The Karnaugh Map



Karnaugh Maps

Karnaugh maps (K-maps) are graphical representations of
Boolean functions.

One map cell corresponds to a row in the truth table.

Also, one map cell corresponds to a minterm or a maxterm in
the Boolean expression

Multiple-cell areas of the map correspond to standard terms.

A K-map provides a systematic method for simplifying Boolean
expressions and, if properly used, will produce the simplest SOP
or POS expression possible, known as the minimum expression.



What is K-Map

e It’s similar to truth table; instead of being organized
(i/p and o/p) into columns and rows, the K-map is an
array of cells in which each cell represents a binary
value of the input variables.

 The cells are arranged in a way so that simplification
of a given expression is simply a matter of properly
grouping the cells.

e K-maps can be used for expressions with 2, 3, 4, and
5 variables.



Two-Variable Map

1 ordering of variables is IMPORTANT for f(x4,X,), X; is
the row, x, is the column.

» Cell O represents x,'x,’; Cell 1 represents x,’x,; etc. If
a minterm is present in the function, thena 1 is
placed in the corresponding cell.



Two-Variable Map

* Any two adjacent cells in the map differ by ONLY one variable,
which appears complemented in one cell and
uncomplemented in the other.

e Example:

M, (=X;'X,’) is adjacent to m, (=x;'%,) and m, (=x;X,’) but NOT m;,
(=X1%;)



2-Variable Map -- Example

33 200 ) ]
f(x1,%;5) = X %"+ %%, + XX,
- mo + ml - m2
= X1t + X5 X2
1s placed in K-map for specified minterms m,, Xy 0

mll m2
Grouping of 1s allows simplification

What (simpler) function is represented by each 0 |__1
dashed rectangle?

Bl X1' = mo + ml
o X2' = mo + m2 1
Here m, covered twice

=




The 3 Variable K-Map

e There are 8 cells as shown:

C
AB

00 | ABC | ABC
01 | ABC | ABC
11 | ABC | ABC

10 | ABC | ABC




Example 3 var. k-map

JMinimize the following equation using k-map

y=ABC+ABC+ABC+ABC

ABC=000=0 ABC=010=2
ABC=101=5 ABC=111=7

Using this fill the k-map

*Grouping — here 2 groups of 2
Is possible

1’s
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JFor upper group A and C are
constants and B is varying.
Neglect B.A and C both are 0.
Hence output of this group is AC
*For upper group A and C are
constants and B is varying.
Neglect B.A and C both are 0.
Hence output of this group is AC

» Thus output Y is given by,

Y=AC+AC
=A®B
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The 4-Variable K-Map

5000 01 11 10

00

01
11
10

0 1 3 2
4 5 7/ 6
12 13 15| 14
8 9 11 10

CD
AB

00
01
11

10

00 01 11 10
ABCD ABCD ABCD ABCD
ABCD ABCD ABCD ABCD
ABCD ABCD ABCD ABCD
ABCD ABCD ABCD ABCD
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Solve the given

k-map

* Step | -grouping

e Step Il -final output

Step Il -output of

» Here answer is

Y=

each group

CD+BC+BD

11 10
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K-Map SOP Minimization

 The K-Map is used for simplifying Boolean expressions to their
minimal form.

* A minimized SOP expression contains the fewest possible
terms with fewest possible variables per term.

* Generally, a minimum SOP expression can be implemented
with fewer logic gates than a standard expression.



Rules of grouping -

1's & O’s can
not be grouped

diagonal 1's can
not be grouped

Grouping
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Mapping a Standard SOP Expression

* For an SOP expression in C
standard form: 0 1
— A 1is placed on the K-map for each AB
product term in the expression. —
00 | ABC | ABC

— Each 1 is placed in a cell
corresponding to the value of a

product term. 01 ABC KBC
— Example: for the product term , &
a 1 goes in the 101 cell on a 3- 115 5 ABC 1 SABCE

variable map. ABC

10 | ABC | ABC




Mapping a Standard SOP Expression

The expression:
ABC + ABC + ABC + ABC

ooo [66a] 110 [NEGGN
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Practice:
ABC + ABC + ABC + ABC

ABC+ ABC + ABC
ABCD + ABCD + ABCD+ ABCD+ ABCI

D+ABCD
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f=3(0,4)=BC
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Four-Variable K-Maps
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f=>(4,56,7)=AeB

Four-Variable K-Maps
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Determining the Minimum SOP Expression from the Map

B s B RCHEACD

AB
00 R e
g it A e




4.5.3 Grouping Cells for Simplification .
In the last section we have seen representation of logic function on the Karnaugh map,

We have also seen that minterms are marked by 1s and maxterms are mmrked by 0s. Otie
the logic function is plotted on the Karnu.ugh map we have t(') use t;)roup{hg tL"chnique to
simplity the logic function. The grouping is nothing b.ut combining terms in a'd;au{m cells.
Two cells are said to be adjacent if they conform the single change‘ru]c. The Simplification
is achieved by grouping adjacent 1s or 0s in groups of 2', wherei =1, 2, v and p jg gh,
number of variables. When adjacent 1s are grouped then we get result in the sum of

products form; otherwise we get result in the product of sums form. Let us see the various

grouping rules.

Grouping two adjacent ones (Pair)

Fig. 4.11 (a) shows the Karnaugh map for a particular three variable trl'lth table. Thig
K-map contains a pair of 1s that are horizontally adjacent to each other; the first represents
A BC and the second represents A BC. Note that in these two terms only the B variable
appears in both normal and complemented form (A and C remain unchanged). Thusg these
two terms can be combined to give a resultant that eliminates the B variable since it
appears in both uncomplemented and complemented form. This is easily proved as
follows :
Y = ABCLABE .
= A C(B+B) Rule6:[A + A=1]
Iove

This same principle holds true for any pair of vertically or horizontally adjacent 1s,
Fig. 4.11 (b) shows an example of two vertically adjacent 1s. These two can be combined to

Bc BC BC BC BC — Bc BT BC BC BC

A 00 01 11 10 AC A 00 01 11 10
D RASETEEEN . y .'

ol SR 78 [0 Aol o 0 P10 0

e 0 s SO | L.

A1l o 0 0 0 A 1 0 0 L 0
o/
Fig. 4.11 (a) Fig. 4.11 (b)

eliminate A variable since it appears in both its uncomplemented and complemented
forms. This gives result

=
Il

ABC+ABC=BC g .



In a Karnaugh map the leftmost colurmnn
and rightmost column are considered to be
adjacent. Thus, the two 1sin these columns
with a common row can be
climinate one variable

Fig. 4.11 (¢).

combined to
This is illustrated in

Here variable B has .|pp('.lrt-(l in both its

- complemented and uncomplemented forms
Fig-4.11 (c) and hence eliminated as follows :
Y ABC+ABC
A C(B1B) Rule6: [ A+ A=1]
AC
cp CD CD CcCD cD
AB 00 _01_ 11 10
AB 00 0 1 0 0
AB 01 0 0 0 0
AB 11 0 0 0 0
P ; /_//ECD
AB 10| O |4 0 0

Fig. 4.1 (d)

Let us see another example shown in Fig. 4.11 (d). Here two 1s from top row and

bottom row of some column are combined to eliminate variable A, sincein a K map the top
row and bottom row are considered to be adjacent.

gc BC BC +BE BC
A 00 01 .0 Sl 10
,_—--.-l:-..unnnc
AO 0 i1 1 ’ 0
A1 0

Group 1> AC

Y=

Fig. 4.11 (e) shows a Karnaugh map that
has two overlapping pairs of 1s. This shows

. that we can share one term between two
| pairs.



Y « ABC+ABCHABC
« ABCHABCHABC+ABC
Rule 5 .
w ACB+B)+BC(A+A)
= AC+BC

[»A#A.A}

Fig. 4.11 (1) shows a K-map where three group of pairs can be formed, gy Dﬂlym ‘
pairs are enough to include all 1s present in the K-map. In such cases third pair “Ml ‘
required. |

Group 1 > AC %
gc BC Bc BCc BT
AN 00 01 4 M 10

""""""" .- Pair not required
A0 0 L 1 1l JLREN q

ol o [ 1) 8 1 }|--- Group2 > AB

...1 ............. R |

Fig. 4.11 (f) Examples of combining pairs of adjacent ones Tt
Y = ABC+ABC+ABC+ABC

AC(B+B)+AB(C+0) Rule6:[A+A=1]
AC+AB

Grouping four Adjacent ones (Quad)
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A K-mapin Fig. 4,12 (¢) containg four 1sina square, and they are considered adjacent
] {o cach other. 'l"lll' four 1s in Big. 4,12 () are also adjacent, as are those in H’I", 4.12 (c)
pecause, as nu-nlmnql carlier, (he top and bottom rows are considered to be adjacent to
('<1U"‘M‘M‘,’l‘;‘_ﬂl_"'}_ih.nm.':l columns are also adjacent to each other.
i gy @l eh ob . ep cp 0 Tpb cb cCP
Vo AB 2 i " 10 ABN 00 01 11 10
& AB oof O £ 0 0 AB ool o 0 0 0
AB 01 0 1 1 5 0 AB 01 0 0 0 0
aB 4l 0 i3 % NI s ml 41| 4 o | {1
AB 10[ © 0 0 0 am fol 1] 0 0 L 1
Fig- 4.12 (c) Y = BD Fig. 4.12 (d) Y = AD
cD D CD CD. cD
AB 00 01 1 10
ABoo|l 1| o o |i1
AB 01 O 0 0 0
AB 11| o0 0 0 0
AB 10| 11| o o |{1
Fig. 412 (e) Y = BD
! From the above Karnaugh maps we can easily notice that when a quad is combined
two variables are eliminated. For example, in Fig. 4.12 (c) we have following terms with 4
variables : Y =ABCD+ABCD+ABCD+ABCD
= ABD(C+C)+ABD(C+C)
= ABD+ABD
= BD(A +A)
= BD (only two variables in the result,

variables A and C are eliminated)
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Fig. 412 (f) Y =ABC + AD + AC
Fig. 4.12 Examples of combining quads of adjacent ones

Fig. 4.12 (f) shows overlapping groups. As mentioned earlier one term can be shareq
between two or more groups.

Grouping Eight Adjacent Ones (Octet)

In a Karnaugh map we can group eight adjacent 1s. The resultant group is called
octet. Fig. 4.13 shows several examples of octets. Fig. 4.13 (a) shows the eight 1s
horizontally adjacent and Fig. 4.13 (b) shows they are vertically adjacent.

From the figures 4.13 we can easily observe that when an octet is combined in a fou
variable map, three of the four variables are eliminated because only one variable remai
unchanged. For example, in K-map shown in Fig. 4.13 (a) we have following terms :

Y = ABCD+ABCD+ABCD+ABCD

+ABCD+ABCD+ABCD+ABCD

= KBE(B+D)+KBC(D+B)
+ABE(§+D)+ABC(D+B)

= XBE+A‘BC+ABE+ABC

= KB(E+C)+AB(E+C)

= AB+AB

= B(A +A)

= B g
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(o) o IR 1 o 5 o
AR 00 01 11 10
AB 00 0 0 0 0
z8 01| {7 1 1 N
i
ag 1| i1 1 1 1}
AB 10 0 0 0 0
(@) Y=B
pCh « Tb = b FED
AB\__ 00 01 11 10
AB 00| {1 1 1 1}
AB 01 0 0 0 0
AB M 0 0 0 0
B ol f il g Ol L
(c) Y=B

&5  Tp &b’ oD
A<l oo 01 11 10
ABoo| o |1 1 0
zg 01] o© 1 1 0
aB 10| 0 |\ Rl
(b) Y=D
5 TD G CD SN
ABNC 00 01 1 8L
ABoo|] 14| O O s
Ap 01| 1 0 0 4
A 11| 1 0 b
!
i
AB 10l 1/ 0 0 i
d) Y=D

Fig. 4.13 Examples of combining octets of adjacent ones

__Simplification of SOP Expressions
4.5.4 Simplification of Sum of Products Expressions

We have seen how combination of pairs, quads and octets on a Karnaugh map can be
used to obtain a simplified expression. A pair of 1s eliminates one variable, a quad of 1s
eliminates two variables and an octet of 1s eliminates three variables. In general, when a
variable appears in both complemented and uncomplemented form within .a grou?, that
variable is eliminated from the resultant expression. Variables that are same in all with the
group must appear in the final expression.

Generalized procedure to simplify B.E:

1. Plot the K- map and place 1s in those cells corresponding to
the 1s in the truth table or sum pf product expression. Place
Os in other cells

2. Check the K-map for adjacent 1s and encircle those 1s which
are not adjacent to any other 1s. These are called isolated 1s

3. Check for those 1s which are adjacent to only one other 1 and
encircle such pairs

4. Check for quads and octets of ajacent 1s even if it contains

some 1s that have already been encircled. While doing this make
sure

that there are minimum number of groups.

5. Combine any pairs necessary to include any 1s that have not
yet been grouped.

6. Form the simplified expression by summing product terms of
all the groups.



Minimize the expression

Ex. 4.14 : ) N
Y=AB C+AB C+ABC+ABC+ABC
[ e ®F B ac o
Solution : A 00 01 11 10
Step1: Fig 4.14 (a) shows the K-map ] RN |
for three variables and it is plotted 0 I ]
according to the given expression. A - : 0 5
4 5 7 |8
Step2:  There are no isolated 1s Fig.414(@
Step3: 1 in the cell 3 is adjacent NBC BO(F %? E: 1C 3(? -‘
only to 1 in the cell 1. This P My e e — *
combined and referred to as group 1. ol 1 { 1 1 ; 0
Step4: There is no octet, but there is A1 1 1 0 0
a quad. Cells 0, 1, 4 and 5 form a
quad. This quad is combined and Fig. 4.14 (b)
referred to as group 2.
BCc'BC Bo B CENEB
Step5: All 1s have already been 00 01 11 10
grouped. e 5
Aoff 1 [f 4 (B0
Step6: Each group generates a term i
In the expression for Y. In group 1 B
variable is eliminated and in group 2 U L] 1 0 0
variables A and C are eliminatediand|INEEEREE] e
we get
Fig. 4.14 (c)
= AQG R

Ov Aam




Minimize the expression

Y=4BCD

pa—

-~ o

+ABC CD+ ABC
CD+ABCD+ 4BCp +4BCD+ 4B ch
D

ystems (EEE)

153 Minimisation of Boolean Functions

pigital S

SOIution z
step 1: Fig. 4.15 (a) shows the
yr four variables and it is

(e}

AB<C__00

cD cD ch
01 11 10

AB oo‘ 0 0\ 0 1\ ) 3\ (1)2\

K-map f¢
p]utted according  to the given
exprcssion.
AB 01 1 \ 1 0 0
4 5 7 6
AB 11 1 \ 1 \ (¢} \ (]
12 13 15 14
AB 10 o \ 1 \ 0 0
8 9 1 10
Fig. 4.15 (a)
. cp €D TD cD cD
Step2: Cell 2 1s the only cell AB 00 01 11 10
containing a 1 that is not adjacent THE
to any other 1. It is referred to BB 00 O 0 9 C‘)
separately as group 1.
AB 1 1 \ 1 \ 0 \ (o]
AB 10 0 \ 1 \ 0o \ ]

thest cells ORNIS
1 in the cell 13.
ned and referred

Step3: 1 mn
adjacent only to
This pair is combi
to as group 2

A

00 01 il

AB 00

AB 01

AB 11

b
:
b
i
]
i i
AR 100 \ i \ .




b cb D m

wigital Systems (EEE)
' AB 00 01 11_ 10

Step4 : There is no octet, but . 3 5
there is quad cells 4, 5, 12 and 1_? AB 00 Y C1)
form a quad. This quad ': ........ |
combined and referred to a: 1 --------- e 4
group 3. AB 01 [ 0
SIhnEn, SRl CRaVERICROE IS L s e ]
grouped. o L 1 [ i) 0 0 .
Step6: Each group generates a
term in the expression for Y. In
group 1 variable is not eliminated. AB 10 0 1} 0
In group 2 variable B is eliminated
and in group 3 variables A and D L OTElD
are eliminated and we get, 9-_ 2

Y = ABCD+ ACD+ BC

Ex.4.16 :  Reduce the following four variable function to its minimum sum of products form -
Y = ABCD + ABCD + ABCD + ABCD + ABCD + ABCD+ABCD 4+ ABCH

Solution :

Step 1: Fig. 4.16 (a) shows the
K-map for four variables and it is

CD CD CD
0

01 11

plotted according to the given
expression.
0 1
1 3
Step2: There are no isolated 1s. 0 0
5 7]
0 0
Step3: There are no such 1s 12 15
which are adjacent to only one
other 1. 2 1
9 11

Fig. 4.16 (a)
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step4: There are three quads
formed by cells 0, 2, 8, 10, cells 8, 10,
12, 14 and cells 2, 3, 10, 11. These eD CDi S CD CcCD cD
quads are combined and referred to LB oo L = 10
as group 1, group 2 and group 3 =g i ' i
respectively. AER0ON e  O ) B
Step5: All 1s.have already been AB O1 0 0 0 0
grouped.
e Jp—
ABRITI 52 0 0 $
Step6: Each group generates a :
term in the expression for Y. In | |77 \ ’
group 1 variables A and C are aBol 1 O 1B :
eliminated, in group 2 variables B

and C are eliminated and in group 3
variables A and D are eliminated and
we get Fig. 4.16 (b)

Y = BD+AD+BC

Ex.4.17 : Reduce the following function to its minimum sum of products form : ;
Y = AB CD + ABCD + ABCD + ABCD + ABCD + ABCD +ABCD + ABCD
Solution :

Step1: Fig. 4.17 (a) shows the K-map for four variables and it is plotted accordi

to the given expression.
: cp CD Cbob CD cD
Step2: There are no isolated 1s AB 00 01 11
AB 00 0 1 (]
[¢] 1 3
AB 01 0 1 1
4 5 7
AB 11 1 1 1
12 13 15
AB 10 0 0 1
8 9 11
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Step3: The 1 in the cell 1 is ~
adiapcent only to 1 in the cell 5 the 1 S cD EOD 6010 310 Cb
in the cell 6 is adjacent only to the.1 1T ) pr—— 10

in the cell 7, the 1 in the cell 12 1s 2B 00 ; [vea) .

adjacent only to the 1 in the cell 13 0
and the 1 in the cell 11 is adjacent L e
only to the 1 in the cell 15. These xg 01| O 1 e ‘*‘1“-.:
pairs are combined and referred to Mot ] N S
as group 1-4 respectively. 5 N —
Step4: There is no octet, but AB M1 ‘ ! ] 1 0
there is a quad. However, all 1s in

the quad have already been 2 ; 0 i e
grouped. Therefore this quad is AB 10 Lt | RS
ignored. —d
Step5: All 1s have already been

grogped_ ) Fig. 4.17 (b) i

§tep 6:  Each group generates a term in the expression for Y. In group 1 variapje g
is eliminated. Similarly, in group 2-4 variables D, D and B are eliminated one in each

group. We finally get minimum sum of products form as
Y = ACD+ABC+ ABC+ACD

. AN i .

— s A i



