DOUBLE INTEGRALS

The definite integral f flzldx is defined as the limit of the sum

flay) oy + Flxy) 8y + .+ fix, ) 8,
where n — oo and each of the lengths &x,, &, ... tends to zero. A double integral is its counterpart in two
dimensions,
Consider a function f(x, y) of the independent variables x, ¥ defined at each point in the finite region R of
the xy-plane. Divide R into n elementary areas 84, 84,, ..., 84 _. Let (x, ¥ ) be any peint within the rth elemen-
Ltary area 84 . Consider the sum

e, ) 84, + [, ¥ BAL + .+ flx,,3,) 84, ie, ) flx,,5)84,

r=1
The limit of thiz sum, if it exists, as the number of sub-divisions increases indefinitely and area of each
sub-divigion decreases to zero, is defined as the double integral of fix, v over the region K and is written as

[]. fix. ) da.

Thus _[L fle, yidA= Lt z fix,, )84, A1)

.l'.—}--
B4 el

The utility of double integrals would be limited if it were required to take limit of sums to evaluate them.
However, there is ancther method of evaluating double integrals by successive single integrations.

For purpose of evaluation, (1) is expressed as the repeated integral r’ J‘h Flx, ¥) dxdy.
o | L

Ii= value is found as follows :
(1) When y,, v, are functions of x and x,, x, are constants, [ (x, y) is first integrated w.r.t. y keeping x fixed
between limits v, ¥, and then resulting expression is integrated w.r.t. x within the limits x,, x, i.e..

where integration 18 earried from the inner to the outer rectangle.
274




Figure 7.1 illustrates this process. Here AB and CD are the two curves whose equations are y, = f(x) and
¥y =f; (x). PQ is a vertical strip of width dx.

Then the inner rectangle integral means that the integration is along one edge of the strip PQ from P to @
(x remaining constant), while the outer rectangle integral corresponds to the sliding of the edge from AC to BD.

Thus the whole region of integration is the area ABDC. '
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\ x, = fyfy 2y = foly)
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Fig. 7.1 Fig. 7.2

(ii) When x,, x, are functions of y and y,, y, are constants, flx, y) is first integrated w.r.t. x keeping y fixed,
within the limits x,, x, and the resulting expression is integrated w.r.t. y between the limits y,, y,, i.e.,

Ip= j: _[”‘ fix, yidx|dy | which is geometrically illustrated by Fig. 7.2.
]
Here AB and CD are the curves x| = fi(y) and x, = f,(y). PQ is a horizontal strip of width dly.
Then inner recltangle indicates that the integration is along one Yi
edge of this strip from P to @ while the outer rectangle corresponds to the L= [ - D
sliding of this edge from AC to BD. + R
Thus the whole region of integration is the area ABDC. e
({ii) When both pairs of limits are constants, the region of integra- P
tion is the rectangle ABDC (Fig. 7.3).
In I, we integrate along the vertical strip PQ and then slide it from
AC to BD. O —
In I,, we integrate along the horizontal strip P'Q@ * and then slide it x
from AB to CD. Fig. 73
Here obviously I, = I,..
Thm_ﬁ:rmmmnthnum, it hardbmamﬂwhﬂhr we first integrate w.r.t. x and then w.r.i. y or vice versi,

X=X,

Al X=X ]

§ 1 . 2 A & = b T '] g
Su]nhun 'l‘hahnex-!anndﬂuparahnlaﬂ hymtunmtntﬂﬂu,n} Flgum'?-l-slmsﬂmdummnd
which is the area OML.

Integrating first over a vertical strip PQ, i.e., w.r.t. yi‘mmP(:.v ﬂlth{J- x*/4a) on the parabola and then
w.r.t. x from x = 0 to x = 2a, we have

[ wartom [ e [ st [ [ 5]
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Fig. 7.4
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Otherwise integrating first over a horizontal strip RS, i.e., w.r.t. x from, R (x = 2 Jay ) on the parabola to
S(x = 2a) and then w.r.t. y from y = 0 to y = a, we get

2
IL %y de dy = -L .[mﬁ“dx' y['%jl:‘m dy
=2a [’ {ay-yzldynﬂﬂla—;i—?-;f=%

Eq:mple?.i Evaluate Hﬂ x* dx dy whemﬂwrﬁcrqmmﬁhﬁruthnddhwthﬁﬂ
x=y,y=0x=8and the curve xy = I6. - : ' |

Solution. The line AL (x = 8) intersects the hyperbola xy = 16 at A (8, 2]'
while the line y = x intersects this hyperbola at B (4, 4). Figure 7.5 shows the
region R of integration which is the area OLAB. To evaluate the given integral,
we divide this area into two parts OMB and MLAB.
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CHANGE OF ORDER OF INTEGRATION

In a double integral with variable limits, the change of order of integration changes the limit of integra-
tion. While doing so, sometimes it is required to split up the region of integration and the given integral is
expressed as the sum of a number of double integrals with changed limits. To fix up the new limits, it is always
advizable to draw a rough sketch of the region of integration.

The change of order of integration quite often facilitates the evaluation of a double integral. The following
examples will make these ideas clear,

Example 74. By changing the drsler abmiabacinn of [ [ < ain i dicly, oo dhat

Lﬂ- ;mr;udt =2 _ ; {!j.PT.U, fﬂ;ﬂj

Solution. _I: jn_ e gin px dedy = L- []: e ™ sin px .:[x] dy



='[:D 53— (pcos px + ysin px) | dy
p’+y

P .
= dy = | tan™ [EJ
'L- p+y " Ap

On changing the order of integration, we have
L- L- e sin px dxdy = L- amp:t{fn- e tf}'}dﬂ
[z an

Thus from (i) and (if), we have J: :'-‘%E‘-‘dp
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Example 7.5. Change the order of integration in the integral _ F

1= ]: Lﬁj;ﬁx.y}dxdy, - ) 4 . _r‘.

Solution. Here the elementary strip is parallel to x-axis (such as PQ)
and extends fromx =0 tox = .ﬁaz — ¥°) (Le., to the circle x* + y? = a?) and this
strip slides from y = — a to ¥ = a. This shaded semi-circular area is, therefore,
the region of integration (Fig. 7.6).

On changing the order of integration, we first integrate w.r.t. ¥ aleng a
vertical strip RS which extends from R [y = - f{a® — y )l toS by = Jla® - 3. ¥
To cover the given region, we then integrate wrt. x fromx=0tox =a.

qia‘—x’]
Thus I= j: dx IJG"T:’E fix,y) dy
a? -x') Fig. 7.6
or = E T flx, y) dydx .
!

Example 7.6. Evaluate |, _[: dydx/log y by changing the order of integration.

Solution. Here the integration is first wr.t. y from Pony = ¢ to @ on b i
the line y = ¢. Then the integration is w.r.t. x from x = 0 to x = 1, giving the O e il
shaded region ABC (Fig. 7.7). c——1—=

On changing the order of integration, we first integrate w.r.t. x from R
onxr=0toSonx=logyand thenwrt yfromy=1toy=e.

I

log y
d:
| i

Ixr1=fdy=‘y[ =e-1
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Solution. Here integration is first wort. y and P on the parabola
x* = day to @ on the parabola ¥* = 4ax and then w.rt x fromx =0 to x = da
giving the shaded region of integration (Fig. 7.8).

On changing the order of integration, we first integrate w.r.t. x from R to
S, then worl viromy=0toy =4a

- f,?f.,w-mhl”s

- [ @fay -y 1) dy

0 dex [
3 1 i n-&if i 2
Solution. Hernintegrntmnmﬂmtwr.tyﬁam}’nnﬂrepﬂuhﬂay’ ax
to @ on the line y = g, then w.r.t. x from x = 0 to x = a, giving the shaded region
OAB of integration (Fig. 7.9).
On changing the order of integration, we first integrate w.r.t. x from R to
S,thenwort yfromy=0toy=a.

¥ia ia
IHELI ||I - 'f::;ral -[) ydy E:i,‘::znxz]it
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= ul E ¥edy | sin" [?—;][' %rfdy [ sin~1(1) - sin~1 (0)] 79
a 3 2

_n = FE|Y | _Fa
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Solution. Here the integration is ﬁrﬂtw.rt.y alm:lg a \*ertmal
strip PQ which extends from P on the parabola y = x* to @ on the line ¥
= 2 - x. Buch a strip slides from x = 0 to x = 1, giving the region of
integration as the curvilinear triangle OAB (shaded) in Fig. 7.10.

On changing the order of integration, we first integrate w.r.t. x
along a horizontal strip P’Q’ and that requires the splitting up of the
region OAB into two parts by the line AC (y = 1), i.e., the curvilinear
triangle OAC and the triangle ABC.

For the region OAC, the limits of integration for x are fromx =0
tox = .fy and those for y are from ¥ = 0 to y = 1. So the contribution to
I from the region OAC is

1 Jr
5 IE {h jl}

For the region ABC, the limits of integration for x are from x = 0 to x = 2 — y and those for y are from y = 1
to y = 2. So the contribution to I from the region ABC is

I.= I:djj:_,:!jdt.




Hence, on reversing the order of integration,

I= j:dr ]-'G rydﬂf dy j:_yxyit
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Solution. Here the integration is first w.r.t. y along PQ which

extends from P on the line ¥ = x to @ on the circle ¥ = “ﬁz_ ). Then
P@ slides from y = 0 to y = 1, giving the region of integration OAB as
in Fig. 7.11.

On changing the order of integration, we first integrate wr.t x
from P to € and that requires splitting the region OAB into two
parts OAC and ABC.

For the region OAC, the limits of integration for ¥ are from
x=0tox =1 and those for y are from ¥ = 0 to y = 1. So the contribution
to [ from the region OAC is

g
(x* + %)
For the region ABC, the limits of integration for x are 0 to \IIEE - yE}I and these for y are from 1 to J2 . 8o
the contribution to / from the region ABC is

I,= .[:E @L‘fﬁﬂ ‘&_sx 2 o

x4+ ¥)

[
yi2- ¥

Hence i= I: |I{ncz +y" )" :dy+ L‘E |hr=l - il dy

1 4
" .L "‘E'”-"'d-"'*jl «-I"-‘E-:fld:-'=-%i-.f'§—n+ﬁ,j:2-1 -.12. =1-UV2.

DOUBLE INTEGRALS IN POLAR COORDINATES

To evaluate f' » fir, 8) dr d8 , we first integrate w.r.t. r between limits
n

r=r, and r = r, keeping 8 fixed and the resulting expression is integrated w.r.t. 8
from 8, to 8,. In this integral, r\, r, are functions of 6 and 8,, 8, are constants.
Figure 7.12 illustrates the provess geometrically.
Here AB and CD are the curves r, = f,(8) and r, = £,(8) bounded by the lines
6 =0, and 6 = 6,. PQ is a wedge of angular thickness 0.

Then r fir,8) dr indicates that the integration is along P from P to @
n

while the integration w.r.t. B corresponds to the turning of PQ from AC to BD.

Thus the whole region of integration is the arca ACDB. The order of Fig. 7.12
integration may be changed with appropriate changes in the limits.



Solution. To integrate first w.r.t. r, the limits are from 0 (r = 0) to P
[r =a (1 - cos 8)] and to cover the region of integration R, 8 varies from 0 to

= (Fig. 7.13).
i e
- L‘ ﬁnﬂ-ﬂl%r - -%r (1 - cos 8)° . sin 6 dB

o |1-cs0® ' o 8_sa® P
3 g s

Soluttan Given didesr=2sin® D)
o~ e s i)
are shown in Fig. 7.14. The shaded area between these circles is the region of

integration.
If we integrate first w.r.t. r, then its limits are from P(r = 2 sin 8) to @(r =
4 sin 8) and to cover the whole region 8 varies from 0 to . Thus the required

integral is .
1= a0zt Par o]

L]
ul = 4 = N £=
nmfﬁn 8do muzL sin® 00 =120 x 35 % =225n
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1 g—x%)
10, L ['I —ff;iﬂ (P.T.U., 2010 ; Marathwada, 2008 ; U.P.T.U, 2006)
o (x™ + %)

1;“_
1. '{:“‘E I o log (x? + %) dxdy (a > D).
-

1 i.‘-:"- J
. | J"G xydydz. (V.T.U, 2010) SN I RS (Anna, 2009)
x 8= =¥}
14, J;' i %dgdx (Bhopal, 2009 ; 8.V.T.U., 2009 ; V.T.., 2007)
X -
18. 5 Eﬂ_‘!”‘jﬂt. (S.V.T.U., 2006 ; UP.T.U., 2005 : V..V, 2004)

18, Sketch the region of integration of the following integrals and change the order of integrations,

(i) L j"'i fix) dxdy (Rajosthan, 2006) (i) r" '[m fir, 8} drde.

17. Show that jL r* gin @ drdd = 20%3, where R iz the semi-circle r = 2q ens B above the initial line,

clredil A
18. Evaluate & over one loop of the lemniscate = a? cos 20. (Rohiak, 2006 5 ; P.T.UI, 2005)
i
19. Evaluate Hram over the area bounded between the circles r = 2 cos 0 and r = 4 cos 8,
(Anna, 2009 ; Madras, 2006)
AREA ENCLOSED BY PLANE CURVES
(1) Cartesian coordinates. -

Consider the area enclosed by the curves y = fi(x) and y = f,(x) and the
ordinates x = x, x = x, [Fig. 7.15 (a)l.
Divide this area into vertical strips of width 8. If Plx, y), Q{x + &x, v + 8v)
be two nﬂghbnunng points, then the area of the small rectangle PQ = &x&y.
area of strip AL = @“ L G .

Since for all rectangles in this strip & is the same and y varies from y =

filx) toy = fylx). Fig. 7.15(a)
) FAES folx)
area of the strip KL = 6 Lt Z dy = fx dy.
B0 £ filx)

Now adding up all such strips from x = x, to x = x,, we get the area ABCD
,F,{ﬂ :i. f,l_t: A EY]
&—lﬂi _ﬂ!::l -[ -I-.F.l#} -r1 -l-.-l'.n

Similarly, dividing the maA'B"E“D [Fig. 7.15(b)] into horizontal

strips of width &y, we get the area A'B'C'D'. Y| R
J' ll-flt_'r] A
i M N
(2) Polar coordinates. x = fily =fly)

Consider an area A enclosed by a curve whose equation is in polar
coordinates,

Let Pir, 8), @r + &r, 8 + 88) be two neighbouring points. Mark y=w B
circular areas of radii r and r + §r meeting OQ in R and OP (produced) in (i 2
3 (Fig. 7.18).

Fig. 7.15 (b)



Since arc PR = ré0 and PS = &r,

= area of the curvilinear rectangle PRQS is approximately
=PR .PS=rb0.&r.

If the whole area is divided into such curvilinear rectangles,
the sum LEr686r taken for all these rectangles, gives in the limit the
area A.

Hence A= Lt II.-EB&:_Urer
=0
ol = B
where the limits are to be o chosen as to cover the entire area.

M?ﬂﬂ#mamdcﬂmhm&m#nqmﬂpﬂhm f .5".- '."'.1"

g 2
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Solution. Dividing the area into vertical strips of width

&x, y varies from Kiy = 0) to Lly = b,,l'u - 2°/b*)] and then x
varies from 0 to a (Fig. 7.17.
required area

= [ [T dy= [ et

_b T_ 32 .
= ﬂj:' (a® - x*) dx = mabl4,
Otherwise, dividing this area into horizontal strips of width &y, x varies from Mix = 0) to
Nlx = a /(1 - ¥°/b*) | and then ¥ varies from 0 to b.

b Ji-nt b =
required area = I dy J':' 1 't.'ﬁ:=L dy I-’-'E ﬁl k)

li]
-8 j: J&7 — %) dy = nabis.

Obs. The change of the order of integration does not in any way affect the value of the area.

i
W?Jtﬂhmihtthemhmﬂzm;‘nmm- 13 f“r H" ’,fdl
Solution. Solving the equations y? = 4ax and x? = 4ay, it is seen

that the parabolas intersect at O (0, 0) and A (4a, 4a). As such for the L x* = dax
shaded area between these parabolas (Fig. 7.18) x varies from 0 {o 4a ;

and y varies from P to @ Le., from y = x*/4a to ¥ = 2 Jlax) . Hence the
required area

dia
o 28
" .{m. yn'a:—jﬂ (2\flax) - x*/4a) dx
3 i
r 922 16 2_16
[

3 3 4




 Example 7.15. Calculate the area included between the curve r = a (sec 6+ cos 6 and ifs asymplote.

Solution. The curve is symmetrical about the initial line and has an i
asymptote r = a sec 8 (Fig. 7.19). r = alsec 8 + cos 6)
Draw any line OP cutting the curve at P and itz asymptote at P°, Along
this line, B is constant and r varies from a sec 8 at P " to a (sec 8 + cos 8) at P. P
Then to get the upper half of the area, 8 varies from 0 to m/2. =
nfZ imec B+ oo B
required area =2L r r drd® o o % X
e g (Ber § -+ ood 8)
=2 _L {’_ de
. 8
g r=
'l L
=¢FL (2 + cos” 0) dO = 5na’/d, Sz
Fig. 7.19

Example 7.16. Find the area lying inside the cardioid r = a(1 + cos &) and outside the circle r = ..

Solution. In Fig. 7.20, ABODA represents the cardioid r = a(1 + cos 6)
and CBA" DC is the circle r = a,
Required area (shaded) = 2 (area ABCA)

=EI:2 j':i rdﬂdr:‘.?iﬂ ]':"'“m (rdr) d@
_3 .[:.F‘.: 2

1+ eos B 't
"[ dﬂnaEL (1 + cos8)* — 1] d®
mig e
=:::9_{l (cos” 8 + 2 cos 0) d0 = a® (;. :+2]=i:{u+ﬂl.
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TRIPLE INTEGRALS

Consider a function f(x, y, z) defined at every point of the 3-dimensional finite region V. Divide V into n
elementary volumes 8V, 8V, ..., 8V . Let (x, ¥, z,) be any point within the rth sub-division §V . Consider the sum

i flx,, ¥.,2, )8V,

r=1

The limit of this sum, if it exists, as n — o and 8V, — 0 is called the triple integral of fix, ¥, z) over the
region V and is denoted by
IJ-J- f{:n ¥, z) dV.

For purposes of evaluation, it can also be expressed as the repeated integral
[Z 17 [7 ooy 2 dxdydz.
fo=n Th




If x,, x, are constants ; y,, ¥, are either constants or functions of x and z,, z, are either constants or
functions of x and y, then this integral is evaluated as follows :

First f (x, v, 2) is integrated w.r.t. z between the limits z, and z, keeping x and y fixed. The resulting
expression is integrated w.r.t. y between the limits y, and y, keeping x constant. The result just obtained is
finally integrated w.r.t. x from x, to x,.

A yizd | s iz ¥

Thus 1= {5555 poe, 2ade] dy| ax

where the integration is carried out from the innermost rectangle to the outermost rectangle.
The order of integration may be different for different types of limits.

1 r Fy
Example 7.17. Evaluate L _L r_*' (x4 y+ 2) dedyds. (J.N.T.U., 2006 ; Cochin, 2005)
Solution. [nft&g'rating first w.r.t. ¥ keeping x and z constant, we have ‘
ol PlaysLng|  dedes [ [ Lx]
I= I—:Io .13-'+2+_'.rz _ fi:dz..j_l_[: (x+z]l[3:]+24::z dx dz
2 . a P
_ x [:dg..z [—-—+z +—-]dz 4= | =u.
.[ 2 j 2 4|,
1= P T = . , .
Example 7.18. Evaluate L j‘r o N I3 o gl (VIT.U., 2003 5)
Solution. We have
1 J1-= -2 =) 1 T Y=o =)
I=L:{L J’{L zdz}dy‘dan:[E ! ¥ %L dy }p dx
o - Jr-a
_[ {Ll“ .-—u x—yldy}dx-—[ a-Ht —-"TL dx

1 . T 1 _al . B
aL"I P .2 -(1-2°0 . x]dx E_L{x 25 + 2%) dx
2
x _2x  x -1(1_1 1] 1
2 4+ﬁ[: s\2" 278 "a8’

PROBLEMS 7.3
Evaluate the following inlegrals

g L‘ j: E{rlwhz’ldnﬁrda.MnmEﬂH} 2, J:_ fﬁ [_' {x’+:‘+ﬁ#¢:d’; | I*_
(8.V.T.U, 2009 ; F‘!‘I?Hﬂﬂ]

5. j':j; [ eaeaxay O R

(Nagpur, 2009) (V..U 2010 ; Kurukshetra, 2009 8 ; JN.T.U., 2006)
5 ‘[:ﬂrl L: fnl+hl)' ST A a E ‘[‘Ili.r J':' I-n:ldllﬁuﬁ"
(Bhopal, 2008) '  (BVTU, 2008, Rohak, 2006)

- rt

2 .[:” f:'m f‘_ rdz dr d6. ’ (V.T.U, 2009)
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VOLUMES OF SOLIDS

{1} Volumes as double integrals. Consider a surface
z = [ {x, ¥). Let the orthogonal projection on XY-plane of its
portion S’ be the area S (Fig. 7.21).

Divide S into elementary rectangles of area &x & by
drawing lines parallel to X and Y-axes. With each of these rect-
angles as base, erect a prism having its length parallel to OZ.

»  volume of this prism between S and the given sur-
face z = f (x, ¥) is zixdy.

Hence the volume of the solid cylinder on S as base,
bounded by the given surface with generators parallel to
the Z-axis. X s

= Lt EIX 2bxby

0 Fig- 7.21

= ”zitdy or Ifi:.:.rldxd_-.r
where the integration is carried over the area S.
Obs. While using polar coordinates, divide S into elements of area rié .
wumwm.m.nmmdwmmnl p

Example 7.19. Find the volume bounded by the cylinder x* + y° = 4 and the planesy +z=4and z = 0.
(8.V.T.U., 2007 ; Cochin, 2005 ; Madras, 2000 S)

Solution. From Fig. 7.22, it is self-evident thatz =4 -y is to 7
be integrated over the cirele x? + ¥ = 4 in the XY-plane. To cover the [

shaded half of this circle, x varies from 0 to /(4 - yil and y varies
from - 2 to 2.
Required volume

=2 ‘[22 L"r".'ﬁ rdxdy =2 J': j:h_’f' (4 - y) dxdy

q T
=9 j: {4—y}[x1;""f’dy =2 J‘: (4-y)Jid -y dy ¥

X
=2 [ afu-yay-2[ sfa-yay Fig. 7.22
=8 r Jid =" dy [The second term vanishes as the integrand is an odd function |
-
3
P S Y ()
2 2 2
2

(2) Volume as triple integral
Divide the given solid by planes parallel to the coordinate planes into
rectangular parallelopipeds of volume &x &y &z (Fig. 7.23).
the total volume = &Ltn EEE fx &y fe

s

e

. j]’njdxdym

with appropriate limits of integration. Fig. 7.23
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Solution. Volume required = J: _I:-‘ f:qp} dz dy dx

= j': I:_I Ia—x—y}dydx=j:

@ =X
{n—x}y—}'z—[ dx

.I.I'.l ﬁ

" Exsmplh ':.q:l. Mﬂa ik urmw

Solution. Let OABC be the positive octant of the given el.hpﬂmd
which is bounded by the planes OAB (z = 0), OBC (x = 0), OCA {y = 0) and
the surface ABC, Le.,

IE .:l"\E 2‘2 =1
TET T g T
a* ¥ ¢

Divide this region R into rectangular parallellopipeds of volume
frdyle. Consider such an element at Plx, ¥, ). (Fig. 7.24)

the required volume = 8 II_L dx dy dz,

In this region R,
(i} z varies from 0 to MN where

MN =e (- 2*1a® - y* 1b?).

Fig. 7.24

{ii) y varies from 0 to EF, where EF = p,/(1 - +* /a”) from the equation of the ellipse OAB, ie.,
2a® + y¥b® = 1.
(111) x varies from 0 to OA = a.
Hence the volume of the whole ellipsoid

infil-atra®) pedit -ttt - y¥ b @ bfit- o fa®) Ji- et - F it
=8 [ | ) drdydz =8 [ dx | dy|z;

g [Tax [T o= aT - ) ay

= %E J: dx j: Jip' -y dy whenp=5b J1-x*/a%).

e WP gyl s B, 2=
'T.Ld‘{ T Rl 'TLEI pcib b
= i:' i £ [ _ 4mabe

Urtherwise. See Problem 27 page 282,
(3) Volumes of solids of revolution
Consider an elementary area fixdy at the point Pix, y) of a plane area A. (Fig. 7.25)
Ag this elementary area revolves about x-axis, we get a ring of volume
= nlly + &) - ¥4 & = 2ny 8¢ By,
nearly to the first powers of Gy,



Hence the total volume of the solid formed by the revolution of the area A i
about x-axis.
= fﬂ 9y dadly.
In polar coordinates, the above formula for the volume becomes
- . 2 [ > .
J'_L 2w sin 0. rdedr, j IAEn sin 0 ddr o f , -
Similarly, the volume of the solid formed by the revolution of the area A |

. Fig. 7.25
about y-axis = IL 2nx dx dy. rg

Example 7.22. Calculate by doubls mtqﬁmhpn' the udumruwmtrq#d by the rnmlufmu afﬁgmrﬁaﬂ
r=af(l-cox ) about its axis.

Solution. Required volume
_ & pall - cos B Em-g in 8 dr d8 ’
=5k o £/

f=x g=0
1= cus 81 ¥ X
" ra .
=2n L E[: sin B d
l-cos 0 [ 8ma®
,m'nl;'ldﬂ=21;] ( T!} =E";. Fig. 7.26

CHANGE OF VARIABLES

An appropriate choice of eo-ordinates quite often facilitates the evaluation of a double or a triple integral.
By changing the variables, a given integral can be transformed into a simpler integral involving the new
variables.
(1) In a double integral, let the variables x, y be changed to the new variables u, v by the transformation.
x=¢u,vhy=yin vl
where ¢lu, v) and ylu, v) are continuous and have continuous first order derivatives in some region &' in the
uv-plane which corresponds to the region R_ in the xy-plane. Then

[[. 1oy dxay= H  fTot, v, 0| | dud A1)
dlx, ¥)
L
where o = o (= O)

is the Jacobian of transformation® from (x, y) to (u, ¢) coordinates.
(2) For triple integrals, the formula corresponding to (1) is

_[[L fix, v, 2) dxdydz = ”‘L fletus, v, w), ¥lu, v, w), #lu, v, w)l| J | dudvdio

where J= 502 ()
olu, v, 1)
is the Jocobian of transformation from (x, ¥, ) to (u, v, w) coordinates,
Particular cases ;
(i) To change cartesian coordinates (x, ¥) to polar coordinates (r, 8), we have x = reos 8,y = r in 6 and
J=Axy _ [Ex. 5.25, p. 216]
alr, 81

IL“ fix, y)dx dy = -”R.., fircos ®, rsin 8). r dr de.

* See footnole page 215,
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(ii} To change rectangular coordinates (x, y, z) to eylindrical coordinales (p, ¢, z) — Fig. 827, we
hauve

x=pecosd,y=pEing,z=z2

and J = ::: :’:}* =p (Ex. 5.25]

Then H flx, y, 2) dedydz = ﬁ: flp cos ¢, p sin ¢, ). pdpdidz.

(1i1) To change rectangular coordinates (x, v, z) to spherical polar coordinates (r, 6, §)—Fig. 8.28,
we have
x=renbeosd,y=rsin@sind,z=rcosd
_ dlx, ¥, z)
e dr,8,0)

Then m‘m f(x.y, 2) dxdydz = HL‘- f(r sin © cos ¢, r sin 6, sin ¢, r cos 6). r* sin @ drd6dd

and

=l sin @ [E.l. 5,25]

Example 7.23. Evaluate I_L (x + ) dxdy, Mﬂhmmh m@mmm
(1, 0), (3, 1), (2, 2), (0, 1) using the transformationu=x+yand v=x-2y. (ULP.T.U, 2004)

Solution. The region R, i.e., parallelogram ABCD in the xy-plane becomes the region R', i.e., rectangle A’
B'C’D’ in the uv-plane as shown in Fig. 7.27, by taking

u=x+y and p=x-2y ki)
Vv
A1, 1) v=1 B4, 1)
.
0 /s u
D1,-2) v=-2 C(4,-2
Fig. 7.27
From (i), we have :=%[2u+u]n.y=%{u—u]
dr dy
A, y) _19u Ju|__1
ou,v) |ax dy| 3
dv  dv

Henee, the given integral
- [ v PPl 1
= L |J1dudu—f J-_Eu .a.duda—a

Example 7.24. Evaluate IL xy/(1—x - y) dx dy uﬁmﬂ'htﬂur@ﬁmhﬂnﬂdby:;ﬁ,ynﬂnﬂ
x +y = 1 using the transformation x +y = u, y = uv. (Marathwada, 2008)

i
1
Jell, =21

u’
3

1



Solution. We have x = u - uv, y = uv

Jo 5y _|axidu aylou|_|1-v v
Na,v) | el aylow|™ u

Alsowhenx=0,u=0,v= l,whany:ﬁ,u:ﬂ,u:ﬂnndwhnn: +y=l,u=1
.. the limits of u are from 0 to 1 and limits of v are from 0 to 1.

-ui

*
an

Ll
Thus anr\ﬁl-:-yldmdy-l[] _L ull - v} uw (1 — w2 |J| dudy
158 where « = sin” 8
= L L W (1-w? vl -v)dudv du =2 gin 6 cos 8 d6
u=0,0=0
u=l6=n/2

= .[: w1 -u)’? dﬂrj:l:ﬂ-l?]dl’

=L gin® B cos 0. 2sin B eos dBx| L

nid
:EL sin’ @ cos® ade(%]--.

Snlntlnn Th!rnmmnfmtaﬂmmnbdnsﬂmﬁrnqmdmnlnﬂhaw-plmu rvn.nnframﬂtn-andﬂ
varies from 0 to 7’2, Hence,

O R e

- i {L ""t-m-mr}da--- “"‘ - Edﬁ-lf do=1. i)
Also I= L-e"’ #xfe”*dy-“: e* d:} -.{if)
Thus, from (i) and (ii), we have L" e = 3. .. i)

Solution. The required volume is found by integrating z = (x* + y*)/a z
over the circle 2% + y* = 2ay.

Changing to polar coordinates in the xy-plane, we have x = r cos 8,
y = r sin 8 so that z = r¥/a and the polar equation of the circle is r = 2a sin @,

To cover this circle, r varies from 0 to 2a sin © and @ varies from 0 to x.

(Fig. 7.28) 92
Hence the required volume ' -
2o gin B 1" sin @ ‘.-'
'I:.L E.Fdﬂdr—nLdEJ;h 'jdr o
1 o rl‘ e 3 o | 3‘.‘:’ S - Y
=;Ld’BT. = da f:m ode= .

Fig. 7.28
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Solution. Changing to polar spherical coordinates by putting
x=rsinBeosd, y=rsinBsing,z=rcos
we have dx dy dz = r* sin 8 dr d6 d¢,
Also the volume of the sphere is 8 times the volume of its portion in the positive octant for which r varies
from 0 to @, 8 varies from 0 to ©/2 and ¢ varies from 0 to n/2,

volume of the sphere
=8 j: E“ j::'r’ v2 sin B dr dB do = 8 L'rfdr. j:” .sin B d6. f:m 4o

B r nE K _ a® _ 4 3
-3,|? .|-msﬂL3 .—--I:..ﬁ.-.[-n+‘.ll--§:n.

TR

i W

Solution. The required volume is easily found by changing to
cylindrical coordinates (p, ¢, z). We therefore, have
r=peosdh,y=psind,z=2
= W02
and J 3.4.2) p
Then the equation of the sphere becomes p* + z¥ = a? and that of
cylinder becomes p = a sin §.
The volume inside the cylinder bounded by the sphere is twice the
volume shown shaded in the Fig. 7.29 for which z varies from 0 to

‘,I{aa-ptl.pvariesﬁumﬂmaain¢mdtvariaaﬁmﬂlul.
Hente the required volume =2I: J':"'"' I: @0 dedpdo
=2 f: f:'h* pyla® - p¥) dpd¢=2f: I -%Iﬂ* -pfy Eﬁ“ d¢

g~ 3
= u-m‘*mdp%mu—u,

T 6F L
‘

Tk it "rzllj':..':"'r;'_' Smehig g e g Pl A0S B
Solution. We change to spherical polar coordinates (r, 8, ¢), so that z
x=rsin@cos¢,y=rsinBsind,z=rcos B

and J=rginB 2+t 428 =r2,

The region of integration is common to the cone z* = x% + y* and the cylinder
2% + ¥* = 1 bounded by the plane z = 1 in the positive octant (Fig. 7.30). Hence 0
varies from 0 to n'4, r varies from 0 to sec 0 and ¢ varies from 0 to n/2.
given integral becomes

g2 oo

[ [ Lrtsinodraode = [ ae [
W2Z-1)=
wi-_bs

@ osec” B o P x i
=3 Z5—sinede-I[ sec®tan 0d0 = % | sec [/ =




Solution. Changing the variables, x, v, z to X, ¥, Z where, (xla® = X, (3/b)2 = Y, (2/c)*=Z
ie., x=aX y=b8Y%,z=cZ%s0 thatJ =d(x,y, 20 (X, Y, Z) = 27 abc X?¥Y2Z2,
- required volume = Hfd:dyd: = 27 abe H j' X*y*z? dx dvdz

taken throughout the sphere X% + Y2+ Z2= 1. i)

Now change X, ¥, Z to spherical polar coordinates r, 8, ¢ so that X = r sin @ cos ¢, ¥ = r sin 0 sin ¢,
Z=rcos® and d (X, Y, ZVd (r, 8, §) = r* in 6. To describe the positive octant of the sphere (i), r varies from 0 to
1, & from 0 to n/2 and ¢ from 0 to n/2.

. required volume = 27abe x8 [ [ [ r* sin® 8 cos® ¢ x 12 sin? 05in?¢ .12 cos? 0. 12 sin 0 drded

= 216 abe ﬁr" dr _L"" nu‘Omn’ﬂdaLm sin® ¢ cos®  d¢ = 4x abe/35.
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