4.8 Chapter 4 Power Series

Hence, the series is convergent inside the circle with its centre at (5, 0) and a radius

2
>—.
3

2 4| 2 4
of 3 i.e., in the region |z 3 < 3 and is divergent in the region |z 3

4.5 TAYLOR’S SERIES

If f(z) is analytic inside a circle C with centre at z = a then for each z inside C, f(z) can
be expanded as a power series about z = a as

( (z—

£@) = fa)+(z—a) f @)+~ f«>+ e f“%)+

Proof Letzbe any point inside the circle C. Draw a circle C, inside C with the centre
at z = a, enclosing the point z (Fig. 4.1).

C
Let w be any point on C;.
G
le—a|< [w—d|
w
|2=d]
—<1
[w—al
i-al_
w—a
By Cauchy’s integral formula,
Fig. 4.1
f (W) g 4
)= (4.1
f2)= zﬂlj 1)
. 1
Consider =
w—z (wW-a)-(z—a)
1

(w—a)(l—z_aj
w—a
)
w—a w—a
1 { (z—a) (z—ajZ [z—ajn ]
1+ + -t +--
—da w—a w—a w—a

{ |z—a <1 Usingbinomial expansion:|
a




4.5 Taylor’s Series

1 <(z—a)
B (w—a)nz::‘)(w—aj

(z—a)"

n=0 (W - a)n+1

1
Substituting in Eq. (4.1),
w—z

f<z>——f fow {2 e “M}dw

n= 0 )

s e

z ( ) {2 L (a)} |:U51ng Cauchy’sintegral formula:|
=—— ) (z—a i

4.9

2mi 1 ! forderivatives
2 (z— a) (n)( )
n=0 !
- f@+ - af @+ S X pray s 2O “) £ @)+
Example 1
Expand f(z)=e* in a Taylor series about z = 0.
Solution
f()=¢€*, a=0

By Taylor’s series,

@)= f@+ fae-ay+ D (“) (—ap + L@ 3(.a) (z—ay +-
Putting a =0,
£ = FO)+ F(0)z+L ';0> 2+ f”3’$0) ay
f@=¢ fO)=€’ =1
f@=e Fo= =1
fra=e fr0)=€ =1

[=¢ fr0)=¢"=1

(1)
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Substituting in Eq. (1),

3

1 1
f(z)—1+z+2 =22+

3!
2
p 27
e =l+z+—+—+...
2 6

Example 2

1
Expand ——atz =1 in Taylor’s series.
z+2

Solution

1
Let f(z) = T2

,a=1

By Taylor’s series,

fQ=f@+ f @G-+ D e-ar+ o e
Putting a =1,
1@ =+ -0+ EL e e LDyt
1 1 1
f(Z)_er_Z f(l)—m—g
1 1 1
= D=— —_Z
o= f ==
2 2
2 — (1) = .
rO= =
6 6 6
” - //1 - - __F _
= ==
Substituting in Eq. (1),
1
Q=55 G=D 32D +3'(_E)(Z D
1 1 1
Z+—2=§—§(Z D+ —(Z 1y ——(Z 1’ +-
Aliter:
fz )_?

Let z—1=t then z=1t+1.

2

27
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1
f(Z)_t+1+2
L1
2+2 3+t
_ 1
3(1+t)
3
-1
4
3 3
1( r 7 J
S R N
3 39 27
NS U S B
3 9 27 81
1 1 2 1 3
—5—6(1—1)+E(z—1) —a(z—l) +
Example 3
1—
Obtain the Taylor series of f(z)= —ZZ in powers of z — 1.
<
Solution
1- 1 1
f@=—=—--. a=1
z Tz
By Taylor’s series,
1@ =f@+ f@e-ar D e-ap + D e
Putting a = 1,
/Il /Ill
r@=rarrme-nr e e LR e )
1 1 11
f(Z)_Z_Z_Z f)=7-7=0
2 1
f@=—S+= F)==2+1=-1
Tz
6 2
["@Q=—-= ff=6-2=4
Tz

24 6
@)=t f7()=-24+6=-18
4 Z
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Substituting in Eq. (1),
f@=0-1=D+— (z 1’ - (z—1)3+---

1‘_22:_(1_1)+2(z—1) —3(z—1)3+-~-
Z

Example 4
Expand -1 in a Taylor series about the point 7 = 1.
z+1

Solution

z—1

Let f@=—— a=1
z+1

By Taylor’s series,

f ”(a)

F@) = f@+ f@e-at D ap + L 3(“)<z ay ...
Puttinga =1,
_ , f”()
f@=fO+fDE-D+ (z=1) +
1
f@=""— f)=0
z+1
, . (z+ D)= (z=D(1) Lo
= )=—
12 1y fn=3
_ 2
(z+1)2
0-2{2(z+ D} 4 1
” — "1 - = —
(@) T fr==Z==3
__ 4
(z+1)
Substituting in Eq. (1),
1 11 2
f(Z):O"'E(Z—l)—ZE(Z—l) +

z—-1 1 1 2
= =—(z=-D—=——((z=-D"+---
1 2(z ) 4(z )
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4.13

Example 5
Expand log(1 + z) as a Taylor series about 7 = 0 when |z| < 1.

Solution

Let f(@)=log(l +2),a=0

By Taylor’s series,

fl/(a)

f@=f@+ fae-a+ 2 a1 Dm0 s
Putting a =0,
f(z)= f(0)+ f(0)z+ fz('O) 2+ 350) 2+ (1)
f(z)=log(1+7z) f(0)=1logl=0
oy L oY= L =
f(Z)_1+z f(O)—1+0 !
1 1
" - _ 70)= —— = —1
1) 2 f7(0) 1
@)= =2
(1+2)°
Substituting in Eq. (1),
2 2 3
f(Z)=0+z—2—!+§z +...
Zz Z3
log(1+z) = Z—7+?+...
Example 6
Expand f(z)=sinz about z = %
Solution
- _r
f(z)=sinz, a= 4
By Taylor’s series,
F@=fa@+ f@a-a+ D + LD gy

2! 3!
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. T
Putting g = =,
4

o @or(mfet) ey T B ey

- B) gL

f(Z)_SHIZ f(Zj_SIH 1 = >

’ _ , E _ E:L

f(z)=cosz f(4) cos7 5
f"(z)z—sinz f//(%j:_sin_=_%
() =— (T 1
f7(z)=—cosz f (4) cos >

Substituting in Eq. (1),

Example 7
Expand f(z)= —*  usa Taylor’s series about z = 0.
(z+1)(z=3)
Solution
_ z
TO= e
AL B
Cz+l z-3
z2=A(z-3)+B(z+1)
Putting z = -1,
—1=-4A
A=l
4



4.5 Taylor’s Series

4.15

Putting z = 3,
3=4B
B=>
4
11 3 1
O s
11 3 1
:Zl+ +Z
)
3
1 1(, z)"
=—(+2)' —=|1-=
4(+z) 4( 3)
2
=—(-z+2* - )——[1+£+(5j +}
3 13
2
_—§Z+§ZZ—
Example 8
z+1 , .
Expand f(z)=———— as a Taylor’s series about z = 2.
(z=3)(z-4)
Solution
_ z+1
f(z)—(z_3)(z_4)
A B
=t —
z=3 z—4
z+1=A(z-4)+B(z-3)
Putting z = 3,
4=-A
A=-4
Putting 7 =4,
5= B(1)
B=5
f@)==——Ft+—
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Let z—2=¢tthent=z+2.

4 5
=— +
D=
4 5
=——+_
t—1 -2
45

CaimS(Y!
=4(1-1) 2(1 )

2
2
=4(1_t+t2_...)_§[1_£+(£j _. ]
2 2 \2
3011 27,
= —t+—1t"+
2 4 8
3011 27 s
= =)+ (=2 -
> 4(z )+8(z )+
Example 9
Find the Taylor series to represent the function Z—_lin|z| < 2.
. (z+2)(z+3)
Solution
2 2
Let f(2)= 77 -1 7 -1

(z+2)0(z+3) 2 +5z+6

Since the degrees of the numerator and denominator are same, partial fraction cannot
be applied. Dividing to reduce the degree of numerator,
=5z-7 v

T )

=5z-7 A + B
(z+2)(z+3) z+2 z+3

—5z-7=A(z+3)+B(z+2)

Let

Putting z = -2,
—5(-2)-7=A(-2+3)
A=3

Fig. 4.2



4.5 Taylor’s Series 4.17

Putting z = -3,
-5(-3)-7=B(-3+2)
B=-8
3 8
=l+—-—
@ z+2 z+3

f(2) is not analytic at z = -2 and z = 3. But f(z) is analytic inside the region |z| <2
(Fig. 4.2).

Z

71<2, |—|<1, E<1
2 3

EXERCISE 4.1

Find the Taylor’s series for the following functions about the indicated
points:

1. f(z)=cosz about z =%

2. f(z)=coszaboutz=0

3. f(z)=e*about z =2i

[Ans.: e {1+2(z—2i) - (z- 2i)" +--}]
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4. f(z)=tanhz aboutz=0

{Ans

[Ans.:

-1
5. f(2)= —11n the region |z| <1
1 .
6. f(2)=— 4 about z=-i
7. f(z)= -1
1
8. f(z)=————aboutz=4

72— 47+3

Ans.: 1—1(2—4)
3 9

4.6 LAURENT’S SERIES

3
{Ans.: z—Z—+~1
3

[Ans.:1-2(1+z+Z* +Z° +--)]
1 1 7

Tt oz +1

3+ (z+1)1+27(z+) }

(Z-1)-2z-10+3z-1° -]

13

ty - }

If f(z) is analytic on two concentric circles C; and C, with the centre at z = a and radii
1y, I)(ry < ry) and in the annular region R between C, and C, then for all zin R,

f(z)=a0+a1(z—a)+a2(z—a)2

b b
R 1 2

z—a (z—a)2

= Za (z—a)" +Z

n= 1(Z Cl)
where a, J Sw) 1
271'1 (w a)”+
b, J _ S
271'1 (w a)_'ﬁ'1

4+ ...

c,

Fig. 4.3
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Proof
Let C,, C, be two concentric circles with centre at z = a and radii r; and r(r, < r})
respectively (Fig. 4.3).

The annular region R between C; and C, is a multiply connected region. This multiply
connected region is converted to a simply connected region by introducing a cross-cut
AB.

f(z) is analytic in this simply connected region.
By Cauchy’s integral formula,

_ LSy f(W)
f(z)—z—mjw_ J

J'f(W) .[f(W)

27‘[1 271'1 277:1

f (W) S (W)
2m J 2m '[

[ integrals around AB and BA cancel each other]

= f(@-f(2)

() h(@)= vl B (4.2)
C

z is any point in R and for this integral, w lies on C;.
. |e—a|<|w—d]

z—a
<1

w—a
_ 1
w—z W—a)—(z—a)
1

(w—a)(l— Z‘“J
w—a
-1
e
w—a w—a

Consider
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1
Substituting " in Eq. (4.2),
-z

_ (z—a
ﬁ@»dmifw{Z HJ

fw)
nz:‘) (= {27[1 J —a)™! dw}

= Z(z—a)"an +(4.3)
where a, J. SOw) rd
271'1 (w a)n+
. _ L fw)
(ii) h@=o— C{ v (4.4)

z is any point in R and for this integral, w lies on C,.
el w—d

w—a
1>

Z—a

w—a
<1

z—a
_ 1

w—z W—-a)—(z—a)
1

&_m(w—a_q
Z—a

1

Consider

c—a) 5\ z-a



4.6 Laurent’s Series

1
Substituting " in Eq. (4.4),
-z

1 (w=a)"
bl
D=

27'[1 (w a) ntl
- 1

-y - b
Z{ (z—a)" "
e

(W a)—n+1

f](Z)_fz(Z)
Za -y +Y
=t (2— a)

fw)

n+l

where b, = J

= f(@)

where a, J
277:l (w a)

S

(W a)—n+1

bn 277:1'[

The second term z is known as the principal part of Laurent’s series.

n=t (2 - (1)

4.21

Example 1
1

Find the Laurent’s series of f(z)= 22e® about 7 = 0.

Solution
1

f(2) = 7%e*

f(z) is analytic for |z| > 0.

f=7 (1+1+L+ 1 +- j
Z

27 62

) 11
=774+ 7+—F+—+--
2 6z
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Example 2
2z

Find the Laurent’s series of f(z)= 3 about 7 = 1.

(z—1)

Solution
21
z-1)°

f(z) is not analytic at z = 1. But it is analytic in the region |z — 1| > 0 about z = 1.
Letz—1=tthenz=1+1.

2(t+1)

f@)=

f@)=
t
2
_&
3
%l:l+2t+(2t) 21) +}
2! 3!
[L,& L2 i+..}
t3 2 t 3
2 4
+_+...
Lz 1)’ (z 1) (z—l) 3 }
Example 3

Find Laurent’s series expansion in powers of z that represent

1
f(2) :2(1— for the following domains: (i) |z| < 1 (ii) |z| > 1.
Z Z

[Summer 2013]
Solution
1
(2)=
1970
A B C
:_+_2+_
z 7z 1-z
1=Az(1-2)+B(1-2)+CZ>

Putting 7 =0,

1=8B
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Putting z =1,
1=C
Putting z =-1,
1=-2A+2B+C
=-2A+2+1

A=1
1 1 1
@D=—+—5+—
f z 2?2 1-z
() | <1 y
f(z) is analytic in the region |z| < 1 about z = 0
(Fig. 4.4).

1 1 _
f@=—+—+1-2" x
<l z
11 )
=—+—+(+z+z" +)
i z
(i) |Z|>l .
f(z) is analytic in the region Fig. 4.4
|z| > 1 about z = 0 (Fig. 4.5). y
1
|z|>1, ‘—<1
Z
1 1
f@=—+—=+ 1 N
¢ —z(—+lj
z
1
11 1( 1]
z 2 zZ\ z
:l+%_l(l+l+%+%+%+_,,j Flg.4.5
2 2z oz 2z
_rrroror 1o
2z 22z 22 72 &7
__ Lt 1 1
ZS Z4 ZS
Example 4
1 : . . .
Expand f(z) = ————— in Laurent’s series in the following regions:
(z+D(z-2)

(i) |z] <1 (i) 1<|z| <2 (iii) |7| > 2. [Summer 2015]
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Solution
1

f@)= (z+D(z+2)
_1E+D-(=2)
3 (z+1D)(z-2)

i1
31z-2 z+1
f(2)is not analytic at z=2 and z = —1.
i) <1
f(z) is analytic in the region |z| < 1 about z = 0 (Fig. 4.6).

Z

o ld<1<2, [E <1
2

(i) 1<[<2

Fig. 4.6

f(z) is analytic in the annular region 1 < |z| < 2 about z = 0 (Fig. 4.7).

1<lzl, |- <1
Z
|z|<2,‘5<1
2
11 1 72
== -
f( 3

1]
[SSEE
|

| —
VY
P
|
| 29
N———
L
|
N =
—
—_
+
IS
~—
||

W | =
|
N | =
—
—
+
NN
NSRS}
~—
+
I/
NCREN]
~
i8]
+
%',_/
|
IS
I/
—
|
IS
+
N'\’l_
|
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i) |o|>2
f(2) is analytic in the region
|z| > 2 about z = 0 (Fig. 4.8).

1<1
z

<1,

lo|>2>1, ‘3
<

1 1

1
f@)=—= -
|(1-2) <1+
z z

Example 5
Find all possible Laurent’s expansion of f(z)= 4732 abour
z(1-2)2-2)
z =0 Indicate the region of convergence in each case.
Solution
B 4-3z
&= a0
A B C

=
z 1=z 2-z

4-3z=A(1-2)2-2)+Bz(2—-2)+Cz(1-2)
Putting 7 =0,
4=2A
A=2
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Putting z =1,
B=1
Putting z = 2,
4-312)=-2C
C=1
2 1 1
s —t—
/ z 1-z 2-z
f(z) is not analytic at z=0,z=1and z = 2.
()¢ <1

f(2) is analytic in the region |z| < 1 about

z=0 (Fig. 4.9).

lf<1<2, %<1
2

f(Z)=E+L+l;
Z

-1
2 —1 1 Z
=—+(- +—|1-=
z (1=2) 2( 2]

(ii)1<|z <2
f(2) is analytic in the annular region 1< |z| <2
about z = 0 (Fig. 4.10).

Fig. 4.9

y
A

1<|z|, —<1
z
lz|<2, 2
2 Z— o1 .
2 1 1 1 1
f(Z)_;__l_l—i_El £
z
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(ii) [z] > 2
f(z) is analytic in the region [z| > 2 about z = 0 (Fig. 4.11).
lo|>2>1, ‘3<1, —{<1
z z
2 1 1 1 1
Q=27 Y
INCS
z F4
2 1. 1y o1, 2Y!
4y 4
Z Z Z Z Z
2 1( 11 j > X
=———|l+—+—=+
Z Z Z Z
()
—— | 1+—=+| =] +-
Z Z Z
3 5
=—— -
@ 2 Fig. 4.11
Example 6
Find the Laurent’s series expansion of
4z+1
f(2)= 5 1n|z|>2.
2(z"+z2-2)
Solution
4z+1
f@Q=—F——
2 +z-2)
_ 4z+1
2(z—D(z+2)
A B C
=t
z z—-1 z+2
4z+1=A(z+2)(z-1)+Bz(z+2)+Cz(z—-1)
Putting z =0,
I=2)(-DhA
A=—1L
2
Putting z =1,
5=3B
55
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Putting z = -2, y
7= (-2(-3)C

c=-1

6

11 51 7 1
__——+——_——
/@ 2z 3z—-1 6z+2

f(z) is analytic in the region |z| > 2 about
2=0 (Fig. 4.12).

<1, <1

lz|>2>1, ‘3
Z

1
-+ - Fig. 4.12
2z 32(1—1) 6z(1+2)
z z

Example 7

1
Evaluate f(z) =—————— in the Laurent series valid in the regions
(z+D(z+3)

|Z|>3and1<|z|<3.

Solution
1

(z+1)(z+3)

A B
_+_
z+1 z+3
1=A(z+3)+B(z+))

f@)=



Putting z =-1,
1=A(-1+3)
A=t
2
Putting z = -3,
1=B(-3+1)
B=—1
2
1 1 1 1
L fR)Em—
1@ 2z+1 2z+3

f(z) is not analytic at z =—1 and z = -3.

() |z >3

4.6 Laurent’s Series

4.29

f(z) is analytic in the region || >3
about z = 0 (Fig. 4.13).
1

<1,‘—<1
z

|z|>3>1,‘g
z

1 4 .
Z2 Z3
(i) 1 <]z <3

f(z) is analytic in the annular region
1 <[z < 3 about z = 0 (Fig. 4.14).

<1

1<|z|,

|z <3, ‘ <1

2
3

s

Fig. 4.13

Fig. 4.14
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Example 8

Expand f(z)= _ valid for the following regions:
(z+2)(z+4)

(i) |z| <2 (ii) 2<|z| <4 (iii) |z| > 4.

Solution

FO= s
_ (z+4)—(z+2)
2(z+2)(z+4)

et o
20 z+2 z+4 Y
1) |4<2
f(z) is analytic in the region
|z| < 2 about z = 0 (Fig. 4.15).

Z

<1, <
2

e <2<4,
4

<1

Fig. 4.15
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= ——=F——i |=| —= —_ ...
4 8 16 8 32 128 y
1 3z 77 1
=——— 4 —
8 32 128

() 2<|7<4
f(2) is analytic in the annular region 2 < |z| <4

about z =0 (Fig. 4.16).

Z

2<lzl, <1

<
lzl< 4, ‘Z<1 Fig. 4.16

Z
11 2 1( 7 2 j
— — [ R p— 1-—=4+=—...
2z 2 7 8 4 16

(i) |z >4
f(z) is analytic in the region |z| > 4 about
z=0 (Fig. 4.17).

4
|o|>4>2, F<L =<1
< <
11 11
TO= a2 4
z| 1+— z| 1+—
Z Z
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1

2T
Example 9

2
Expand f(z)= % = G4sa Laurent’s series if (i) 2< |z| <3, and
(z+2)(z+3)
(i) |z > 3.
Solution
2 2

Let fly=—1 @ -1

(z+2)(z+3) 22 +5z+6

Since the degrees of the numerator and denominator are same, partial fraction cannot
be applied. Dividing to reduce the degree of the numerator,

-5z-7
= 1 _—
J&= ey

= +
(z+2)(z+3) z+2 z+3
—57-7=A(z+3)+B(z+2)

Putting z = -2,
—5(=2)-7=A(-2+3)
A=3
Putting z = -3,
—5(-3)-7=B(-3+2)
B=-8 ‘y
3 8
= f@)= 1+Z+_2_ZT3

f(z) is not analytic at z = -2 and z = -3.
(i) 2<|7 <3

f(z) is analytic in the annular region
2<|z| <3 about z =0 (Fig. 4.18).

<1

<l f
Z

|2 <3, E <1

Fig. 4.18



4.6 Laurent’s Series 4.33

302 (2 (2) 8|z (zV (zV
=l4+—|1——+|—=| —| = | +|-=|1-Z+| | | =| +
z Z Z z 3 3 3 3

2 3
—143 1_32+g_§4+... 8T
z 7 7 oz 3 39 27

(ii) |o| > 3 i

f(z) is analytic in the region [z| > 3
about z =0 (Fig. 4.19).

g >3>1, ‘§<1, ‘l<1 > X
Z z
3 8
f@=1+ - 3
z(1+j z(l+)
Z z
-1 -1
=1+§(1+%] —§(1+§)
z z z z Fig. 4.19

e BRGSO RO

1 2 8 1 3 9 27
=1+3 5t -t -8 ———2+—3——4+---
<z 4 Z <z z Z
5 18 60 192
=]l- -4 —_— ...

2 3 4
Z 77z z

Example 10

Find the Laurent’s series of f(z)= #in I< |z| <2.
(z7+D(z"+4)
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Solution
Z
fQ)=——"—5—
(Z+1)(+4)
_Az+B Cz+D
=t
77 +1 77 +4

2=(Az+B)(Z* +4)+(Cz+ D) +1)

= A7 + B +4Az+4B+C7° + D72 +Cz+ D

=(A+0)7 +(B+D)z> +(4A+C)z+4B+D
Equating coefficients of z°,

0=A+C
A=-C
Equating coefficients of 72,
0=B+D
B=-D
Equating coefficients of z,
1=4A+C
1=4A-A
3A=1 Y
A=l
3
c=_1
3
Equating constant term,
0=4B+D
0=-4D+D
D=0
B=0
ﬂd:%ﬁ_%zfm Fig. 4.20

f(z) is analytic in the annular region 1< |z|< 2about z = 0 (Fig. 4.20).

1
—2<1
Z

2
<1 [ |z|2=‘z2H

L
4

1<M,P<L
z

<2 [?]<4,
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111 : 2 27
—1 ___+_ _______ _+__
3z 37 37 12 48 192

Z z3 ZS 1 1 1
= - = || ——F— —...
12 48 192 3z 37 37

Example 11

Find the series of f(z)=
|z+ 3| <4.

Wz(z—él) in terms of (z + 3) valid for

Solution
_ z
1= (z-1)(z—4)
A B
=4 —-
z—1 z-4
z=A(z-4)+ B(z-1)
Putting z =1,

Putting z = 4,

11 4 1
Y=t —
/@ 3z-1 3z-4
f(z) is analytic in the region |z + 3| < 4 about
2=-3 (Fig. 4.21). Fig. 4.21
Letz+3=¢ then z=7-3
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1 4 1

e P e

<1

le+3|< 4, ie.ll<4<7, E

<1, ‘i
7

1 4 1
+

1
f@=-= =
3 —4(1—’) 3 —7(1—t)
4 7
-1 -1

:L(l_z) _i(l_z)

12 4 21 7

1{ t (r)z } 4{ t [tjz }
=—|l+—=+|—=| +|=—|l+=+|=| +-

12 4 \4 21 7 \17

(1 2 j[4 4 42 )
= ——t— e || ——F—— -
12 48 192 21 147 1029

3 5t 294
——
28 784 21952

3 5 29

=———-——(z+3)+
28 784 21952

(z+3)° +---

Example 12

Find Laurent’s series expansion in powers of z that represent

f()= forthefollowmg domains: (i) 0< |z| <1(@i) 0< |z 1| <l1.

2z [Winter 2013]
Solution

1
f(Z)_z(z—l)

_z—(z-1)
2(z-1)
_ b1 y
-1 z
f(z) is not analytic at z=1 and z = 0.
(i) O0<lg<1
f(z) is analytic in the region 0 < |z| < 1 (Fig. 4.22).

11
f(z)——(l_z)——

=—(l-2)"' ——

Fig. 4.22

1
=—(l+z+22+2 +)——
z
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() 0<|z-1|<1 y
f(z) is analytic in the region 0 < |z — 1| < 1
(Fig. 4.23).

Letz—1=tthenz=1+1
0<lz-1<1,0<]r|<1

t 1+t Fig. 4.23

1
=—— (=142 = +--)
t

=$—[1—(z—1)+(z—1)2—(z—1)3+-~-]

Example 13
Tz-2

Find the Laurent’s series expansion of f(z)=———
2z=2)(z+1)

1<|z+1<3.
Solution
Tz-2

2(z=2)(z+1)
By partial fraction expansion,

f@=

A B C
U
77-2=A(z—2)(z+ 1)+ Bz(z+1)+Cz(z—2)
Putting z =0,
-2=A(-2)()
A=1
Putting z = 2,

14-2=BQ2)2+1)
B=2

Purring z = -1,
-7-2=C(-1)(-1-2)
C=-3
2 3

1
S fRQ=—tt————
1@ z z—-2 z+1
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f(z)isnot analyticatz=0,z=2and z =-1.
f(z) is analytic in the annular region 1 < |z + 1| < 3 about z = -1 (Fig. 4.24).

Letz+1=t¢ thenz=1¢-1.

y
I<lz+1]<3,ie, 1< <3 ;
1<, 1<1
t
|t <3, ‘—<1
X
1 2 3
=—t—-=
1@ t—1 t-3 ¢
1 2 3
1 * t t
t[l_j _3(1_j
t 3
1,1 o2 ! 3 Fig. 4.24
t t 3 3 t

S IR U SRR P R S !
_[ (z+1D 27(z+1) }+{ + +

+
39 z+l (241D (z+1)
Example 14
Find the Laurent’s expansion of f(z)= 3 in the region
1<|z-1]<2. Tz
Solution
1
f@)=——
i—2
1

- 2(1-2%)
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1
T z0-2)(1+2)

1=A(1-2)(1+2)+Bz(1+2)+Cz(1-2)

Putting 7 =0,
A=1
Putting z =1,
1=2B
_1
Putting 7 = -1,
1=-2C
c=-1
2
1 1 1 1 1
D=—F-—————
S 21-z 21+z
1 1 1 1 1

z 2z-1 2z+1
f(z)isnot analyticatz=0,z=1and z=-1.
(i) I<fz-1]<2

f(2) is analytic in the annular region
1<|z-1]<2 aboutz =1 (Fig. 4.25).
Let z—1=¢ then z=1r+1.

1<[f<2

1<t %<1

|t <2, ‘§<1

11 1 1

1
IR PR YIY

Fig. 4.25
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1 z-1 (z-1? 1 1 1
= -} ... [+ — + —_—
4 8 16 2z-1)  (z-1%* (z-1)°

Example 15
. . . +4 .
Find the Laurent’s series expansion of f(z)= Z—2 in the
region |z —1| > 4. (z+3)(z—-1)
Solution
z+4
f@Q=—"T"""
(z+3)(z-1?
A B C
= +
243 z-1 (z-1)
Z+4=Az-1 +B(z+3)(z-D+C(z+3)
Putting z = -3,
1=16A
L
16
Puttingz =1,
5=4C
c=2
4
Puttingz =0,
4=A-3B+3C
4= i—3B+E
16 4
B=—t
16

11 11 5 1
—_— —_—— +_
16 z+3 16z-1 4 (z-1)°

~fl)=

f(2) is not analytic at z=1 and z = -3.
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f(z) is analytic in the region |z — 1| > 4 about z = 1 (Fig. 4.26).
Let z—1=¢ then z=¢+1.

lz—1]>4,ie.|f]>4, Il
t| 4
1 1 11 51 y
=4 ——
1@ 16t+4 16t 442
1 1 11 51
=
16 (1 4) 161 4
1t
> X
_ LAY s
16¢ t 16t 442
1 4 (4Y 1 5
=—|1——4| — ——ee | —— =
16¢ t \t 16t 44>
1 4 16 5 Fig. 4.26
= —| — — —_—— +_
160\t ¢ 4%
1 4 16 5
= _ + 2_+ 3
16(z=D| (=D (z-1) 4(z-1)
-1 v
(z=1* (-1
Example 16

Find the Laurent’s series of f(z)= valid in the following region

1=z
(i) [ +1| <1 (ii) |z +1]>2 (iii) 1<|z+1]<2.

Solution 4
&=
_1-z+z
~z(1-2)
=1+L X
z 1-z
f(z) is not analyticat z=0and z = 1.
@ z+1]<1

f(z) is analytic in the region |z + 1| < 1
about z = -1 (Fig. 4.27). Fig. 4.27
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Letz+1=tthenz=¢-1.
lz+1l<Lie,ltl<1<2,

i<1
1 1
Z =t
1@ -1 1-(@t=1)
_
t—1 22—t
1 1

= 0
=
2
-1
1 t
=—(1-n"+={1-=
(I-1) 2( 2)
1t (tY
=—(I+t+17 4 )= T —+| = | +--
2 2 \2
LY YR P S
2 2 4

Y PO T G+1) 4o
= 2|:1+2(z+1)+4(z+1) + }

(i) |z +1]>2
f(2) is analytic in the region |z + 1| > 2 about z = -1 (Fig. 4.28).
Let z+1=1¢then z=1¢-1.

1 1 y
—<=x<1
2

>

lz+1]>2,ie.]f|>2,

1 1
f@==r

Fig. 4.28
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t 2ot t £ 7
R S
28
1 3

z+)*  (z+1)°
(iii) 1<|z+1]<2
f(2) is analytic in the annular region 1< |z + 1| <2 about z =-1 (Fig. 4.29).
Let z+1=1¢ thenz=1¢-1.

I<|z+1]<2ie,l<f]<2

I<[], |5 <1

<1

<2, ‘i
2

1

1
f@==r

1 1

(-4 (-3
t 2
-1 -1 .
Fig. 4.29

:l 1_1 +l 1_1 Ig

t t 2 2

(1 1 1.t (¢Y
=—|1+—+—+ [+=|1+=+| = | +-

t t 2 2 2 \2

11 1 1 ¢t £
= —F—F =+ || —F—F—+--

t 2P 2 4 8

1 z+1 (z+1)?
= + + o ||+ —+ 4o
z+1 (z+1)*  (z+1)° 2 4 8

1 z+1 (z+1)? 1 1 1
=|—4+—F 4|+ + >+ Tt
2 4 8 2+l (z+1)° (z+)D)
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Example 17
Expand ————

e T hz—2)
(i)|z=1]<1  (ii)1<|g<2
Solution

1
1= a2

__G-D-(-2)
(z-D(z-2)

Let

L

1
-2 z-1
f(z) is not analytic at z=2and z=1.
() |z-1]<1
f(2) is analytic in the region |z — 1| < 1
about z = 1 (Fig. 4.30).
Let z—1=tthenz=1+1.

lz-1<ie.|f|<1

f@)=-

1

t+1-2 ¢

=(1—t)*1+1
t

(41417 4+~
'

=[1+(z—1)+(z—1)2+---]+L1

(ii)1<|z <2

f(z) is analytic in the annular region
1 < 7] <2 about z = 0 (Fig. 4.31).

<1

1<l [t
Z

7| < 2, £<1
<2

in Laurent’s series valid for

(iii) |2| > 2

>

Fig. 4.30

Fig. 4.31
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(iii) 2| > 2 H

f(z) is analytic in the region
|z| > 2 about z = 0 (Fig. 4.32).

lz|>2>1, <1, ‘l<1
z

f@)=- + =
z 1—2) Z(l—l) z_.:.2:.
2 z A

1. 2 (2V o1
Z Z i z 7
== l+£+i+... + l+i+i+.“ Fig. 4.32
1.3
2 7
Example 18

Expand f(z)= as Laurent’s series valid in the following

Z
(z—D)(z—3)
regions:

(i)1<|z[<3  (ii))0<|z—1|<2  (iii)|z]>3. [Winter 2012]
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Solution
b4
@=—"—2
/ (z—D(z-3)
_A LB
z—1 z-3
z=A(z-3)+B(z-1)
Puttingz =1, y
3
1=A0-3)
A=-1
2
Puttingz =3,
3=B(3-1)
B=2
2
1 31
p=—t L2 L
- J@ 2z-1 2z-3
f(z) is not analytic at z =1 and z = 3.
(1) 1< |Z| <3 F'Ig. 4.33
f(z) is analytic in the annular region 1 < |z| < 3 about z = 0 (Fig. 4.33).
1<, ‘l <1
b4
|z <3, <

£le)=-
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(ii)0<|z—1|<2
f(2) is analytic in the annular region 0 < |z - 1| <2 about z =1 (Fig. 4.34).
Let z—1=¢thenz=1¢+1.
0<lz-1<2,ie,0<|f]<2

|t <2, <1

11 3 1
f@=—>—+>

2t 2t+1-3
1 31

__+__
2t 2t-2

z=-1

1 3l ¢ (¢V Fig. 4.34
=————14+—+| | +
2t 4 2 \2

2
;§{1Q+@}
2(z-1) 4 2 4

2
=_§{1+@+@+..}_ ! y
4 2 4 2(z-1)

(iii) || > 3
f(z) is analytic in the region |z| > 3
about z = 0 (Fig. 4.35).

|z|>3,‘l <%<1
z

(11 303 (3Y
=——|1+—F—+ |+—|1+=+| = | +--
2z 7 7 2z 7z \z
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EXERCISE 4.2

Expand the following functions in Laurent’s series:

z-1

1. =, 2 3
f(2) (z+2)(z+3) <|Z|<
2
Ans —E 1_Z+i +i 1_£+Z_
z? 3 3 9
2. f(z)= (1 1)for0<|z|<1and0<|z—1|<1 [Winter 2013]
2(z -

{Ans.:—l(1+z+z2 +---)and L[1—(2—1)+(z_1)2 _:ﬂ
z z-1

3. f(z)=zz_21in|z—1|>1

4. f(Z)=%in1<|z|<2

Z(z"-z-
2
Ans.:—i 14242 4 —i+£ 1_l+l+...
12 2 4 2z 3z z Z*

1

5. f(z)=——— intheregion 0<|zj]<1and 0 <|z-1<1
z(1- z)*
1 .1 1 ,
Ans.:(i)—+2+3z+4z" +--- (ii) ————+1=(z=-N+(z-1)" -
z (z-1)" z-1
6. f(z)= 1 inthe region |z| > 1

Cz(1-2)?



10.

11.

12.
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7 -3722+2z
R 1 1 1 1
[Ans.:(l)—z—gz—ﬁzz—---—?—2—3——4—-~~(11)2—3+Z—4+Z—+ }
f(2) ZZ_ZZ_; Sf or () 1<[2<3 Gi)[2]>3
111 z 2 1 1 5
{Ans (1)5(—§—3—ﬁ ----- z_Z+?_] (i) —+ Z+?+ }
1
= ;0<z|<2
f(2) 22-2) ||
2
Ans.: — 12 1+£+Z_+...
2z 2 4
f(Z)=1+2§;0<|z|<1
Z+z
1 2
Ans.:.—(1+z+z" +--)
z
z
Z)=—;0<|z+2|<1
@)= @ O 2s
2 2
Ans.: ——+1+(z2+2)+(z+2)" +---
zZ+2
fz) = E2ZED 40 4y 4 < 2] < 4 G |2] > 4



