 1 | gy _plell|_|1 —j -1 |2
G[2] 4 (1)

Circular Convolution

o211 -1 1 S
as sketched below | G[3] g31] LI J -1 —J

2" gln] TI hin]
1 1
I (L,
01 2 3 01 2 3

H[O] h[0]]
Hil] A1}
2] h|2]

| H[3]] L A[3]

D, is the 4-point DFT matrix
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Circular Convolution

» If Yo[k] denotes the 4-point DFT of yo[n]
then from Table above we observe

Yolk]=Glk]H[k], 0<k<3

e Thus

Yo[0]] [G[oTH[0]
Yo[11| | GIIH[]
Yo[2]| | G[21H[2]

Yel31) LGI31HI3].
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Circular Convolution

* A 4-pomnt IDFT of Y,[k] yields
vcl0] Ycl[0]

vell «| Yo[1]
vel2 Yel2
 yel3] Yel3]
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x(n)

x(n)
DFT{x(n)}

- X(0)
X(1)
X(2)

. X(3) _

1/9/2023

Al

g(n) + jh(n),

(14 j2,2+ j2,0+ j1,1 4 j1)
3
X(k)=) x(mW", 0<k<3

Wy Wy W WEl [ s
wo oWy Wi owg || x(D
we wi wi wi || x@

LWy W WP Wo.La).

0<n<3

DSP_WINTER 2|

- X(0) -
X(1)
X(2)

L X(3)

" X(0) 7
X()
X(2)
L X(3) _

022-23 DrS SKALAIVANI
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1 =j =1 j
1 -1 1 -1
Lk =Ly
1 1 1 1.
1 =j =1
1 -1 1 -1
Ld § =L=f_
[ 44 j6 7
2
-2
L 18

- 2(0)
x(1)
x(2)

. x(3) _

T 14+ j2 7

2+ ji |

0+ j1

_ 14+ j1

38



@+ j6,2,-2,j2)
(4 - jﬁ! 2! _2!' _j2}

% [I(k) + X*(4 - k}]

= %[(4+ j6,2,=2,j2)+ (4 j6,—j2,-2,2)]

- .
3 [X (k) — X*(4 - k)]

1
2 [(4+ j6,2,-2, j2) — (4, —j6,—j2,-2,2)]
6,1-4,0,1+j)
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The two 8-point sequences x; (n) and x2(n) shown in Fig. RP.3.6 have DFTs X, (k) and
X X1 (k) respectively. Determine the relationship between X (k) and X, (k).

,jl r l r Tl__‘ N T-ﬂ{n}

- ] Rl - |-l'ﬂ

U i 4 5 & 7

x2(n) = x1((n —4))s
DFT{x((n —m))n} = Wx"X (k) .
2(k) =. DFT{x;((n — 4))s} ':v:dt )
= 3/;* X, (k) W =S\
= e ™ X (k)
Xa(k),, ., (-1)/* X, (k)=




The even samples of the 11-point DFT of a length-11 real sequence are given by

EX.

X0=2, X2)=-1-j3, X@#=1+j4, N =i

X©6)=9+j3, X@®=5  X(10)=2+;2
Determine the missing odd samples of the DFT. -

Since x(n) is a real sequence, the following symmetry condition must be satisfied:
Xk) = X*(N—-k)
e Xk) = X*(11-k)
K=\
X(1) = X*'(10)=2-;2 X7 = X*@)=1-j4
X3 X*8) =5 X(9) X'(2Q)=-14j3

X(11) X*(0)=2
X(5) = X'(6)=9-,3
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