Directional derivative

Line x = xg + suy, y = yg + su,

Suppose that the function f(x, y) is defined throughout a region R in the xy-plane, that
Po(x0, vo) 1s a point in R, and thatu = u;i + uj is a unit vector. Then the equations

X = Xy t+ Su, y =y + Suz

parametrize the line through P parallel to u. If the parameter s measures arc length from u =i+ uyj

Py in the direction of u, we find the rate of change of f at P in the direction of u by calcu-
lating df/ds at Py .
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the direction of u at a point P is the rate at

which f changes along this line at Py .
The directional derivative defined by Equation (1) is also denoted by

“The derivative of f at P,
(Duf)P()' u . !

in the direction of u”

The partial derivatives f.(xo, vo) and f,(xg, vo) are the directional derivatives of f at Py in
the i and j directions.



EXAMPLE 1  Using the definition, find the derivative of
fO,y) = x*+ xy

at Py(1, 2) in the direction of the unit vectoru = ( 1/\/5)i + ( l/\/i)j.

Solution  Applying the definition in Equation (1), we obtain
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The rate of change of f(x, y) = x2+ xy at Py(1, 2) in the direction u is 5/ V2.



THEOREM The Directional Derivative Is a Dot Product
differentiable in an open region containing Py(xg, yo), then

af\
(E>u1’o = (Vin+e,

the dot product of the gradient Vf at P, and u.

If f(x,y) is

EXAMPLE Find the derivative of f(x,y) = xe’ + cos (xy) at the point (2, 0) in the
direction of v = 3i — 4j.

Solution  The direction of v is the unit vector obtained by dividing v by its length:
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The partial derivatives of f are everywhere continuous and at (2, 0) are given by
f(2,0) = (er — ysin(xy))po = e —0=1
£(2,0) = (xe* — xsin (xp))a0) = 2e° —2:0 = 2.
The gradient of f at (2, 0) is
Vileo = f+(2,0)i + £,(2,0)j =i+ 2j
(Figure 14.28). The derivative of f at (2, 0) in the direction of v is therefore
(Duf)|20) = Vfl@o-u
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Properties of the Directional Derivative D,f = Vf-u =|Vf|cos @

1. The function f increases most rapidly when cos @ = 1 or when # = 0 and u
is the direction of V. That is, at each point P in its domain, f increases most
rapidly in the direction of the gradient vector Vf at P. The derivative in this
direction is

D.f =|Vf|cos(0) =|Vf].

2. Similarly, f decreases most rapidly in the direction of —V . The derivative in
this direction is D, f = |Vf|cos (7) = —| Vf|.

3. Any direction u orthogonal to a gradient V/ # 0 is a direction of zero change
in f because 6 then equals 77/2 and

Dyf = |Vf|cos(m/2) = |Vf|-0 = 0.




EXAMPLE Find the directions in which f(x, y) = (x/2) + (y?/2)

(a) increases most rapidly at the point (1, 1).
(b) decreases most rapidly at (1, 1).
(¢) What are the directions of zero change in fat (1, 1)?

Solution
(a) The function increases most rapidly in the direction of Vf at (1, 1). The gradient there

1S
(VAo = (xi + yj)an =1 +j.
Its direction is
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(b) The function decreases most rapidly in the direction of —Vf at (1, 1), which is
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(¢) The directions of zero change at (1, 1) are the directions orthogonal to Vf:
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EXAMPLE

(a) Find the derivative of f(x,y,z) = x> — xy? — z at Py(1, 1,0) in the direction of
v =2i — 3j + 6k

(b) In what directions does f change most rapidly at P, and what are the rates of change
in these directions?

Solution

(a) The direction of v is obtained by dividing v by its length:

Iv|= V(2 + (=3 + (6 = V49 = 7

S N
u—|v|—7l 7j+7k.

The partial derivatives of f at Py are
fr=0G =y =2, fr= 29010 =-2  f-=—1aig =L
The gradient of f at Py is

Vil = 2i = 2j — k.

The derivative of f at P in the direction of v is therefore
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(b) The function increases most rapidly in the direction of Vf = 2i — 2j — k and de-
creases most rapidly in the direction of — V. The rates of change in the directions are,
respectively,

IVfl= V2P + (=22 + (-12=V9=3 and —Vf|=-3.



