DEFINITIONS The tangent plane at the point Py(xg, yo, zg) on the level sur-
face f(x, y, z) = c of a differentiable function f is the plane through P, normal

to VfIPO'
The normal line of the surface at P, is the line through Py parallel to Vf|p,.

Tangent Plane to f(x, y. z) = ¢ at Pylxo, yo, Z0)
f(Po)(x — x0) + fy(Po)(y — yo) + fo(Po)(z — 20) = 0
Normal Line to f(x,y,z) = ¢ at Py(xp, yo, 20)

x =x0+ f:(Po)t, y=yo+ fi(Po)t, z = z9 + f(Po)t
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The normal is a line at right angles to the tangent.



EXAMPLE Find the tangent plane and normal line of the surface
f(x, ¥, Z) = x2 =+ y2 +z—9=0 A circular paraboloid

at the point Py(1, 2, 4).

Solution
The tangent plane is the plane through Py perpendicular to the gradient of f at Py.

The gradient is
Vilp, = 2xi + 2yj + kK)u24 = 2i + 4 + k
The tangent plane is therefore the plane
2x—1)+4(y—2)+ (z—4) =0, or 2x + 4y + z = 14.
The line normal to the surface at Py 1s

=1+ 2¢ y =2+ 4, z=4 4+t



Plane Tangent to a Surface z = f(x, y) at (xo, yo, f(x0, »0))
The plane tangent to the surface z = f(x, y) of a differentiable function f at the
point Py(xo, yo,z0) = (X0, yo, f(x0,y0)) is

fx(xo0, yo)(x — x0) + fy(x0, y0)(y — yo) — (z — z0) = 0.

EXAMPLE Find the plane tangent to the surface z = x cosy — ye™ at (0, 0, 0).

Solution We calculate the partial derivatives of f(x,y) = xcosy — ye' and
Then

f0,0) = (cosy — ye“)po=1—-0-1=1
£(0,.0) =(—=gsmy—iet)gy =0=1= =1
The tangent plane is therefore
l«(x—0)—1(y—0)—(z—0) =0,

or
¥ —=p—z=90,



Prove that div ("R) = (n+ 3) r". Hence show.

Wehave R=xI+yJ +zZK and r= \/(xz +3° +2°)
div (R) =V . (x2 + y2 + 222 (x1 + yJ + 2K)

- %[x(x2+y2+z2)"’2] + % [y(x? + y2 + 22)"2] + —‘%[z(x2+y2+z2)"”]

g 2_1
= '1:«{1.(x2 o -i-x.%(x2 +y° +2%)2 2x}

n
L
= +n22(x® +y° +2°)2 =3+ nr?. -2
Thus div (XR)=(n +3) r"
When n=-3,div (R/r*)=0 i.e., R/ris solenoidal.



vector identities

() divgradf=vof= 2L 8L OF
ox" dy° oz
(@) curlgradf =V x Vf=0
3) diveurl F=V . VxF=0
(4) curl curl F =grad div F - V?F, ie., Vx(VxF)=V(V.F)-VZF
(6) grad div F = curl curl F + V®F, ie., V(V.F)=V x(V xF) + V?F.




Proofs. 1) V¥ =V .Vf=V. (Ii.“]i.,.xi’[)
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Ve 83:2 + aa_y2 + ;zz is called the Laplacian operator and V?f = 0 is called the Laplace’s equation.
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o s (@) (oo
= (le %ZE+IXJ gy—+lxk g:—;‘z] z(x gj;‘; J gjgz)=o_
(4)V"(V"F)=(H%) (Ix%xE+Jx§£+Kxaaf)
=le(lx)2F+ng:;+K gjgz)
. { Lo DgiF} {("5%]" = "’aa:;} *{(l Fx-a- mgxia“l}]

-3)[12 J (e gn)as(r o)) 2

= i( OF  5.9F B_F] OF _yy-F)-V2F



To prove that
(1) grad (fg) = f(grad g) + g(grad f) i.e. V(fg)=fVg+gVf.
(2) div(fG)=(grad /) .G+ f(divG) ie VG =Vf.G+fV.G
3) curl (fG)=(grad H x G+ flecurl G) ie. Vx(fQ)=VfxG+fVxG
4) grad (F.G)=(F.V)G+ (G . V)F+Fxcurl G+ G xcurl F

Le., VIF.Q)=F.V)G+(G.V)F+Fx(VxG)+Gx(VxF)

(5) div(FxG)=G.(lcurl F)-F . (curl G) ie., V. FxQG)=G.(VxF)-F.(VxGQG)
6) curl FxGQ)=FdivG)-GdivF)+(G.V)F-(F.V)G
te.,, Vx(FxG)=FV.Q)-G(V.F)+(G.V)F-(F.V)G




or

Proofs (1) V (fg)=ZI. % (fg) = ﬂ(fag+g§)
=f3I %xg- +g X % =fVg +gVf

- d = Jf aG
®  V.¢e=.2¢0 ZI.(axG-rfax)

" (n%) .G+f(z[ 3_G) =Vf.G+fV.G

(3) Vx(fG)-XIxax(fG) Xlx(f—+afG)

= £31 % f_+zlafo=foG+foG

(F.

2 OF 3G _ .y oF
@  VF.@=HAiFe-u(F.6+F. ) -af gru
oF IF) 1 _ oF
Now G x (1x 7] =(6.5) 1-@.10 &F
IFY 3. aF oOF
(6. =) I-Gx(lxax) +G.0%E
OF 9F aF _
x(G. -a—) I=GxXx 5 +Z(G.D I =Gx(VxF)+(G.VF
e
Interchanging F and G, Z(F a—) I=Fx(VxG)+(F.V)G

Substituting in (i) from (ii) and (iii), we get
VIF.G)=F.V)IG+(G.V)F+Fx(VxG)+Gx(VxF)
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(5) v.(FxG)=z:1.%unm:n(%xc+px%§)=m.%"xc-zl.(§xi‘)
=z(1x%§).e-z(1x%—f).p [~ A.(BxC)=(AxB).Cl
=G.(VxF)-F.(VxG)

(6) Vx(FxG)=Xlx§I_(FxG)=Hx(g—xG+Fx?¥G)
=E[(I.G)g—f—(l.%)G]+z[(l.%)F—(I.F)%g]
=Z(G.I)%a—l?—GZI.%E+FZI.%—E—Z(F.I)%—E
=F(£I.§)—GZ(I.?¥F)+Z(G.I)%§—-Z(F.I)%

=F(V.Q-GIV.F)+(G.V)F-(F.V)G



If uF = Vv, where u, v are scalar fields and F is a vector field, show that F. curl F = 0. .

Solution. Since F = % Vv o curl F=V x (;lev)
or curlF:V%xVLw %Vx(Vv)
1
:V;XVU o VxNVu=0

Hence F.curl F= 1wy . (Vl X Vv) = 0, for it is a scalar triple product in which two factors are equal.
u u

Properties of Scalar Triple Product:
i) If the vectors are cyclically permuted,then

(axb).c=a.(bxc) &t €& ¢C3

by by b3

if) The product is cyclic in nature, i.e,

[abc]=[bcal=[cab]=-[bac]l=-[cba]=-[ach]



