4.50 Chapter 4 Power Series

4.7 SINGULAR POINTS

A point at which the function f(z) is not analytic is known as a singular point or
singularity of the function.

Types of Singularities

1. Isolated Singularity

A singular point z = a is known as an isolated singularity if there is no other singularity
within a small circle surrounding the point z = a; otherwise it is called a non-isolated
singularity.

2
For example, f(z)= 7 has isolated singularity at z = 2.

2. Removable Singularity

An isolated singular point z = a is known as a removable singularity if lim f(z) exists
z—a

or there is no negative power term of (z — a) in Laurent’s series of f(z), i.e., b, = 0.

For example, f(z) = sinz [Summer 2013]
z

z =0 is a singularity of f(z).
lim 205 =
=0 Z

.. f(2) has a removable singularity at z = 0.

3. Essential Singularity

A singular point z = a is known as an essential singularity if the number of negative
power terms of (z —a) in Laurent’s series is infinite.

e
For example,  f(z) = e2

1 1 1

=1+ +— >+
=2 2! (z=2)

Since the number of negative power terms of (z — 2) is infinite, z = 2 is an essential
singularity.

4. Pole of Order m
An isolated singularity z = a is known as a pole of order m if in Laurent’s series, all

the negative powers of (z — a) after the m™t power are zero, i.e., highest power of
is m.
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For example, f)=———
(z=D(z=3)
z=11is apole of order 1 and z = 3 is a pole of order 2.

Note A pole of order one is also known as a simple pole.

Meromorphic Function A function f(z) which is analytic everywhere in the finite
plane except at a finite number of poles is called a meromorphic function.

Example 1
Define the singular point of the function and state whether the function
2
f(2)= £ 2+1 is analytic? [Winter 2014]
(z+2)(z" +2z+2)
Solution

A point at which the function f(z) is not analytic is known as a singular point or a
singularity of the function.

f(2) is analytic everywhere except at the points given by
(z+2)(22 +22+2)=0

7+2=0, z>+42z+2=0

_ 2+.4-8
T
242
2
=—1+i

Z:_25

The singular points are z =-2 and z =—1 % i.

Hence, 7 is analytic everywhere except at z =-2 and z =—1 %i.

Example 2

1
Identify the type of singularities of the function f(z)=e% .
Solution

R
f)=e*!
1 1

=1+ + +-
(z=D  21(z-17

..00
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Since the number of terms of negative powers of (z — 1) are infinite, z =1 is an essential
singularity.

Example 3
Classify the poles of f(z)=— ! =
-z
Solution
f@)= 20-5

The poles are given by
Z(1-7=0
ZA+27)1-2)=0
z=0,0,%£1,%i

z=01is a pole of order 2 and z = %1, i are poles of order one or simple poles.

Example 4

1
Find the residue at 7 = 0 of f(z) =zcos—.
Z

Solution
f(z)=zcos—
2z
SHbl
Z Z
2h TR TE
1 1
=—7——4 — e
2z 247
1
Res [ f(z); z = 0] = coefficient of —
Z
1
2

Example 5

Find the pole and its order of the function f(z)= %. [Winter 2013]
<
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Solution
SlIlZ
f()=—1
Z
1 3 5 7
Z Z Z
:_4 7——F— =t
z 3150 7!
11 oz

___+___
22 6z 120 5040

1
Since the highest power of — is 3, z =0 is a pole of order 3.
Z

Example 6

Expand f(z)= ¢ at z = 0, classify the singular point z = 0.
z

[Summer 2015]
Solution
z—sing
f(@)=——
z
1 [ 2 2 7 )
=—2 Z—|\z—-——+———
z 3150 7!
z 27
= = 4+ 4.
3t 51 7!
z Z 7
11mf(z)—11m 3l 5!+7—-~
=0
Since the limit is finite, z = 0 is a removable singularity.
Example 7
What is the nature of the singularity at z = 0 of the function
sinz—z
f@=—7F—7
Z
Solution

SlIlZ Z

f@)=
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lim f(z)=lim s Za_ £ [9 form}
=0 =0 7 0
. cosz—1 . .
=1 U L’Hospital’s rul
Zlg(l) 32 [ sing L'Hospital’sru e]
= lim % [Using L’Hospital’s mle]
z—0 6Z
1 . sing
=—— o lim ——=
6 =0 Z

Since the limit is finite, z = 0 is a removable singularity.

Example 8

Z

Identify the type of singularity of f(z)=

Z
Solution
2—¢°
f(@)=—
Z
1 2 3 4 5
Z Z Z Z
=—|2-| I+et sttt
z 21 31 41 5!
IR IR TS U N S
2 2 2z 6 24 120

1
Since the highest power of — is 3, z =0 is a pole of order 3.
z

Example 9
Write the singularity of the function -
1-e
Solution
Let f(@)=
1-¢€
_ 1
- Zz Z3 Z4
1—[1+z++++---]
21 31 41
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_ 1
N 2 3 4
Tz
| z+—+—+—+
[ 2 6 24 j
_ 1
N 23
z. 72z
—Z| I+ =+ =+
[ 2 6 24 ]

11 z Z

-—_ = 2 4.

2 2 24 24

1
Since the highest power of — is 1, z=0is a pole of order 1.
z

Example 10

1

2
Identify the type of singularity of f(z)=e* .
Solution

f()= &

=e
o1 Y
1 2 27
=e|ll+ Sttt +--
z 27 2!
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Since the number of terms of negative powers of z are infinite, z = 0 is an essential
singularity.

Example 11
. . .. . tan z
Find the singularities of the function f(z)= .
. Z
Solution
tan z
f@)=
b4
lim f(z) = lim 202
z—0 =0 Zz
227
Tttt
= lim —2—13
z—0 d
2 4
=lim| 1+ + 22 +
7—0 3 15
=1

Since the limit is finite, z = 0 is a removable singularity.

Example 12
: . .. . cotmz
Find the singularities of the function f(z)=———.
7—a)
Solution
cot 7z
f2)=
(z—a)’
_ COSTZ
(z—a)’sin7z
Singularities are at (z — a)’ sin 7z = 0.
z—a=0, sintz=0
z=a, TTZ = nm, n=0,x1,%£2,...
z=n
=0,t1,+2,£3,...

Since in the neighbourhood of z = a, there are infinite number of singularities, z = a, is
a non-isolated singularity.
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Example 13

Identify the type of singularity of f(z)= £ ; 2 sin (Llj
7—

Solution

4 z—1
Let z—1=tthenz=1r+1.

f=1 i_ 2 sin(%)

f()= Z_zsin(Lj

Ay v v L
A = B Bie-1)

Since the number of terms of negative powers of (z — 1) are infinite, z = 1 is an essential
singularity.

Example 14
: . . 1 .
Find the singular points of f(z)= — State their nature.
sin
Z—a
Solution
f@)=
sin
Z—a

=0.

Singularity is at sin
Z—a
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1
=nm, n==x1,£2,
Z—a
1
7—a=—
nmw
1
z=a+—
nmw

Since in the neighbourhood of z = a, there are infinite number of singularities, z = a is
non-isolated singularity.

Example 15
2 +1
Find the singularities of the function f(z)= -
r:
Solution
2
f=2H
e
= +De
Z2 Z3
= +1)[1—z+———+---]
21 3!

f(2) is analytic everywhere.
Hence, there is no singularity.

EXERCISE 4.3
Determine the nature of singularities of the following functions:
1
1. Zer
[Ans.: z = 0 is an essential singularity. ]
2. sin3z
z [Ans.: z = 0 is a removable singularity.]
3.e?
[Ans.: No singularity]
2-¢*
4. =

[Ans.: z = 0 is a pole of order 3.]
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[Ans.: z = 1 is an essential singularity.]

(z-5%(z"-4)

[Ans.: z=2, -2 are simple poles and z =5 is a pole of order 2.]

z-2

[Ans.: z = 2 is an essential singularity. ]

[Ans.: z = 0 is an essential singularity.]

4.8 RESIDUES

The coefficient of

of f(z)atz=a.

The Laurent series expansion about z = a is

f<z>—2a (z—a)" +2

n= I(Z (1)

Z—a

Residue (at z = a) = Coefficient of
z—a

10y [ g - L[ L@
' 27[1

271'1 J. (Z a)—1+1 (Z a)—VH-l

= 2_m£ f(2)dz

Evaluation of Residues

1. Residue at a Simple Pole
(1) If f(z) has a simple pole at z = a then

Res[f(z);z = a] = ILm (z—a)f(2)

in the Laurent series expansion of f(z) is known as the residue
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(i) If/(2) is of the form f(g)= "= EZ; ,where g(z)and (2) are analytic at z = .
Z
If h(a)=0 but / (a) # 0 then z = a is a simple pole.
If h(a) =0 but g(a) # 0 then
8(z)
h'(z)

Res[f(z); z=a]= lim

2. Residue at a Pole of Order m
If f(2) has a pole of order m at z = a then

m—1
Res[f(z);z = a]= 1 liml d —(z-a)" f(z)}
( dz"

m—l)!zﬁa

Example 1

If f(z)= Z_—_11—2[1+(z—1)+(z—1)2 +---}, find the residue of f(z) at
z=1
Solution

Res [ f(z);z=1] = Coefficient of % in the Laurent’s series of f(z) about z = 1

i
=—1

Example 2
Find the residue of f(z)=z>sin (l) atz=0.
b4

Solution
f)=2 sin(l)
Z



Res|f(2);2=0]=

4.8 Residues 4.61

Coefficient of l
Z

__1

6
Example 3

7—
Obtain the residue of f(z) =———— at its poles.
SO e P

Solution

_ z-3

f@= (z+1D)(z+2)

The poles are given by

(z+D(z+2)=0
z=-1,-2
z=-1is a simple pole.

Res[f(2);z=-1]= lim (z-+1)(2)
z-3

= lim ——
7—=-174+2
-1-3
—-1+2
=—4

z=-21s a simple pole.
Res[f(2); z=-2]= lim (z+2)f(2)
72
z-3

= lim ——
—=>-2z+1
-2-3
—2+1
=5

Example 4

Test for singularity of

_ z2 +1
residues.

and, hence, find the corresponding
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Solution
1
Let -
© 1@ 2 +1
i 1
T (z+i)z—i)

z=—i and z = iaresimple poles.
Res|f(2); z=—i]= lim (z+i) f(2)
=1

= lim‘;
I=>-17—1
1
—i—i
!
2i
Res[f(2); z=i]=1im (z—i) f(2)
1
=lim L
=i Z+1
-1
i+i
L
2i
Example 5
. . < .
Find the residue of f(z)=———aboutz=1.
7 +1
Solution
z
()=
/ 2 +1
The poles are given by
Z+1=0
7 =-1
z==i
z
s f@)=

(z+i)(z—1)
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z =11s a simple pole.

Res[f(2); 2= i]=lim (= (2)

4.63

Example 6

4
Find the residue of the function f(z)= 3—2) at a simple pole.

7 (z—
Solution
4

2(z-2)

f@=

The poles are given by

2(z-2)=0
2=0,0,0,2

z =2 1is a simple pole.

Res[f(2);2=2]=lim (z-2)f(2)

=N
_4
8
_L
2
Example 7
.
Find the residue of f(z)= —————at z=-2.
(z=D7(z+2)
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Solution

2
Z

@)= (z=1)*(z+2)

z=-21s a simple pole.

Res[f(2);2==2]= lim (+2)/(2)

2

zlln}z (z— 1)2
(-2)°
(-2-1y°

4
9

Example 8

. . v/
Find the residue of tanzatz = 2

Solution
f(z)=tanz

. .
z= 2 is a simple pole.

Res{f(z); z= E} = lim (z —Ejtanz
2] r0 2
2
-=
= lim 2 [gform}
.7 cotz 0
2
. 1 . .
=lim ———— [Usmg L’ Hospital’s rule]

Z_% —COSec” 'z
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Example 9

Find the residue of f(z)= 5 at its pole.
(

Z —
Solution

f2)=
(z— 1)

z=11is a pole of order 2.

Res[f(z) z—l] l1m |:(Z 1) f(Z)]

(2- 1)'
=limi(z)
z—1dz
=lim(1)
z—1
=1

Example 10

2z+3
(z+2)*

Find the residue at the pole of the function f(z)=

Solution

2z+3
(z+2)°

f@)=

z=2is apole of order 2.

tim [ (2427 £(2)]

Res[f(2);z=-2 ]—(2 1)‘1 n

= lim —(21 +3)

—-2d

= lim (2)

72

=2

Example 11
2z
Calculate the residue of f(z)=

> at its pole.
(z+1)
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Solution

2
et

(z+1)°

f@=

The poles are given by
(z+1)*=0
z+1=0
z=-1
z=-11s a pole of order 2.

Res[f(2): 2 =—1]= [(z 17 £(2)]

Q_pam
1. dr,
= — lim —[¢*
1!15131dz[€ |

= lim 2¢%**
z—-1

=2¢72

Example 12

Find the residue of f(z)= 1_3

Solution

1 —
f@)=-=

z
z=01is a pole of order 3.

1
Res[(2):2=0]= 5= in lm—[(z 0’ f(@)]
d’ .
=5y im (e
1 d
S

_1' 4
=7 lim (=e?)

— )
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Example 13
1-e*
Find the residue of — —atz=0.
Z
Solution
1-e*
f@)=
4
z=01is a pole of order 4.
d?
Res[f(z);2=0]= a- 1)' lim —[(z 0) f(Z)]
_ : d3 2z
31 5 0=
1 hmi( 2¢°%)
620 dz?
_ l R PR
- g
_l : 2z
- e
-5
__4
3
Example 14
Find the residue of f(z)= Lz atz=1.
(z+4)(z-1)
Solution
50
f)= )

(z+4)(z-1)>

z=11is a pole of order 2.

Res[f(z):z=1]= [(z D]

1
2- 1)'

. d| 50z
=lim —| —
>l dz | z+4
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. {(z+4)50—501
=lim| ———

il (z+4)
_ 5(50)—-50
(5)°

-3

Example 15
2
: : : 77 -2z .
Find the residues of the function f(2)=——=—5—— at each of its
poles. (z+1D)7(z" +4)
[Winter 2014]

Solution

2-2z
(z+1D)* (> +4)

f@=

The poles are given by
Z+D* (2 +4)=0
z=-1,-1,%2i

_ -2z
(z+1)%(z+2i)(z-2i)

@)

z=-11s a pole of order 2.

1 d
Res /(2= 1] = 5= lim <[+ ()]

. d {ZZ—ZZ}
= lim —

>-1dz | 72 +4

i | @222 44— =22) 22
-1 (22 +4)

o [ 283 +87-272 —8-273 +472
= lim > 3
z——1 (Z +4)

222 +82-8
= lim —— 5
z%—l_ (Z +4)
2-8-8
25
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z = 2i is a simple pole,
Res [£(2); 2=2i] = lim [(z=2i) f(2)]
7—21

. -2z
= lim —
222 (z4+1)"(z+2i)
(i) -2(2i)
CQit+1)4i
—4—4j
(=4 +1+4i) 4i
_—(1+i)
T i(4i-3)
(4i-3)" (4i+3)
(47 +3i-4i-3)
- -25
_(T+0)
T 25

7z =-2iis a simple pole.
Res [f(2);z=-2i]= lim [(z+2i)f(2)]
z—>=2i

-2z
= lim —
=20 (z+1)% (2 —2i)
O (=20) +4i
(<20 +1)2(—4i)
444
T (—4+1-4i)(—40)
_ () (-4
—(3+4i) " (3-4i)
C3-4i+3i-4i°
- 25
7-i

25
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Example 16

+2
Determine poles and their orders for the function Zz— Find
, (z+1)7(z=2)
the residues at the poles.
Solution
z+2

f@Q=—F—"=
(@ +17(z-2)
The poles are given by

(z+1)*(z-2)=0
z=-1,—-1,2

z=-11is a pole of order 2.

— : d 2
=gy Jim @@

.o d |:z+2}
=lim —| ——

i {(Z-Z)(l)—(z+2)(l)}
= Iim

Res[f(2); z=—1]

s (z-2)°
—4
= zlgl—l1|:(2 —2)? }
4
(-1-2y
4
)

z=21is a simple pole.
Res[f(2); z=2]=lim (z-2)f(2)

z—2
.z+2

=lim 3
72 (Z + 1)

242
2+1)?
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Example 17

: > . . e o
Obtain the Laurent’s expansion of the function W in the
Z_
neighbourhood of its singular point. Hence, find the residue at that
point.

Solution
Let - e
f@@) =

f(z) is not analytic at z = 1. But it is analytic in the region |z — 1| > 0 about z = 1.
Letz—1=tthenz=1+1.

Z

f)=

(z=1y

et+1

t2

e
=—(e")

l2

e t2 3
=—|l+t4+—+—+-

2 2! !

e e e
=—+—+t_-te—+

t t

e e e (z=1)
+——t—te—F+---

(=12 z-1 2 6

Res[ f(2); z =1] = Coefficient of 1
—
=e

Example 18
2

Find the residues of f(z)= at its isolated singularities

S
(z=1*(z+2)°
using Laurent’s series expansion. Also, state the valid region.
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Solution

2
Z

(z—1)*(z+2)?

A B C D
= + + +

(z-1 (z-1° z+2 (z+2)

2 = Az-1D)(z+2) +B(z+2)> +C(z+2)(z—1)> + D(z - 1)

f(@)=

Putting z =1,
1=9B

B
9

Putting 7 = -2,

Equating the coefficient of z°,

0=A+C
A=-C
Putting 7 =0,
0=-4A+4B+2C+D
O=—4A+i+2C+i
9 9
4A—2C:§
9
—4C—2C=§
9
6c=3
9
c=-2
27
A=
27
4 1 1 1 4 1 4 1
f@=—

+= -— +—
27z-1 9(z-1* 27z+2 9(z+2)°

z=1 and z = -2 are poles of order 2. Since poles are isolated singularities, z = 1 and
z = -2 are isolated singularities.
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(1) For Laurent’s series about z = 1,
Letz—1=tthenz=r+1

41 11 4 1 4 1

= +—
= s e T a1 9 (1+142)

_ 4 1 4 1 4 1

A AR 2

ot 3[1+) 32(1+t)

3 3

4 1 4( ' a4l oY
=—t——-——1+=| +—|1+=
27t 92 81 3 81 3

4 1 4 t 1 4 2t 3¢?

=t |l — [+ —] -+ — ..
27t 92 81| 3 9 81 39
4 I 4{1 =1, =1 }

= + —_—

27(z-1) 9(z-1)*> 81
2

+i|:1_2(z—1)+3(z—1) _}

81 3 9

1
Res [f(z); z = 1] = Coefficient of P

_4
27

(i1) For Laurent’s series about z = -2,

Letz+2=tthenz=17r-2.

4 1 11 41 41
f@)=— o Tt
27(=2-1) 9(-2-1° 27t 9¢
4 1 1 4 4
= +— +—
27 t (Y| 27t o
el ey 37| 1-3
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4[1 z+2 (z+2)2+m] 1[1+2(z+2)+(z+2)2

= —_— _— + —
81 3 9 81 3 3
4 4
- +
27(z+2)  9(z+2)*
Res [f(z); z = -2] = Coefficient of L
z+2
__4
27
EXERCISE 4.4
Find the residues of f(z) at the singular points:
1. %2
(z-
{Ans.: —l}
2i
) ZH 2
(z+1)?
[Ans.: 1]
3 7t —z
(z+ 10 (2 +4)
ns.s 11,122
25" 50
4. _ €
z-v
{Ans.: E}
2
sin’ z
5. =
{Ans.: l}
4
6 zZ+3

Z(z-1)(z+2)



e
7.

z2 + 1t

Z3
8. >
(z+a)
9. z2 +1
z(z-2)
1
10. zcos—
z

4.9 Cauchy’s Residue Theorem 4.75

Ans.: i,, —i,
2wi”  2mi

[Ans.: 3d’]

Ans.:—l,E
2°2

[Ans.: —4]

4.9 CAUCHY’S RESIDUE THEOREM

If f(z) is analytic inside and on a simple closed curve C except at a finite number of

singular points inside C then
CJSf(Z) dz =2mi (sum of residues)
C

where the integral is taken in the anticlock-
wise direction around C.

Proof

Letz,, 2y, . . ., 2, be finite numbers of singular
points inside C (Fig. 4.36). Enclose each
of the singular point in a small circle such
that no other singular point lies inside this
circle. The curve C along with these small
circles C,, C,, Cs, ..., C, form a multiply
connected region and f(z) is analytic in this
region.

By Cauchy’s integral theorem for a multi-
ply connected region,

$r@de=G f) e+ § f2) de++§ f2) dz
C C

G &)

n

= 2m’[Res. at z; ] + 27ti[Res. at z, ] +ee+2mi [Res. at z,, ]

= 2mi (sum of residues)
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Example 1

2 _4z+4

Evaluate SBZ dz where C is |z| =2 [Winter 2013]
C

z+

Solution

2
(i) Let f()=<—22%4
Z+i

The poles are given by z = —i.
(ii) Cis the circle |z| = 2 with the centre at (0, 0) and a radius of 2 (Fig. 4.37).
(iii) Forz=—i, |z| = |- =1<2

Hence, z = —i lies inside C.
(iv) z=-i1is asimple pole.

y
Res [f(2); z=—i]= lim (z+0)/(2)
= lin} (z2 —4z+4) /\

0,0
=i’ +4i+4 ©.0
z=—i
=3+4i
(v) By Cauchy’s residue theorem,

j f(z)dz =2mi (sum of residues)
c

Fig. 4.37

2
—4z+4
jizzm(wm)

c Z+1

=27(3i-4)

Example 2

1
Evaluate $——————dz where Ciis |z = 2.
c(@=D"(z=3)

Solution

y
. _ 1
O ey /\ 2,

The poles are given by z=1, z=3. 0,0 z=1 jz=2
(ii) Cis acircle |¢] = 2 with the centre at (0, 0)
and a radius of 2 (Fig. 4.38).
(iii) Forz=1,|]g|=|1]=1<2
Hence, z = 1 lies inside C. Fig. 4.38
Forz=3,|¢|=[3|=3>2
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Hence, z = 3 lies outside C.
(iv) z=11isapole of order 2.

Res[f(z);z:l]:t

(v) By Cauchy’s residue theorem,
95 f(z)dz = 2mi (sum of residues)
c

<'[>+ dz=2mi (—l)
c@=-D(z-3) 4

i

T2

4.77

Example 3

dz, where Cis |z| = 3.

: 2 2
Evaluate J- SIN7TZ™ +COSTZ
c (2=D(z=2)

Solution

. sin 7'L'Z2 +cos n'zz
L =" p
(i) Let f(z) -2

The poles are given by z =1, z=2.

(ii) Cis a circle |z| =3 with the c
centre at (0, 0) and a radius
of 3 (Fig. 4.39).

(0.0)
(iii) Forz =1, |2 =[1] =1< 3

Hence, z = 1 lies inside C.
For z =2, |z|=|2|=2<3

Hence, z = 2 lies inside C.

(iv) z =1 is a simple pole. Fig. 4.39
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Res[f(z); 7= 1] = lig}(z—l) f@)

sin 7'L'Z2 +cos 71'Z2

=1lim

-1 7—2
_sinw+cosx
S
=1

z=21is a simple pole.
Res[f(2); z=2]=1lim(z~2) f(2)
72

sin7mz? +cosmz’

= lim

72 z—1
_ sin4m +cos4rn
B —
=1

(v) By Cauchy’s residue theorem,

_[f(z) dz=2xi (sum of residues)
c

. 2 2
+
Jsmﬂz COSTZ dz=2 l(l 1)

(z—D(z-2)
=4ri
Example 4
S5z+7 _
Evaluate § —————dz, where C is | 2| = 2. [Summer 2013]
c 2+ 2z-3
Solution
. SZ +7 y
() Let f(a)=—F——"—
2 +2z-3
o S5z+7
(z+3)(z-1)
The poles are given by z=-3,z=1. (0,0) z=2 z=4 z=5
(i) Cisacircle |z — 2| =2 with the centre at
(2, 0) and a radius of 2 (Fig. 4.40).
(iii) Forz=-3,]z-2|=|]-3-2|=5>2 Fig. 4.40

Hence, z = -3 lies outside C.
Forz=1,]z-2|=|1-2|=1<2
Hence, z = 1 lies inside C.

(iv) z=11is asimple pole.
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Res[f(2); 2 =1]=lim (z=1) f(2)

. S5z+7
=lim
>l 743
547
1+3
=3
(v) By Cauchy’s residue theorem,
4) f(z)dz = 27i (sum of residues)
c

@ S5z+7

> dz =2mi (3)
¢ ¥ +2z-3

=6ri

4.79

Example 5

2
+z-1
Evaluate ?;Z—Zdz, where C is the circle |z| =2.
c (@ =1D(z-3)

Solution
372 +z7-1 _ 372 +z7-1
(22 -1(z=3) (@+D-D(z-3)

The poles are givenby z=-1,z=1,z=3.
(ii) Cis a circle |z| = 2 with the centre at (0, 0) and a radius of 2 (Fig. 4.41).

(iii) For z =1, |2 =|-1]=1<2
Hence, z =1 lies inside C. y

Forz=1, |z|=|1|=1<2

(i) Let f(z)=

Hence, z =1 lies inside C.
Forz=3, |7 =[3|]=3>2 z=-1

C
z=1
Hence, z = 3 lies outside C. (0,0) z=2
(iv) z =—1is a simple pole.

Res[/(2); 2=~1]= lim (z+1) f(2)

Fig. 4.41
312 +z-1
= lim ————
=>-1(z=1)(z-3)
3= +(=D-1
(1= (-1-3)
1
8
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z=11s a simple pole.
Res[f(z);z=1]= lim(z—1) /(2)
=

322 +z-1

=lim—————

=1 (z+1)(z-3)
. 3+1-1

a+1na-3
__3

4
(v) By Cauchy’s residue theorem,

J‘ f(z) dz = 2xi (sum of residues)
c
2 —_—
J—SZZ tz-1 dz = Zni(l—gj
¢ @ —=D(z-3) g8 4

)

Smi

4

Example 6

Z+Z

. . 4 T
Using the residue theorem, evaluate J 3—dz, where C:lzl= E

c ¢ —X

Solution

0 Letf(z):e;+z— e“+z

2z 2z+Dz-1)
The poles are given by z=0,z=-1,z=1.

(i1)) Cis thecircle |z| = % =1.57 with the centre (0,
. T .
0) and a radius of 7 (Fig. 4.42).

(iii) Forz=0, |gf=0< 7
Hence, z = 0 lies inside C.

Forz=-1, |7 =|-1|=1<Z
2

[Summer 2015]

y
/ z=1

b1
2

7= w x

Fig. 4.42
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Hence, z = -1 lies inside C.
Forz=1, |z|=|1|=1<%

Hence, z = 1 lies inside C.
(iv) z=01is asimple pole.
Res [f(2);z=0]=lim z f(2)
z—0

e“+z
=lim ————
=0 (z+1D(z—1)
_e
-1
=-1

z=-1is a simple pole.
Res [f(z); z= —1] = lim1 (z+Df(2)
-

B e +z
ol z(z—1)
_ e -1

T -1(-2)

_ 1-¢

T 2e

z =1 is a simple pole.
Res[f(2); z=1]=lim (=D f(2)
=

e +z
=lim
=1 z(z+1)
e+l
2
(v) By Cauchy’s residue theorem,

J f(2)dz =2mi (sum of residues)

c
‘4 1- +1
je3 Zdz=2m'(—1+—e+e—)
ci —z 2e 2
,[—2e+1—e+ez+ej
=27
2e

=2 —2e+1)
e

=1y
e

4.81
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Example 7

Use residues to evaluate the integrals of the function

the circle |z| = 3 in the positive sense.

Solution

—Z
() Let f(z)= 22 (Z_Z) =
z b4
The poles are given by z = 0.
(ii) Cis the circle |z| = 3 with the centre at (0, 0) and
aradius of 3 (Fig. 4.43).
(iii) Forz=0,|¢=0<3
Hence, z = 0 lies inside C.

(iv) z=0is apole of order 2.

1 dr,
- )]

Res [ f(2);2=0]=

=lime*
z—0
=1
(v) By Cauchy’s residue theorem,
J. f(z)dz =2mi (sum of residues)

C

—Z
[Sdz=27i 1)
c?

=2mi

&(_Z) around
2

Z
[Winter 2012]

dhWw

X
(0,0) /

Fig. 4.43

Example 8
2z

Evaluate | —%—_ dz, where Cis |z —2i| = 2.

c(z—miy
Solution

2
P

(z—mi)’
The poles are given by z = 7i.
(ii) Cis acircle |z — 2i| = 2 with the
centre at (0, 2) and a radius of 2 (Fig. 4.44).

(i) Let f(z)=
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(iii) For z = 2,
|z—2i|=|ri-2i|=n-2=1.14<2
Hence, z = 7 lies inside C.
(iv) z = mi is a pole of order 3. y
2

LA

Goplim 2 [y 2]
2

:_limd—z(eZZ)

Res|f(2); z =i =

2 z>mi dz
1
=—lim i(zeZZ )
2 zomidz (0,2)
1
=— lim 4¢*
2 i
— 26271:1‘ .y
.. 0,1
=2 (cos 2w +isin 27[)
=2
(v) By Cauchy’s residue theorem, Fig. 4.44
J f(z) dz = 2mi (sum of residues)
c
2z
4 .
j—& dz = 27i(2)
¢ (z—mi)
=4ri
Example 9
“dz . :
Evaluate | ————, where C is the circle |z| =4.
2 2\2
C (Z +7T ) y
Solution
eZ eZ
(@) Let f(z)= =
(P +m?)? (4w (z-mi)
The poles are given by z = —xi, z = 7i.
> X

(i) Cis acircle |z| = 4 with the centre at (0, 0) 0, 0)
and a radius of 4 (Fig. 4.45).

(iii) For z=—7i,|z| =|-mi| = 7w <4

Hence, z = —7i lies inside C.

For z=7ti,|z|=|7ti|=7r<4
.. Fig. 4.45
Hence, z = 7 lies inside C. g
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(iv) z = —mi is a pole of order 2.
. d 2
lim —|(z+
(z—nulfhdzhz i (2]
. d et
= lim —|——
7—>—Ti dZ (Z _ 71'1)2
[ @=niyet —e 22— miD)
= lim 2
z—>—mi L (Z — ﬂi)

N eG-rmiNz-mi-2)
lim
- | (Z — 7-”')4

Res|f(2); z=-mi]=

I
lim e (z TTi 2)

il (- m‘)3

e (—m’ —mi— 2)

(—m‘ /1] )3

~ —(cosm —isinz)(27i+2)

81’
_(mi+1)
4ndi
_ —i(mi+1)
- 4r?
T—i

4r°
Similarly, replacing i by — i in Res [f(z); 7= —m‘] ,

T+i
ar?

Res|f(2); z =i =

(v) By Cauchy’s residue theorem,
_[f(z) dz = 2xi (sum of residues)

c
z 3 .
.[ 2 ‘ 2 2dz=2m(ﬂ %l+7t+3lj
c@+rm) A 4m
_ 2mi(2rw)
an?

1
T
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Example 10

2746
2

Evaluate C_]S

Solution

2z+6

+4

_ 2z+6
(z+2i)(z—2i)

The poles are given by z = —2i, z = 2i.

() Let f(z)=

dz where Cis |z —i| = 2. [Summer 2013]

(ii) Cisacircle |z—i| = 2 with the centre at (0, 1) and a radius of 2 (Fig. 4.46).

(iii) Forz=2i,|z—i|=2i-i|=]|=1<2
Hence, z = 2i lies inside C.
For z =-2i, |t —i| = |-2i - i| =|-3i| =3 >2
Hence, z = -2i lies outside C.
(iv) z=2iis asimple pole.
Res [ f(2); 2= 2i] = lim [(z=2i) f(2)]
Zz 1

. 27+6

= lim
720 7+21

_2(2i)+6

2i+2i
_2i+3

2i

(v) By Cauchy’s residue theorem,

{f) f(z)dz = 2mi (sum of residues)
c

gﬁ2§+6dz=2m(2’f3)
e +4 2i

=rm(2i+3)

y

=-2i

Fig. 4.46

Example 11
2
2
Find the value of the integral _[ ki
around the circle C : |z 2| = 2.
Solution

) 372 +2 37242
() Let f(z)=—— = <

e (z=1)(*+9)

dz taken counterclockwise

[Winter 2012]

(z=D)(E2+9) (z=D(z+3i)(z—3i)
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The poles are given by z =1, z =-3i, 7 =3i.

(ii) Cis the circle |z — 2| = 2 with the centre at
(2, 0) and a radius of 2 (Fig. 4.47).
(i) Forz=1,]z-2|=|1-2|=]-1]=1<2
Hence, z = 1 lies inside C.
For z = 3i,
lo—2|=[3i-2|=Vo+4 =13 >2
Hence, z = 3i lies outside C.
For z = -3i,
lo=2|=]-3i-2|=9+4 =13 >2
Hence, z = -3i lies outside C.
(iv) z=11is asimple pole.
Res [f(z); z= 1] =1lim (z—1) f(2)
z—1

. 377 +2
=lim 5

=1 7749
_3+2

1+9

(v) By Cauchy’s residue theorem,
If(z) dz = 27i (sum of residues)
c
327 +2 1
J-Z—z dz=2mi (—)
c(@=1(z"+9) 2
=i

<

(0,0)

z=3i
z=1
X

z=-3i

Fig. 4.47

Example 12

2

Evaluate ——j;——dechmﬂWMdddzli

c(z=1%(z+2)

Solution

2
Z

i) Let =
DLt =

The poles are given by z=1, z =-2.

[Summer 2014]
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<

(ii) Cis acircle |z| = 2.5 with the
centre at (0, 0) and a radius
of 2.5 (Fig. 4.48).

(iii) For z=1,|¢|=|1|=1<2.5

Hence, z = 1 lies inside C. ¢
For z=-2,|¢|=|-2|=2<25
Hence, z = -2 lies inside C.
z=1 z=25

4.87

(iv) z =1 is a pole of order 2.

1
Res[f@iz=1]= = 1)'hm—[(z £

. d{ z 1
=lim—

>ldz| z+2
_ lim{(z+2)(2z)— z (1)} Fig. 4.48
>l (z+2)?

. 277 +47-7°
:11m—2

z—1 (Z+2)
_2+4-1
9
_3
9

z=-21s a simple pole.
Res [f(2); z=-2] = lim (z+2) f(2)
=2

2

zliglz (z— 1)2
(=27
(=2-1)

(v) By Cauchy’s residue theorem,
J f(z) dz = 27i (sum of residues)

2
J-Z2—dz:2n'i(i+§)
c(@=D7(z+2) 9 9

=2mi(l)
=2mi
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Hence, z = 1 lies inside C.

Example 13
S5z+7 .
Evaluate gﬁz—dz, where C is |z — 2| = 2.
cZ +2z-3
Solution
. 5z+7 S5z+7
() Let f(z)=— < - %
- +2z-3 (z+3)(z-D
The poles are given by z=1, z=-3. Y
(i) Cis the circle |z — 2| = 2 with the centre at
(2, 0) and a radius of 2 (Fig. 4.47). 7= 1
(i) Forz=1,[z-2|=|-1|=1<2 z=-3 (0,0)W

For z = -3, |z—2|=|—3—2|=|—5|=5>2
Hence, z = -3 lies outside C.
(iv) z=11isasimple pole
Res|[f(2);z=1]=lim (z-1)f(2)
z—1
. 5z+7
=lim ——
>l 743
_n

4
=3

(v) By Cauchy’s residue theorem,

qS f(z)dz = 2mi (sum of residues)
c

=2mi(3)
=6mi

Fig. 4.49

Example 14
-1

Evaluate —
c(z+D)(z-2)

dz, where Cis |z —i| = 2.



4.9 Cauchy’s Residue Theorem

Solution
z—1 y

@+ (z-2)

The poles are given by z=-1, z=2.

>

(i) Let f(z)=

(i) Cis a circle |z — i| = 2 with the centre c
at (0, 1) and a radius of 2 (Fig. 4.50).
(iii) For z=~1,|z—i| =|]-1-i|=+2 <2

L (0, 1)
Hence, z = —1 lies inside C.

4.89

For z=2,|z—i|=|2-i|=5>2

Hence, z = 2 lies outside C.

Z=- z=2

(iv) z=—-1is a pole of order 2.

1 d .
Res[f(2);z=—1]= -1 Zlin_lld_z[(ﬁ l)zf(z)] Fig. 4.50

. d {z—l}
= lim —| ——

—>-1dz| z-2
— 1 (z=2))—(z—-1) (D)
=lim

= @)
= lim "12
=1(z-2)

_ 1
C(-1-2)

_ 1

)

(v) By Cauchy’s residue theorem,

_[f (z) dz = 27i (sum of residues)

C
z—-1 1
" dr =27l -=
e m( 9)
9
Example 15
dz . . .
Evaluate J‘ﬁ, where C is the circle |z — i| = 2.
c(z”+4)
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Solution
(i) Let f(z)=

1
(2 +4)7  (z+20)(z-2i)

The poles are given by z = -2i, z = 2i.
(i) Cis a circle |z — i| = 2 with the centre
at (0, 1) and a radius of 2 (Fig. 4.51).
(iii) For z=-2i,|z—i|=|-2i—i|=|-3i|=3>2

Hence, z = —2i lies outside C.

For z=2i,|z—i|=|2i—i|=|i|=1<2
Hence, z = 2i lies inside C.
(iv) z = 2i is a pole of order 2.

L dp
S onim (=201

. d 1
= lim — >
z=2idz (z+20)

Res|f(2);z = 2i]

= lim [— 2 3}
=2if (z420)

_ 2

@iy

_ 2
 _64i

_ 1

Y]

(v) By Cauchy’s residue theorem,

_[f (z) dz = 27i (sum of residues)
c
d 1
ol
@ +4) 32i
T

16

z==-2i

Fig. 4.51

Example 16

4

Evaluate IZ—
(z+D(z—1)
residue theorem.

5 dz, where C: 9 + 4y’

= 36 by using the

[Summer 2015]



Solution

4
Z

(z+1D)(z—i)*
The poles are given by z=-1,z=1.
2 2
(ii) Cis an ellipse %+% = 1 (Fig. 4.52)

(i) Letf(z)=

@iii) Forz=-1,x=-1,y=0

2 2
Xy _ED
4 9 4 4

Hence, z = —1 lies inside C.

Forz=i,x=0,y=1

2 2
2 04—«
4 9 9

Hence, z =i lies inside C.
(iv) z=-11is asimple pole.
Res [f(z); z= —1] = lim (z+1)f(2)
z—-1
4
= lim
z—>—1 (Z_ l)
G
(-1-iy’
_1
2i

z=11s a pole of order 2.

4.9 Cauchy’s Residue Theorem

4.91

(2,0)

Fig. 4.52

Res (22 =1]= s tim [0 /(2]
:hmg[i)
i dz\ z+1
lim 422 (z+1)-7*
i (z+1)
—lim 3zt +47°
=i (z+1)°
3t 444
i+’
34

2i
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(v) By Cauchy’s residue theorem,

J- f(z)dz = 2mi (sum of residues)
c

4 T
[———dz=2ni (i+ 3 ,4’)
(z+D(z—1) 2i 2i

C
=4rx(1-i)
Example 17
3
Evaluate $e*dz where Cis |z| = 1.
c
Solution

3

(i) Let f(z)=e*

3 1(3)2
=l+—+—| = +-
2!

Z Z
Since the number of terms of negative powers of z are infinite, z =0 is an essential
singularity.
- 1
Res [ f(2); z = 0] = coefficient of —
z
=3

By Cauchy’s residue theorem,

g")f(z)dz = 27i (sum of residues)
C

3
gﬁez dz = 27i (3)
C
=67i

Example 18

1

Evaluate J.zzez dz, where Ciis |z| = 1.
c



4.9 Cauchy’s Residue Theorem 4,93

Solution

1
Let f(z):zzgz

2 1 11 11 11
= | l+—t+—=—+——+——F+
Z 2!12 3!13 4!14

5 11 1
=ttt —t+——+
2 6z 24z

1 1
2 -1 -2
=z 4z+—+—7 7+
2 6 24
Since the number of terms of negative powers of z are infinite, z = 0 is an essential

singularity.

1
Res [f(z); z = 0] = Coefficient of —
z

6
By Cauchy’s residue theorem,

J f(z) dz = 2mi (sum of residues)
c

= 1
jzzez dz = 27‘51'[—)
- 6

i

3

Example 19
1
Evaluate je 2 Sin(lj dz, where Ciis |z| = 1.
C Z
Solution
1
Let f(@)=e * sin(%)
[11L)[1Lj
z 27 67
1 L 1
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z =0 1is an isolated essential singularity.

1
Res [f(z); z= 0] = Coefficient of —
z

=1
By Cauchy’s residue theorem,

J. f(z) dz = 27i (sum of residues)
c

1
je z sin(l) dz = 27i(l)
Z

C
=2mi
Example 20
d
Evaluate J-—Z where Cis |z| =
- COSZ
Solution
1 y
(i) Let f(z)=—— \
COSZ

The poles are given by
cosz=0

T 3m S¢m
Z=i_ _71__

277277 2
(ii) Cis a circle |z| = 2 with the

g oo

centre at (0, 0) and a radius o 37
of 2 (Fig. 4.53). 2

(iii) For z= i% ,

=[x Z|=152<2
2
Fig. 4.
Hence, z= i% lies inside C. ig. 4.53
. 3 Sm ) .
Other poles, i.e., 2= i?’ 17, ... lies outside C.

(iv) z= g is a simple pole.

Res[f(z) 7= }— lim (z——j f@)

7=
2
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= lim 2 [gform}
% COSZ
= lim 1 [Using L’ Hospital’s rule]
. —sinz
b
sin —
=-1
Similarly,
b4 . n
Res{f(z);z = ——} = lim (z+—j f(2)
2 ™ 2
==
2
= lim L 2) [gform:|
. E C0SZ
. 1 . .
= lim - [UsmgL’Hospltal’srule]
., % —sinz
2
_ 1
o(-5)
—sin| ——
2
=1

By Cauchy’s residue theorem,

j f(z) dz = 27i (sum of residues)
c

d
| L omi(=1+1)
C,COSZ

=0

Example 21

Evaluate jcoseczdz, where C is |z| =1.
C
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Solution

(1) Let f(z) =cosec z
1 A

sinz
The poles are given by sin z=0
=0 c

f@) =

(i) C is a circle |¢| = 1 with the centre Fig. 4.54
at (0, 0) and a radius of 1 (Fig. 4.54).

(iii) For z =0, z|=0< 1
Hence, z = 0 lies inside C.

(iv) z=01is a simple pole.

Res[f(z); z= O]= li_r>r(1)z f(@)

=lim !
T .50 2 4
o0 T T
6 120
=1

By Cauchy’s residue theorem,

J f(z) dz = 27i (sum of residues)
c

jcosec zdz=2mi(1)
c

=2mi

Example 22

dz .
Evaluate j,—, where C is |z| =2.
c sinh 27

Solution

(1) Let f(2)=

sinh 2z
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The poles are given by

sinh 2z =0
z=0
1
f@)= 3 3
2Z+(22) +(Zz) .
3! 5!
_ 1
- 2 4
Z{H(ZZ) +(22) +}
3! 5!

.. — - X
Hence, z = 0 lies inside C. z=0 z=2

(iv) z=0is asimple pole.

y
(i) Cis acircle |z] = 2 with the centre at (0, 0)
and a radius of 2 (Fig. 4.55). / \
(iii) Forz=0,]c|=0<2

Res [ f(2);2=0]= lim 2 f(2)
' 1 Fig. 4.55

=lim

7> 2 4
’ 2{1+ (22) + (22) +}

3! 5!

By Cauchy’s residue theorem,

J f(z)dz = 2mi (sum of residues)
c

dz ( 1)
J - =2mi| —
sinh 2z 2

C

=7

Example 23

Evaluate jtanz dz, where C is the circle |z| =2. [Summer 2013]
c

Solution

sin z
(i) Let f(z)=tanz=
COSZ
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The poles are given by
cosz=0
3

...
2

(ii) Cis a circle |z| = 2 with the
centre at (0, 0) and a radius
of 2 (Fig. 4.56).

z=i£,i
2

T
(iii) For z=%+—,

=2 =157<2

T . .
Hence, z=x—, lies inside
C.

@iv) z= % is a simple pole.

/4

Res{f(z); z= 5} = len}r(z—g f(@
)

T —cosec” z
2

. .
z= Y is a simple pole.

Re{f(z);z=—%} [z+§)f(z)

= lim
-
)

Fig. 4.56

e

[Using L’Hospital’s rule]
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T
= lim 2 {9 form}
. T cotz 0
) 1 . s
= lim ———— [Usmg L’Hospital srule]
—-F —cosec” z
2
_ 1
cosec? (— n’)
2
=-1
By Cauchy’s residue theorem,
If(z) dz =27i (sum of residues)
c
jtanz dz =2mi(-1-1)
c
=—4mi
Example 24
dz .
Evaluate = where Cis|z| = 1.
C ZSmz
. y
Solution
(@) Let f(2)=—
zsinz
The poles are given by zsinz=0 C
z =0, sinz=0
z=0,%m, 27, ...
z=0
X
(ii) Cisacircle |7 = 1 withthe =~ z=-7 z=1 z=

centre at (0, 0) and a radius
of 1 (Fig. 4.57).

(iii) Forz=0, |z] =0 < 1

Hence, z = 0 lies inside C.

Other poles z =+, +2m, ...
lies outside C. Fig. 4.57
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(iv) z=01is a pole of order 2.

Res[f(2);z= 0]— 1)' [ f(z)]

. d ( Z J
=lim—| —
z—0dz\ sinz
. (Dsinz—2z(cosz) 0
= 11 —_— —fOHIl
=0 (sinz)? 0
= lim 2222~ (?Os Z-zsinz) [Using L’ Hospital’s rule]
z—0 28InzCOSZ

. zsinz
=lim ———
z—0 28inzcosz

=lim
=0 2¢08z
=0
(v) By Cauchy’s residue theorem,

jf (z) dz = 2mi (sum of residues)

C

| < om0

% zsinz

=0
Example 25
Evaluate _[ dZ, where C is circle |z|
Z
Solution
ZSeCZ Z

(i) Let f(z)=2"% 2

-2 (1-z%)cosz
S
(1+z)1-2z)cosz
The poles are given by
(1-2)cosz=0

(1—Z2)=0,COSZ=0



(ii) Cis a circle |z| = 2 with the

centre at (0, 0) and a radius
of 2 (Fig. 4.58).

(iii) For z==1,|¢| =[*1|=1< 2

Hence, z = £1 lies inside C.

4.9 Cauchy’s Residue Theorem

4.101

T
For z=%*—,
2

l|=|t=|=157<2

o
2

T ..
Hence, z = iE lies inside C.

3r

For z=i37”,|z|= +H= 471> 2

3
Hence, z= i;ﬂ lies outside C.

T
Only poles at z = +1, iE lie inside C.

(iv) z =1 is a simple pole.

Res[ /()2 =1]=lim(z~1) f(2)

z
=lim| -——
z—>1|: (I+2) cosz}
1
2cosl

z=-1is a simple pole.
Res[f(2);z=-1]= liml(z+1) f(2)
7——

= m ;
z—>-1(1—z)cosz
_ 1
2cosl

T . .
z= 2 is a simple pole.

/4

) T
Res[f(z),z = 5} = lerl}r(z—gj f(@
2

—nm(z_ﬁj—
= tim [ 2= % |
=7 (1-2

)COSZ

Fig. 4.58
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. T
. T |0
= lim ( < > j lim 2 [— form}
SE\1-7z") % cosz 0
2 2
/4
5 1
= 27[2 'lin}z p— [Using L’ Hospital s rule
-7 2
_ 2z 1
4—r? i
—sin—
2
__ 2n
4-r?
_ 2m
n* -4

T . .
z= Y is a simple pole.

T . T
Res[f(z);z=——}= lim [Z+—jf(2)
2] 20 2
2
= lim (z+£)+
N4 2)(1-z")cosz
2
Z+
0
= lim £ > |- lim 2 [— form}
o E\1-z" ) ., _7 cosz 0
2 2
_T
2. 1 . , o
= 5 lim - [UsmgL Hospltalsrule]
: LH_g(—smz)
4
_ 2r 1
4—r? [ . ( n)}
—sin| ——
2
2r




4.9 Cauchy’s Residue Theorem

By Cauchy’s residue theorem,

_[f(z) dz = 27i (sum of residues)

4.103

C
1 2 2
J-zseczz dz=27l'i|:— ~ . 271 . 27r }
cl-z 2cosl 2cosl (n*—-4) (n*-4)
=2mi| - ! + 4m
cosl (n%—4)
_ 2mi 8m%i
cosl z%—4
Example 26
COSTZ . _
Evaluate _[ 2 dz, where C is the rectangle whose vertices are
Z —
240, -2+1.
Solution
. COosSTtz COSTZ
() Let f(2)= =
Z-1 (@+D@E-D y

>

The poles are given by z =-1, z =1.
(i1) C is a rectangle with vertices
2+ and -2 +i. (Fig. 4.59). , c

z=-2+i z=2+1i
(iii) The poles z = %1 lie inside C.
(iv) z =1 is a simple pole.
X
. —2 —_ - 2
Res[f(2): z=1]=lim(z~1) /(2) 2= z=1
—>
7z=-2—] z=2—1i
. COSTZ
=lim
=l z+1
1
Y Fig. 4.59

z=-1is a simple pole.

Res[f(2);z==1]= lim (z+1) f(2)

. COSTZ
= lim
z—-1 z7—1
1
-2
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By Cauchy’s residue theorem,

J f(z)dz=2mi (sum of residues)

COST (1 1
i 2 —IZ dz=2m(—5+5j
=0
EXERCISE 4.5

Evaluate the following integrals using Cauchy’s residue theorem:

1. ‘[Siﬂdz, where Cis |z] = 1
C

z° .
{Ans.:ﬂ}
60
1
2. jz ez dz, where Cis |z = 1
c [Ans. : 7]
z . 3
3. J'f dz , where Cis |z] ==
¢ (Z=1(z+1) 4 [Ans.: 0]
4. J';dz, where Cis |z —i| =2
Lz+1)(z-2) '
et
9
5. J Zdz . , where Cis |z —1i] =1
c(z°+1) [ ]
Ans.: —
2]
2
6. [ 2 Y where Cis|z|=1
¢z +52° +6z 167 ]
{Ans.:——
2
7. jw, where Cis |z —i| =3
Z’ -4z

C

[Ans. : 67i]



