i
SCOPE

Professor
VIT Vellore

P. Gayathr

I.

D




Graph 2

G ={V,E}
 Types - Directed (digraph) and undirected
* Network flow - involves directed graph

* Incoming edges and outgoing edges
 Indegree and outdegree

« Example digraph:

vV =1{0,1,2,3,4}

E=(0,2) (0,3)(1,0)(2,1) 3,4)(4,0)
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Network Flow 3

* In graph theory, a flow network / network flow is defined
as a directed graph.

 Network flow involves a source vertex, sink vertex and
several other vertices / nodes connected with edges.

« Each edge has an individual capacity which is the
maximum limit of flow that edge could allow.

» Source vertex is a vertex with indegree zero.
 Sink vertex is a vertex with outdegree zero.
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Network Flow Conditions 5

* For any non-source and non-sink node, the input flow is
equal to output flow.

« For any edge(Ei) in the network, O<flow(Ei)<Capacity(Ei).

 Total flow out of the source node is equal to total flow in
to the sink node.
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Maximum Flow

e+ |t is defined as the maximum amount of flow that the
network would allow to flow from source to sink.

e Each edge has certain capacity. Flow should not exceed
the capacity.
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Max Flow - Applications

~« Obvious applications of network

flow involve physical situations.

Suppose edges are roads with
cars, pipes with water or wires
with electric current. Flow
represents the volume of water
allowed to flow through the pipes,
the number of cars the road can
sustain in traffic or net electric

current.
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Flow Graph / Flow Network

A flow graph (flow network) is a directed
graph where each edge (also called an arc)
has a certain capacity which can receive a
certain amount of flow. The flow running
through an edge must be less than or equal
to the capacity.

.

Each edge in the flow graph has a certain
flow and capacity specified by the fraction
adjacent to each edge. Initially, the flow
through each edge is @ and the capacity is
a non negative value.



Max Flow

+ Multiple algorithms exist in solving the maximum flow
problem.

e Major algorithm to solve these kind of problems is Ford-
Fulkerson algorithm
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Ford-Fulkerson Algorithm

_« |t was developed by L. R. Ford, Jr. and D. R. Fulkerson
in 1956.

* |Inputs required are network flow graph G, source
node S and sink node T.
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Ford-Fulkerson Algorithm 11

 To find the maximum flow, the ford Fulkerson algorithm
repeatedly finds augmenting paths through the residual
graph and augments the flow until no more augmenting
paths can be found.
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Augmenting path




Residual network graph




Bottleneck value

Bnttleneck of 6

e

In the augmentlng path above, the bottleneck
is the “smallest” edge on the path. We can
use the bottleneck value to augment the flow
along the path.




Augmenting the flow

~ Residual network grap

s
LA S

Augmenting the flow means updating the flow
values of the edges along the augmenting path.




Augmenting paths and Residual
graphs
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Ford-Fulkerson Algorithm 17

 As per algorithm, if there are no augmenting paths possible
from S to T, then the flow is maximum.

e |f there is a path from source to sink in residual graph, then
it is possible to add flow

 The result i.e. the maximum flow will be the total flow out
of source node which is also equal to total flow in to the
sink node.
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Ford-Fulkerson Algorithm 18

FordFulkerson (Graph G, Node S, Node T):
1. Initialize flow in all edges to 0

2. while (there exists an augmenting path(P) between S and
T in residual network graph)

{
Augment flow between S to T along the path P

Update residual network graph

}

3. Return flow
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Example Problem - 1
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Time Complexity

 Time Complexity = O(Max Flow * E)

We run a loop while there is an augmenting path. In worst case,
we may add 1 unit flow in every iteration. Therefore the time
complexity becomes O(max_flow * E).
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xample Problem - 2

Network (G) Residual Graph {G,)
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Example Problem - 2
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Example Problem - 2




