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Discrete-Time Fourier Series (DTFS)

» The (DT) Fourier transform (or spectrum) of x[n] is a representation of a
signhal in complex exponential sequence, e/*" ,where w is the real frequency
variable

o'e

X(ej“") = Z z[n]e Iv"

n=——oc
» X[n] can be reconstructed from its spectrum using the inverse Fourier
transform

1 . .
x[n| = o X (/) e dw
T Jox
Notation:
X (¢%) = F{zn]}
zln) = F H{X (¢Y)}
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Discrete-Time Fourier Series (DTFS)

» In general DTFT of a sequence x[n] is a continuous function of w and it can
be written in a rectangular form as a combination of real and complex
exponential part

X (&)= X, (") + iX;, (")

» Here both real and imaginary parts are real function of w, and again it is
given as
X (e)=2{X (e9)+ X" (el
re E T

(o) (o) X )

J

Here, X~ (ej“’) denotes the complex conjugate of X (ej“’)
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» The polar form of X (ej“’) can be expressed as

X (') =‘X (e%) e

H(w)zarg{x (ej”)}

is called the magnitude function and the quantity 9(0))

» The quantity ‘X(ej“’)

is called the phase function, with both functions again being real functions of w.
Again the relationship between the polar and rectangular form are given as

X (e"" ‘X e”) cosf(w

smé’

(6”) (&) + Xin ()

(¢*)
Xin (") ‘X (e")
X () =X (e")x

tan 6(w) =

— X (e“"

Xin (")
X (&)




Band-Limited Discrete Time Signal

» Since the spectrum of the discrete time signal is a periodic function of w with a
period 2m (i.e., -m £ w £ m, full band spectrum). A band limited discrete time
signal has a spectrum that is limited to a portion of the above frequency range.

» An ideal band limited signal has a spectrum that is zero outside a finite
frequency range, 0 < W, < |a)| <w, <7 ;thatis,

X (e)- 0,0<|w| <,

0, m, < ‘a)‘ <z

» However, in case of the continuous time signal, an ideal band limited signal can
not be generated but, for practical purposes it is sufficient to insure that for a
band limited signal, outside the specified frequency range, the signal energy is

very small.
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Discrete Fourier Transform

» The N point DFT sequence X[k] is precisely the set of frequency samples of
Fourier Transform X(e!*) of length N sequence x[n] at N equally spaced
frequencies w, = 2nk/N, 0 < k <N - 1.

» Since the computation of the DFT samples involve a finite sum, for time domain
sequences with finite sample values, the DFT always exists.

» DTFT is not computationally convenient representation because here, w is a

continuous function of frequency and periodic with period 2.

One period of DTFT
DTFT > DFT

Sample at N equidistance point
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DFT representation

Let x(77)1s a finite duration sequenceof length L < N.

ie..x(n)=0forn <0&alsoforn = L.
-1

X(w) = Z.T(H)e_jm”

=0

11
X)) =X(@)| 22 = E x(m)e /"
N

= 2

4

-1 — j2mm

= ir(rs)e N

n=0
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N -point DFT of x(»n)for N = Lis
—jzm

X(k)= Z:r(n)q?

where/4s =0.1.2........ N —1

[t N> L. then Spectral display will be better due to zero padding.

It N < L. then time domain aliasing takes place.
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N-1 —Jj 2 7kn
X(k)= Zx(r:)e N wherek=0.1.2,....... N -1
n=0
N-1
X (k)=>" x(m)Wy" wherek =0,1.2........N—1
Where by defination
—j2x
Wy=e "
Phasetactor or Twiddle factor
Symietry property Periodicity property
.I'+N s er+3‘u’ L er
w, 2 =-Ww;, N —"w
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Inverse DFT (IDFT)

IDFT of X (k) 15

1 ~-1 J 2k

x(n) = ~ ;X(ﬁ:)e N

wheren =0.1.2........ LN —1
IDFET of X (k) 1s
1 N—-1
x(n)=— ZX(k)WﬂTm
N k=0
wheren =0,1.2........ SN —1
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Properties of DFT

Periodicity

If a sequence x(n) 1s periodic with period of N samples then N-point DFT,

X(k) 1s also periodic period of N samples.

If  x(n)< T > X (I)
then x(n+N)=x(n) for all n

and X(k+N)=X(k) for all k
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Proof

N-1

X (k)= z:r(n)e"ﬂmw O=n=N-1
=0

N-1

X(k+N)= x(m)e 27 Emy
n=0
N-1

— Z T(”)E—jfﬁm:‘ﬁg—jEfrf'-ﬁ*?.-"}-."

n=0
N-1
—2akn/N —j2z —j2; .t
=Y x(m)e T e e’ =cos2mn— jsin2an =1
n=0

N-1 N

— Z I(}?)E—jlﬂm.- N
n={

=X (k)
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Linearity

If x(n)< @fr > X (k) and x,(n)< @fr > X (k)

then ax (n)+a,x,(n)< @f >a X, (k)+a,X, (k)

where a, and a, are constants.
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Proof

N-1
X (k) = Zi'(?i’)f?_ﬂmw O=n=N-1

N-

DFT{ Xy (ﬁ) + ﬁﬁg(ﬁ } — Z 1.11(F?) +d,X, (ﬁ')} E_j‘}‘ﬁh""‘“”T

n=0
N-1
- — 727 Iy
{ ax,(me ™Y ya x,(n)e ™ H'T}
n=0
N-1 V-1
_ 7 ! AT -
:HIZA‘I(H)E J2Rkn/N -I-HEZJ.‘E(??)E Jomkn/ N
n=>0 n=>0
=a, X, (k) +a,X, (k)
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Circular Time Shift

It

x(n)< fﬂf > X (k)

then .T((I?—?ﬂ))v*( P25 X (k)e 77

N
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Proof

If a discrete time signal 1s circularly shifted in time by “m” units then its DFT

N-1
DFT {x((n —m))N} = Zx((n — m))N e TN et p=n—m
i:fl 27k (p+m)/ N
_ x(p e—j mk(p+m)/]
2 *()
. _

—-J /] —-j2
_ Zl(}))e j2akp/ N ejﬂ'hﬁ?\r
n=0

_ X(,‘If) e—jzfﬂ';ﬁﬂ.-"'JM
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Time Reversal

If  x(n)< @f > X (k)

then (( H)} ( —I’?) DFT }l’((—ff))N:l’(f\f—ﬂ:)

_I'!'llr."

Time reversal property of DFT says that. reversing the N-point

sequence 1n tume 1s equivalent to reversing DFT sequence.
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Proof

N-1
DFT{'T(N_’T"')}:ZT(I"?—TE}E?_}EWW [Letm=N—n
=0
T\’—l 2wk (N—m)/ N < 2AkNIN _—j2ak(—m)/ N
= x(m) e/ FFETIN N7 (1) e /TN N g2k mIN
Z () z (m)
N1
=D x(m)el*m ™ eI e™/*™ =1.since k isinteger
={}
_Z (HF) j2xkm! N
n=0
N-1 o |
=> x(m)e’ J2mkmiN o=j2am ‘e" *™ —1.since m isinteger
={)
. »
_Z (”}-) .-r ?Thﬂ."}'ﬁr{?—jzﬁ'ﬂh?"u"."f'f — ZIT(I”)e—jz;-rm[fﬁ,-'_k}l.'hr
n=0
=X(N—A')
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Circular Convolution

If x(n)<«2>X (k) and x,(n)< @fT > X, (k)

then A‘l(ﬂ)@x:(ﬂ){ ekl }Xl(k).X: (A)

N

N-1

X, (n) Qx,(n)= Z x, (m)x,((n—m)),

m=0
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Proof

N-1 N-1
X,(F)=>"x(me ™ =" x,(m)e ™" |Let n=m
n=0 m=>0

k=0.1.....N-1

N- N-1
X, (k)= Zrz(n)e'ﬂm“y =>'x (p)e i/ 2m®X \Let n=p
n=0 p=0

k=0.1.....N-1

] N-1

DFT™ {X,(h). X, (0)} =— 2 {X, (k) Xy ()} 7™

p=0

V =0
1“ N-1 e AT D
Vkﬂmﬂ

N-1

z {m)z_‘*r {pjzeﬂ s L (1)

m=10
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Proof

Let n—m— p=q¢gN. where ¢ 1s an integer

N-1 N— N-1
Zeﬁ”{"_’“'f’“ Z J2mkgNIN Z[eﬁm ]k ‘Since g isaninteger, e/~ =1
k=0 k=0 =0
N-1 i
=>1)y=~ (2
k=0
Since n—m—p=gN. p=n—-m-gN
Zn{p) Zn(i?—m—q}‘u)
m=0
N-1
= Z ,(n—-mmodN)=> x,((n-m)), ~  —————= (3)
m=0 m={

Using equation (2) & (3), equation (1) can be written as

DFT™ {Xl(k).Xz (Fc)} = — le(m). Z‘;sc‘2 ((n—m) ), NV

= il x,(m).x, ((n—m)), =x(n)®x,(n)
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Circular Frequency Shift

It

x(1) < m > X (k)

N

then x(n)e’”™ " « 2= :’X((Ff_m))w

Proof

DFT {.1‘(}-? ) Eﬂm”“w}

N

N-1
\ 2amo/' N _—j2akn/N
= E J‘(H}Ej e’

=0

N-1
= ()P = X (k)
=0 )
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Conjugate

Let x(n) be a complex N-point discrete sequence and x"(n) be its conjugate

sequernce.
If  x(n)«<Z=> X(k)
N
then  x"(n)<2Z— X (N —k)
Proof .
N-1 . , N—1 | T -
DFT {x* (1? )} — Zx* (H)E—jurﬁn_ﬁh _ {ZI(I?)EJEFMU‘" }
n=0 0
N-1 | ' _ - |
- x(n )ejlmm e 7 } oi2m _
n=>0
< ] 7 7 P AT )
— .I(I?)EJE:TJEEH_?\-E—J_Mhl{h :|
n=0

n=0 Dr. Shweta B. Thomas, VIT Vgllore

N-1 i
_ { x( H)E—jz;n:m’—fr}f-‘vl _ [X(n _ ,z;)]* = X (n— k)



Perceval's relation

If x(mM«ZZSX (k) and x,(n)«==— X (k)
J-Jl'l;r - ‘;hlri"
N-1 | V-

S 5 (n) % (m) =~ 3., (k) X; (k)

n=0 N k=0
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Proof
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Twiddle factor Calculation for N =8

e | 2mk o 2mk 2mk . 2k
(NV=8) N N N
"y £ 20 2x0
e - 1
8 8
B
", e : aaszg‘ﬂ-;:s;h‘?;] 0.707 — j0.707
: vz
W, o 22 _jsh.?:rz 0— 1
8 8
o e cas 273 _ jsin 273 ~707 - j.707
8 8
W, L= 2r4 .. 274
e cos - Jsin -1
8 8
* s
M| e mszgj-;:s;hzf —707 + /707
f e
" e ° mszgﬁ -;:ghzgﬁ 0+7.1
? V=4
", e ¢ mszf -jsh"?;T 707 + 1.707
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Symmetricity and periodicity properties of Twiddle factor for N=8

L
W, = —+——
SN N
W' =1

I
W =—-—
2 2

lmle|

Wi=Wy'a-=-=j

j
W= Wy's---=pt =

W::W: -W;bl" -]
Re[Wyn]

. J
W:-w:- - = =mp vt 5& ’5
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Numerical Problem

Problem 1. Determine the DFT of the sequence

%. for0=n=2

x(r)=
0 otherwise
Solution The N-point DFT of the sequence x(n) is defined as

X(k)= i_j'x(n)e“ﬂ“"*’ NE=0,L.5N=L
n=0
1 1
"“">=[z’ ) %}
Therefore, e =%[l HES é_jzm] ok
N

- '}Ie_jw[l +2cos w] where o = L:/c-md N=3
= %e“ﬂ“"n [1 +2cosz%k

Hence, _ 1 —j2mmks3 a (12 '
X(k) 48 [1+2COS [%k]J where k£ = 0, I,...,N"l
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Problem 2. Derive the DFT of the sample data sequence x(n) = {1, 1, 2, 2, 3, 3}

and also compute the corresponding amplitude and phase spectrum.

Solution The N-point DFT of a finite duration sequence x(n) is defined as

N—1
X(k)=")  x(m)e 1>™kiN g _ 0,1 ... N=1.
n=0
Fork=0 :
X(0)= Zx(n)e‘fz‘"“’ ik }jx(n) =1+142+2+343=12
Fork=1 .
X()=> x(n)e™’ il o
n=>0 .
5 9
- Zx(n)e—jﬂnB
n=0

= e e 2 gl 3R 1 3 @™o

=1+0.5-,0.866 + 2(—0.5 —j0.866) + 2(-1)
+3(=0.5 + j0.866) + 3(0.5 +j0.866)

= _1.5+,2.598
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Fork=2 .
X(z) = Zx(n)e—jzﬂ(z)n/6

n=~0

5
& Ex(n)e—ZJ‘th

n=0
=1 + 7™ + 2 #3272 + 3¢/t - 3 gf10m3
=1+ (-0.5) —j0.866 + 2(0.5 +j0.866) + 2(1)
+3(~0.5 — j0.866) + 3(=0.5 + j0.866)
=—1.5+,0.866

Fork=3 5
X(3)=3 x(me /27N
n=0

5
= Zx(n)e‘j’"'
n=0
=1+ 7 +2e7 + 267 + 3¢ 4 3¢5
=1-1+2(1)+2(-1)+3(1)+3(-1)=0
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Fork=4 :
X)) = Z.\-(n)e

n=0
5

5: v(n)e” jarn/3

=) -
) , Rl e S _'_ 3e—jl(mf3 -+ 3e J20m/3

_ 1 4 gted 20+ 264+ 3¢
1+ (0.5+/0.866) +2(-0.5 ~/0.866) +2(1)

£3(-0.5 +0.866) +3(-0.5 - j0.866)
=_1.5—0.866

- }'21‘[(")",6

Fork=3
—j2m(5)n/6

5
X(5)= E x(n)e

n=0

5 »
— Zx(n)e—jSﬂnB

n=0

=1 + g7 + 2¢ 7193 + 2¢F + 3727 + 3/
=1+(~0.5+; 0.866) +2(~0.5 +7 0.866) + 2(~1)
+3(-0.5—7 0.866) + 3(0.5 — j 0.866)
=-1.5-2.598
X(b)= {12,-1.5 +2.598, -1.5 +j0.866, 0, —1.5 —j 0.866,
~1.5 -/ 2.598) ‘
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The corresponding amplitude spectrum is given by

%)= {y2x12, V(= 1.5) + (—2.598)7, V(=15 +(0.866)2, 0,

V157 4 (~0.866)" (1.5 + (~2.598)? }
_ =(12.29%9, 1732, 0, 1732, 2.999)
Hiueicomesponding phase Spectrum is given by

[tan_, il tanf_,[ 598) tan_,['0.866

=1
T.s]’““‘ (0)

(—2.508
\ ‘1.5 »
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Problem 3. Determine the IDFT of X(k) = {3, (2+j), 1, (2-j)}

Solution The IDFT is defined as

! _
x(n) = ‘A‘,Z X (k)e/2™ N 0 < p< N—1.
k=0

3
Given N=4, x(n) = %ZX(k)ef”""’z,() <n<3

k=0
Whenn=0
3
X(0) =32 X0
k=0
= %[3+(2+j)+1+(2—j)]= 2
Whenn=1

3 M
1) = %ZX(k)e"""’z
k=0

342+ j)e/™ + e + 2 e

3+@2+/)j-1+2=)NEN=0
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Whenn=2

1 2 fk

H2) =3 X W)

= —[3 2+ )™+ +(2— ")

= l[3+(2+1)(—1)+1+(2 J)(—l)] =0

4
Whenn=3 .
x(3) =23 X(k)e/ ™
4 k=0 .
= %[3 +2+ )™ 4P 4 (2 )™

=%[3+<2+j)(—j)—1+(2—j)(j)]=1

Therefore, the IDFT of the given DFT produces the following original sequence values
x(n)=[2,0,0, 1]
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Circular Convolution (Periodic Convolution)

Matrix Multiplication Method

» The convolution of two sequences x(n) and h(n) can be obtained by representing these

seguences in matrix form as given below:

¥(0) x(N-1) x(N=2)---—-x(2) x(1) [ ”(0) v(0)
(1) x(0) x(N-=1)---- x(3) x(2) (1) (1)

X(2) x(1) X(0)---- x(4) x(3) h(2) v(2)

X(N=2)x(N=3)x(N—-4)-x(0)x(N=1) || hH{(N-2) v(N-2)
Y(N-1)x(N=-2)x(N=3)---x(1) «x(0) || h(N-1) v(N-1)

» The sequence x(n) is repeated via circular path shift of samples and represented in N X N
matrix form. The sequence h(n) is represented as column matrix. The multiplication of

these two matrices gives the sequence y(n).
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Problem

Compute (a) linear and (b) circular periodic convolutions of the two sequences
x,(n) = {1, 1, 2, 2} and x,(n) = {1, 2, 3, 4}. Also find circular convolution using the
DFT and IDFT.

Solution

(a)Using matrix representation, the linear convolution of the two sequences can be

determined as

x4(n) = {15, 17, 15, 13}

Dr. Shweta B. Thomas, VIT Vellore

1 2 2 1|1 l1-4+-6+4=15
1 1 2 242 1+2+6+86=17
2 1 1 23 B 2+2+3+8=15
2 2 1 1|4 2+4+3+4=13




(b) Circular periodic convolutions of the two sequences x1(n) ={1, 1, 2, 2} and x2(n) = {1, 2,

3, 4} is given as

Xy |:'| ] =
/——-=\ X(1)=2
.
f ; \
X(2) =2 F1(n) Xq(0) =
+1 ] Q)1 *(2)=3 %3 () X3(0) =1
\_4/
Xy {3} =2 — i
*2(3) =4
X(3) =4
.
.-"'f..- \
/
¥z(2) =3 + X3(=n, (mod 4)) +x2|:n}| -1 xy ()
\ - ) 0)x2(0) =1
! xa(-n, (mod 4§ ¥1(0)x2
e
IE{” =2 4
Folded Sequence Product Sequence x3(0)

Dr. Shweta B. Thomas, VIT Vellore =1+44+6+4=15



%3(0) = 1

X2(3) = 4 9 x,(1-n, (mod 4)) ® x2(1) = 2

XZ(a) -3

Folded sequence rotated by
one unit in time

X2(1) =2

*2(0) =1 g x,(2-n, (mod 4)) & x5(2) =3

X2(3) =4

Folded sequence rotated by
two units in time

x2(2) =3
X2(1) = 2 x,(3-n, (mod 4)) & x2(3) =4

x2(0) =1

Folded sequence rotated
three units in time

%r. Shweta B. Thomas, VIT Vellore

x,(n).

Xz(1-n, (mod 4))

Product sequence, x3(1)
=2+1+8+6=17

x1(n).
X2(2 -n, (mod 4))

Product sequence, x3(2)
=3+2+2+8=15

X1 (n)
x2(3-n, (mod 4))

Product sequence, x3(3)
=4+3+4+2=13



(c) Circular convolutions by DFT and IDFT
X3(k) = X1(k) X2(k)

.2Tnk

X3(n) = Xk=g X3(k)e! ™™

(1) When x,(n)=[1, 1, 2, 2]

N-1
X,()=>"x(n)e /2™ N k=0,1,,.,N-1

n=(0
ForN=4
3
X,(k)= Z xl(n)e—jZ'nnkM’ k=0,1,2,3
Fork=( B |

' 3
X10)= " x,(m)e~s2meoy4 _

n=()
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Fork=1
3
X ()= Z x,(n)e~ ™2

n=(

=14 eI 4 2gin 4 9 g

=l-j+2 (1) +2 ()

FOl'k=2 =-1 %)

3
X,2)= le (n)e".l""ﬂ‘

n=()
=l+e-h+28'2"+2e-ﬂﬂ
‘1“1+2(l)+2(-1)=0

Fork=3
—f3nm/2

3
X,()= Zx, (n)e

n=0
=]+e fin2 ze-jln -+ 2(,’ fom/2

=14()+2(-1)-/(2)
=-]-j
X,(k) = {6,-1+/,0,-1 -}
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(i) When x,(n) = (1,2,3,4}

Here. N = 4. Therefore,

) .
X, k)=Y xmeF™, k=0,1,2,3.]

n=0

For k=10
3 -

n=0

Fork=1
3
X2(l) = zxz(n)e-j‘lmlz

n=0

=1+2e7"2 + 3¢ + 4¢P
=142 +3 (1) +4(j)=-2+ 2
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Fork=2

3
X0)=) xme ™
n=0

=1+2e" 4 3gin 4 4ohi

Forksa =12 +3 (1) +4 (1) =2

3
X B)=) " xy(n)e (r2)s

n=(

=14+ 2eP 4 300 | 4o
"2 +3 ()44 () =22
Xz(k)= {10’—2'*'2./:"2»—2—2".}
Xky=x (k) X, (k)
i {60, (-] 4 N (2+2)),0, (-1 -j) (-2 - L
We know tha o e o .
Y% =DFT (% (k)
s, VIT Vellore
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1 -
.\.3(")= ZZX;;(’C)eﬂ“"kM, n=01273
k=0

53 %[60 . (_4j)ef‘un/2 + (4j)ej31m12]
%, (0) = -1—[60 +(=4j)+(4))| =15

x3(1)——[60 4je/™ +4 e | = [60 ~4j(+J)+4j(=))]

= Li60+4+4]=17

4
11 . jw 4.ej3ﬂl
r(2)=[60-4je’" +4)

|
= J[60-4j=D+4j(-D] =13
S . jomi2
5,(3) = 7[60-+(—4)e” +4J¢ |
L %[60 (=)= 4D
1
7160 |

Therefore, x () = [15, 17, 15, 13]
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THANK YOU
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