Module:5 Multiple integrals

* Evaluation of double integrals

% Change of order of integration

% Change of variables between Cartesian and polar co-ordinates

¢ Evaluation of triple integrals

“* Change of variables between Cartesian and cylindrical and spherical co-ordinates
¢ Evaluation of multiple integrals using gamma and beta functions



Evaluation of double integrals

double integral of f over R, written as

// flx,y) dA or // f(x,v) dxdy.

R R

THEOREM If f(x, v) 1s continuous throughout
the rectangularregion R: a = x = b,¢c = y = d, then

~d b b rd
//f(.\'._\')dA - // flx,v)dxdy = // flx, v)dy dx.

R




EXAMPLE Calculate [/, z f(x, v) dA for

flx.y) =100 —6xy and R 0=x=2 —-1=y=1.

. 1 2
S°l"t‘°“//f(x,y) dA = // (100 — 6x°y) dx dy
10O
R

1

- / [100.\' = 2‘3‘]:(2, dy

1
!

= / (200 — 16y) dy
~1

= [200y — 8y2]", = 400.

Reversing the order of integration gives the same answer:
7 B0 - =>
/ / (100 — 6x%y) dv dx = / [100y — 3x%2 P! d
0 J-1 0
= / [(100 — 3x%) — (=100 — 3x?)] dx
0

2
= / 200 dx = 400.

0

The double integral

/ /R f(x. y) dA gives the volume under this
surface over the rectangular region R




Evaluate the following integrals

Answer 1)16 and 2) 14

1) /./—(4 — y¥) dy dx
JO JO

2) // (()_\'2 — 2x) dA, R O0sxs)l 0sy=2
"R

Find the volume of the region bounded above by the paraboloid

— —

z=x>+ yz and below by the square R:—1 =x = 1,
=1L'S 9= il

Answer 8/3




THEOREM Let f(x, y) be continuous on a region R.

1. IfRisdefinedbya = x = b, gi(x) = y = g(x),

on [a, b], then

//f(x V) dA—//gm
2(x)

2. IfRisdefinedbyc =y = d, h(y

on [c, d], then
d fhy)
/ flx,y)dA = / / #x;
c Jh(y)
R

with g, and g, continuous

) dy dkx.

x = hy(y), with A and A continuous

v) dx dy.




Finding Limits of Integration

Using Vertical Cross-sections When faced with evaluating [[, f(x, y)dA4, integrating
first with respect to y and then with respect to x, do the following three steps:

1. Sketch. Sketch the region of integration and label the bounding curves

2. Find the y-limits of integration. Imagine a vertical line L cutting through R in the di-
rection of increasing y. Mark the y-values where L enters and leaves. These are the

y-limits of integration and are usually functions of x (instead of constants)

3. Find the x-limits of integration. Choose x-limits that include all the vertical lines
through R. The integral

/ flx,y) d4

R

Using Horizontal Cross-sections To evaluate the same double integral as an iterated in-
tegral with the order of integration reversed, use horizontal lines instead of vertical lines in

Steps 2 and 3. The integral is

/f(x,y)dA= / f(x, y) dx dy.

R R



z =flx;y) =3 = x—=y

EXAMPLE Find the volume of the prism whose base is the triangle in the xy-plane
bounded by the x-axis and the lines y = x and x = 1 and whose top lies in the plane

2 y=x
//(3—r—vdydx /{3y—w—7} dx
yv=0

3.1-2) [33{ x3 ] i
= 3Ix — dx = |— — = = 1;
A ( 2 2 2 x=0

When the order of integration is reversed , the integral for the volume is

1 [l ' 2 =
= // 3—x—y)dxdy = / [3x = \7 - l’)"] dy
0 Jy 0 =




Sketch the region of integration for the integral

/-[“(4,1- +2) dy dx
0 Jx

and write an equivalent integral with the order of integration reversed.

4 Vo
(4x + 2) dx dy.

0 3 ",‘“2

integrals is 8.

0

9 =



Solution The region of integration is given by the inequalities x> < y = 2x and
0 = x = 2. It is therefore the region bounded by the curves y = x? and y = 2x between
x=0andx = 2

To find limits for integrating in the reverse order, we imagine a horizontal line passing
from left to right through the region. It enters at x = y/2 and leaves at x = \/; To
include all such lines, we let y run from y = Oto y = 4

4 rVy » 5
/ / (4x + 2)dx dy = (2_\2_*_ zx)v-" dv
0 Jy/2 0 y/2 .

4
- / (¥ +2V3-y42) dy
0

The integral is

= 8



2. Sketch the region of integration, reverse the order of integration, and evaluate the integral

j-isinydydx
0x y
W—— >y
s 4 -ﬂ_.Af-kT,,H.V.f-
x=0, —" =
0.0
1 ] 2 3

The region of Integration can be defined as
R={(xy) | e<y<m, 0<a <)

Sketch of the region is shown :
Now the region by using horizontal cross-sections

After reversing the order of integration we get

/w/ySiIlydwdy _/17 .’L’Siﬂy yd
o Jo Y ~ Jo v o Y
w
=/ siny dy
0
w
=l—cosy]
0

— cos(7) + cos(0)
=141=2




DEFINITION  The area of a closed, bounded plane region R is

A=/JdA.

Find the area of the region R enclosed by the parabola y = x” and the line y=x+27?

We sketch the region and calculate the area as

i [
AR

2 ,rx+2
dy dx 2
=11 LJ;: = / x+2—x%)dx
-1

.2 372
=|:L+7.\‘—'\—]

2 3L

N O




Double Integrals in Polar Form

=8 [r=gl0)
/h/f(he)d/i = / f(r.0) rdrdé.
O=a Jr=g(8)

Finding Limits of Integration

The procedure for finding limits of integration in rectangular coordinates also works for
polar coordinates. To evaluate [[, f(r, @) d4 over a region R in polar coordinates, integrat-
ing first with respect to » and then with respect to 6, take the following steps.

1. Sketch. Sketch the region and label the bounding curves

2. Find the r-limits of integration. Imagine a ray L from the origin cutting through R in
the direction of increasing . Mark the r-values where L enters and leaves R. These are
the r-limits of integration. They usually depend on the angle 6 that L makes with the
positive x-axis

3. Find the 8-limits of integration. Find the smallest and largest #-values that bound R.
These are the 6-limits of integration . The polar iterated integral is

=B [r=g(8)
/]f(r’g) dA = / f(r,())rdrd().
=a Jr=g0)

R



Evaluate He't:*"'laﬁ'dx. where R is the semicircular region bounded by the X-axis and the cury

= \]1 —x° by using polar coordinates

Substituting x = rcos#,y = rsinf
and replacing dy dx by r dr df enables to evaluate

L]

l —x

| e [ e
il

| x 1
= Lee-1)ap
O0=r=1, O0=0=m = A 2 \E ¢

=T (e—1)

-~ =
i

AN

=
I
v o

S

!

B
=




Using polar integration, find the area of the region R in the xy — plane enclosed by the circle 2+ y2 =4,

above the line y = 1 and below the line y =3 x

6 varies from 7/6 to 7/3
rvaries fromr = cscfltor = 2,

= V3x has slope V3 =tanb,s0f = /3. Next the line y =

sects the circle x? + yz =4 when x>+ 1=4, orx = V3.

giving its angle of inclination as § = 7/6.
Inthe polar coordmate r vanes from the horizontal line y
to the circle x? + \

w/3
/]dA = / / rdrdo
3 1 r=2
- [ B
w/6 r=cscf

w/3 1
= / 5 [4 — csc? 9] df
w/6

/3
460 + cot 0],;6

= ]

| inter-



Find the area of the region that lies inside the cardioid » =1+cos @ and outside the circler =1.
A r-limits of integration r = 1 and leaves where r = |1 + cos 6

r=1+cos®  B-limits of integration from 6 = —m/2t0 6§ = /2

w/2 fl+cost
A=3 { / / rdrdb }
0 1
2

fa

=
2N

> X
=2/ [(1+ cos@)® —1]db
0
7 L "2 2
g T Brers  Laavense = 2 (2cos@ + cos*0) db
2 at r=1+cos@ 0
r=| 7f/2 /2
=/ 4cos6’d9+/w2.%(l+cos29)d0
0 0
) /2 /2
= 4[sm0] + [9+ lsi112l9]
0 E 0
= 4[singm —sin0] + [(17 + Lsin7) — (0 + 1sin0)]
= a[1]+  [4n]

— 1
= 4+27r



Triple Integration

///F(x, v,z)dxdydz
D

DEFINITION

The volume of a closed, bounded region D in space is

V=/D//dV.

Evaluate the integrals

1 1 p1
E: /// (x2 + y2 + z?) dzdy dx Ans 1
0 Jo0 JoO

e fe& e 1
2. [ [ 1 de dy dz Ans 6

3 rV9—x? V92 Ans 18
3. dz dy dx
0.Jo 0




Finding Limits of Integration in the Order dz dy dx

To evaluate /// F(x,y,z)dV Z
b

over a region D, integrate first with respect to z, then with respect to y, and finally with
respect to x.

1. Sketch. Sketch the region D along with its “shadow™ R (vertical projection) in the
xy-plane. Label the upper and lower bounding surfaces of D and the upper and lower
bounding curves of R.




2. Find the z-limits of integration. Draw a line M passing through a typical point (x, y) in
R parallel to the z-axis. As z increases, M enters D at z = f(x, y) and leaves at

z = fa(x, y). These are the z-limits of integration. L’sa‘}e(s o ;
2= flxy
3. Find the y-limits of integration. Draw a line L through (x, y) parallel to the y-axis. As y
increases, L enters R at y = g;(x) and leaves at y = g»(x). These are the y-limits of
integration.
2 Enters at
z=filx.y)

Enters at

v =g | Ty

Leaves at
y = g2x)




4. Find the x-limits of integration. Choose x-limits that include all lines through R paral-
lel to the y-axis (x = a and x = b in the preceding figure). These are the x-limits of
integration. The integral is

x=b fy=gix) fz=falx,y)
/ F(x, y,2) d= dy dx.
x=a Jy=gilx) Jz=fi(x,y)

EXAMPLE

andz = 8 — x2

Find the volume of the region D enclosed by the surfaces z = x* + 3y?
2
—_— y L







y = /// dz dy dx
(4- \'2)/ 8—x—y
= / / dz dy dx
V(44— rz)/" x243y?
(4—x° )/
/ / (8 — 27 - 4?) dydv
V(4-x?)/2

4 L pVEIR
/ [(8 — %)y — gyﬁ dx
-2 ==\ (4=x?)/2

2 2 2\ 3/2
= _mon (4=%" 8 f4—x%
[ (s -2 5= - 5 (452)

2 e w2 3/2 . 3/2
JHISE I N
-2 -2

= 8 \/E After integration with the substitution x = 2 sinu




Let D be the region bounded

by the paraboloids z = 8 — x? — y?and z = x* + y. Write six
different triple iterated integrals for the volume of D. Evaluate
one of the integrals.

8§—x? —\
/ / / ldz dy dx
<2J-\V4-x2 —xi=y?
/ / / | dz dx dy,
-2 J=- 4 —

// / _ ldvdzdy +/// clxduh,
8-° :—v‘ Vz "-\
/ / ldxdydz + / / / I dx dy dz,
V8-zJ-\V8—z—y? z=y2
2 8— -x? 2 r4 z=x2
/ / / | dydzdx + / / / 1 dy dz dx,
-2.J4 - 8—'—r =2Jx? J=\Vz=x?
V8- V8—z—x2 Vz—x2
/ / / ldydx dz + / / / | dy dx dz.
Y y— VzJ=Vz=x2

The value of all six integrals is 167r.




>

Triple Integrals in Cylindrical and Spherical Coordinates

DEFINITION  Cylindrical coordinates represent a point P in space by ordered
triples (r, 6, z) in which

1. rand 6 are polar coordinates for the vertical projection of P on the xy-plane
2. zis the rectangular vertical coordinate.

Equations Relating Rectangular (x, y, ) and Cylindrical (r, 6, z) Coordinates
x = rcosé, y = rsin#, z =z

r2=x2+y%  tanf = y/x




How to Integrate in Cylindrical Coordinates

To evaluate // f(r,0,z)dV

D

over a region D in space in cylindrical coordinates, integrating first with respect to z, then
with respect to r, and finally with respect to 6, take the following steps.

1. Sketch. Sketch the region D along with its projection R on the xy-plane. Label the sur-
faces and curves that bound D and R.

2. Find the z-limits of integration. Draw a line M through a typical point (r, ) of R
parallel to the z-axis. As z increases, M enters D at z = gy(r, ) and leaves at
z = g5(r, ). These are the z-limits of integration.

r = hy(6)




3. Find the r-limits of integration. Draw a ray L through (r, #) from the origin. The ray
enters R at » = hy(#) and leaves at » = hy(6). These are the r-limits of integration.

4. Find the 0-limits of integration. As L sweeps across R, the angle 6 it makes with the posi-
tive x-axis runs from# = atof = [.These are the -limits of integration. The integral is

=B pr=hilf) fz=gi(r,8)
/] flr,0,z) dV = / f / f(r,0,z) dzrdrdb.
i B=a Jr=hid) Jz=glr #)




Evaluate the cylindrical coordinate integrals

2 L1 V212
L. / // dz r dr df Ans 47“-(\/5 B 1)
0 0 Jr

2w [O2m [3+24r°
3. / / / dz r dr dO Ans. 17_7T
0o Jo 0 5




Let D be the region bounded below by the plane z = 0, above by z
the sphere x> + y* + z> = 4, and on the sides by the cylinder xZeylaztes
x? 4 y? = 1. Set up the triple integrals in cylindrical coordi- -
nates that give the volume of D using the following orders of in- i
tegration. :
a. dz dr do b. d6 dz dr : 2 2
1 -_ Xty =]
f
/;"I_;,"*I P i
—_— ARPLER? AN
2% 1 Vié-r Ll '—,,;’/;"v 77 — Y
(a) fo Lfo dz r drdf
1 \.; 2=
(b) f;fo fo rdf dzdr X




DEFINITION  Spherical coordinates represent a point P in space by ordered
triples (p, ¢, 6) in which

1. pis the distance from P to the origin.
2. ¢isthe angle 5[" makes with the positive z-axis (0 = ¢ = 7).
3. 6 is the angle from cylindrical coordinates (0 = 6 = 2w).

Equations Relating Spherical Coordinates to Cartesian
and Cylindrical Coordinates

r=psing, x=rcos = psind cosb,

z = pcosd, y=rsinfl = psind sin 6, (1)

p=\/x2 +y2 +z2=Vr2 +z2%




Coordinate Conversion Formulas

CYLINDRICAL TO SPHERICAL TO
RECTANGULAR RECTANGULAR
x = rcosf X = psin ¢ cos O
y =rsinf y = psin¢gsinf
z=1z z = pcosd

Corresponding formulas for dV in triple integrals:
dV = dx dy dz
= dzr drdf
= p?sin ¢ dp d¢ db

SPHERICAL TO
CYLINDRICAL

r = psing¢
z=pcosdo
0 =20

P S B




How to Integrate in Spherical Coordinates

To evaluate /] flp, b, 0)dV
D

over a region D in space in spherical coordinates, integrating first with respect to p, then
with respect to ¢, and finally with respect to 6, take the following steps.

1. Sketch. Sketch the region D along with its projection R on the xy-plane. Label the sur-
faces that bound D.

2. Find the p-limits of integration. Draw a ray M from the origin through D making an
angle ¢ with the positive z-axis. Also draw the projection of M on the xy-plane (call
the projection L). The ray L makes an angle € with the positive x-axis. As p increases,
M enters D at p = gi(¢, 0) and leaves at p = g>(¢, 0). These are the p-limits of
integration.

> 2




3. Find the ¢-limits of integration. For any given 6, the angle ¢ that M makes with the
z-axis runs from ¢ = Py 10 ¢ = Py These are the ¢ -limits of integration.

4. Find the 0-limits of integration. The ray L sweeps over R as € runs from « to 8. These
are the @-limits of integration. The integral is

0=B fd=dux [p=g2d,8)
// f(P,d’,o)dV:/,_ /qb f(p, &b, 0) p*sind dp de db.
D

=bdmin Jp=g1(d, 0)



271 1/2
Evaluate j j j (r>sin? O+ 22 )dz rdrd@

0 0-=1/2

‘I;Z"*fo' f_l,'; (r? sin? @ + z°) dz r drdf
= f(,zrf(,l (r? sin® 0 + {5) drdé

2% 9
:j; (5"210_"21_4)(10

L.
3




& 2sing

Evaluate j j j o singdpdpdo

00 0

j:j:j;mw o sin ¢ dpdgdh = & f;fonsin“cbdfﬁdo
=3 L ([ + 1w g ) 0
=2 [ [, sin*¢dpdo
= J, [0 12]7 a0
=j:1rd0
2

=m




Find the volume of the * ice cream cone” D cut from the solid sphere p <1by the cone ¢g=17/3

Solution The volume is V = _/ff" p’sind dp d df over D.
The p-limits of integration. Ray M enters D at p = 0 and leaves atp = |

The ¢-limits of integration. the angle ¢ can run from ¢ = Otod = w/3
The O-limits of integration. @ runs from 0 to 27

V=///pzsin¢dpd¢da
D
2w W |
=/ / /pzsindepdedO
0o Jo 0
2w fw/3 p3 |
=/ / l:—:;—] sin ¢ dd db
0o Jo 0
2w n/Jl
=/ / Ssinduld)d()
o Jo
2w w/3
=/ [— cosd:] db
0 0
2
» =y |
/ ( 6+3)d9
_ 1 I
=627 =3

0 |



9 y 18 1'2—3/2
Convert / / / 2 + y* + 2% dz dz dy into spherical coordinates.
:1:2+y

0<y<3
Given 0<x< ,fg_y2
Va2 +y? <z < /18 —z? — y?

Range of z lower bound, 2 = \/x2 + y2, is the upper half of a cone

upper bound, z = 1/18 — z — y2 is the upper half of the sphere,

22+ oyt + 22 =18
and so from this we now have the following range for p

|0<p<{I8=3y2|

range for . is intersection of the cone and the sphere

2
<\/x2+y2> + 22 =18

22 4+ 22 =18

22=09

=3




pcosyp =3

3v/2cosp =3
e V2 = .o
COS(P—E—T ('O_Z
Hence UE‘P‘E%
Now > =
P COS @ = psin @
1 =tangp = tp:g

So, recalling that p* = z* 4 y? + 27, the integral is then,

3 p09—y? o /18—22—y2 /4 /2 32
/ / [ m2+y2+zgdzdmdy:/ / / ptsinpdpdfdy
0 0 v rit+y? 0 0 0



Let D be the region in Figure- Set up the triple integrals in
spherical coordinates that give the volume of D using the follow-
ing orders of integration.

a. dp dd do b. dé dp db

(a) )(2+y2 =1 = pzsinzq‘): l,and psing =1 = p = csc ¢; thus
27 pr/6 p2 g 2y pw/2 poesc .
j; fo j; p* sin ¢ dpdo df +_I; f_b j; p° sin ¢ dp dedf

o [ [ 6“) p?singdgdpdd + [ [ [ p? sin ¢ dpdpdd

X +_y24-22’4

—— +yz¢1




find the spherical coordinate limits for the integral
that calculates the volume of the given solid
solid enclosed by the cardioid of revolutionp = 1 — cos ¢

v= | '2'—' iy ,HM p? sin ¢ dpd do

= % LJLF(I — cos ¢)° sin ¢ d¢ df

~ o
1 “l—-cosd)|”
3 ‘l; [ 4 ] 0 o

1 4 2x
L@t [ a0

| =

(2m)

8

3



