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DC STEADY STATE

The transient terms in the expressions for currents and voltages in R1L.C circuits decay
to zero with time. (An exception is L.C circuits having no resistance.) For dc sources,
the steady-state currents and voltages are also constant.

Consider the equation for current through a capacitance:

dve(t)
At

=10

If the voltage vc(f) i1s constant, the current 1s zero. In other words, the capacitance
behaves as an open circuit. Thus, we conclude that for steady-state conditions with dc
sources, capacitances behave as open circuits.

Similarly, for an inductance, we have

diy (1)

=4,
vr (1) g7

When the current is constant, the voltage is zero. Thus, we conclude that for steady-
state conditions with dc sources, inductances behave as short circuits.



Find v, and i, for the circuit shown in Figure
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conditions. We start our analysis by replacing the inductor by a short circuit and the
capacitor by an open circuit. The equivalent circuit is shown in Figure 4.5(b).
This resistive circuit 1s readily solved. The resistances Ry and R» are in series.
Thus, we have
e 10,
R+ Ry

and
Ve = Rol, =5V
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Steady-State Sinusoidal Analysis

Study of this chapter will enable you to:
m Identify the frequency, angular frequency, peak
value, rms value, and phase of a sinusoidal signal.
m Determine the root-mean-square (rms) value of
any periodic current or voltage.

m Solve steady-state ac circuits, using phasors and
complex impedances.

m Compute power for steady-state ac circuits.



SINUSOIDAL CURRENTS AND VOLTAGES
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A sinusoidal voltage is shown in Figure 5.1 and is given by
v(t) = V,, cos(wt + 0) (5.1)

where V), is the peak value of the voltage, @ is the angular frequency in radians per
sccond, and 6 1s the phase angle.

Sinusoidal signals are periodic, repeating the same pattern of values in each
period 7. Because the cosine (or sine) function completes one cycle when the angle
increases by 27 radians, we get

wl =2n (5.2)

The frequency of a periodic signal is the number of cycles completed in one
second. Thus, we obtain

1
f=7 (5.3)

The units of frequency are hertz (Hz). (Actually, the physical units of hertz are
equivalent to inverse seconds.) Solving Equation 5.2 for the angular frequency, we
have

27

0 = T (5.4)

Using Equation 5.3 to substitute for 7', we find that

w=2xf (5.5)



Root-Mean-Square Values

Consider applying a periodic voltage v(¢) with period T to a resistance R. The power
delivered to the resistance 1s given by

vE(r)
p(t) = R (5.7)

Furthermore, the energy delivered in one period is given by

T
Er = f p() dt (5.8)
0

The average power Pyyo delivered to the resistance is the energy delivered in one
cycle divided by the period. Thus,

Er 1 (T
P;n’g = ?I - ?L p()di (5.9)

Using Equation 5.7 to substitute into Equation 5.9, we obtain

1 730

Paw -
S TJy R

di (5.10)



This can be rearranged as

2
[\/ L2 df:l

Pavg = - (5.11)

Now, we define the root-mean-square (rms) value of the periodic voltage v(t) as

e
Vi = ?fé v2(1) di (5.12)

Using this equation to substitute into Equation 5.11, we get

Pa\rg = LI (513)

Similarly for a periodic current i(), we define the rms value as

1 T
Iems = T ﬁ} i2(t) dt

and the average power delivered if 7(7) flows through a resistance 1s given by

Pavg = I2,(R

rms



RMS Value of a Sinusoid

Consider a sinusoidal voltage given by
vit) = V,, cos(wt + &)

To find the rms value, we substitute into Equation 5.12, which vields

1 T
Vims = \/T f VS? C‘DSE(W{ + ) di
0

Next, we use the trigonometric identity

> o1 1
cos™(z) = 3 =+ 3 cos(2z)

to write Equation 5.17 as

2
Vime = \/Vm f 1 4 cos(2wit + 26)] dt

(5.16)

(5.17)

(5.18)

(5.19)



Integrating, we get

V2 1 £
Vims = 2? [r + 5t sin(2wt + ZH)L (5.20)
Evaluating, we have
V VET T+ : QT + 26) ] (26) (5.21)
i, = — sin — —sin |
mTYer| T ¢ 2w

Referring to Equation 5.2, we see that w7 = 2. Thus, we obtain
L 4 L 1 . L
—sin(2wT + 20) — — sin(26) = — sin(4w + 26) — — sin(20)
2m 2w 2e 2w

1 ]
= = sin(26) — 70 sin(2a)

=0

Therefore, Equation 5.21 reduces to

II"‘I’I'TTIS -

(5.22)

SIS



R—L series a.c. circuit

In an a.c. circuit containing inductance L and resistance R, the applied
voltage V is the phasor sum of V and V_, and thus the current I lags the
applied voltage V by an angle lying between 0° and 90° (depending on
the values of Vi and V), shown as angle @. In any a.c. series circuit the
current is common to each component and is thus taken as the reference

phasor.

From the phasor diagram of Figure the ‘voltage triangle” 1s derived.
CIRCLIT PHASOR
DIAGRHAM DIAGRAM
g ————

/ Vi
For the R—L circmt: V= \v.f'{ Vi+ Vi) (by Pythagoras® theorem) f
and tang = IL (by trigonometric ratios)
Vg VOLTAGE IMPEDANCE

In - uit. the rat applied voltage V led the | 1 7 TRIANGLE TRIANGLE

| an a.c. circwt, the ratio pe— 15 called the impedance Z. VI(=1Z) WV (=IX,) ZaX,

=

_ F
Z = fﬁ Vi (=1A) H




VOLTAGE IMFEDANCE

TRIANGLE THIANGLE
Vi=Id ) 0 (=X, ) ZaX,
g
Va(=IA) A

If each side of the voltage triangle in Figure
then the ‘impedance triangle’ 15 derived.

For the R—L circuut: 72 = \v!'II{RE +X7)

X . Xr R
tang — —, sing = — and cosgh = —
¢ R ¢ £ ¢ £

15 divided by current /
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(a) e(t) = E,, sin (wt + &) (b)) E=E,Z£8
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(a) e=200sin (wt + 40°)V (b) Waveform (c) Phasor equivalent

_I_
I =200 V.£40° f\)

R
Transformed source
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(a) Original network.

vty =e(f) + ear) (b) Transformed network.

V=E; + E;
EXAMPLE Given e, = 10 sin of V and e, = 15 sin(wt + 607) V

determine v and sketch 1t.

Solution e, = 10sin wt V. Thus, E; = 10 V.£0".
e, = 15 sinfwt + 60°) V. Thus, E, = 15 V.£60".

Transtormed sources are shown in Figure (a) and phasors in (b).

V=E +E =100+ 15260° = (10 + ;0) + (7.5 + j13)
=(17.5+713)=21.8V.L36.6°
Thus, v =21.8smlwr+ 36.6")V



10 V.£0° +

V=218V .£36.6°

(a) Phasor summation

(b) Phasors (¢) Waveforms



Impedance
The opposition that a circuit element presents to current in the phasor
domain is defined as its impedance.

1+ 7=Y_V Z=7/0




Purely resistive a.c. circuit

L8]

T V. V.20 V
VR Zr=RQ 7 — R _ "REY _ 'R 0 — p
- ! S 1/6 I

(a) Voltage (b) Impedance
and current



Purely inductive a.c. circuit

|
_|_
L, = juL = jX;
v, Z; = joL

(a) Voltage (b) Impedance
and current

\Y V. Z0° V
7, =——=—= = —L/90° = wL/90° = juwlL
LT T I/=90" I ¥ /@




Purely capacitive a.c. circuit

» o
Z.=—j—= —jX. (ohms)
=Zc= —j{ri C I>c JXc  (ohms)
V. V.00V, |
Ze=—F=—0os=—FL=90° = —/=90° = =j— (ohms)

I 1290° I wC



o
f
Pl },,, Load
O
p=vi

p=vi

(watts)

Energy Energy
stored released

Energy Energy
stored released




TABLES.|  Sinusoid-phasor transformation.

Time-domain representation  Phasor-domain representation

Ve COS(wt + ¢) Vi S
V,, sin(wt + ¢) V.. ¢ — 90°
[ cos(wt + 0) I./®
I sin{cof + &) I,/ 8 — 90
TABLEY]  Summary of voltage-current TABLE93  Impedances and
relationships. admittances of passive elements.
Element Time domain Frequency domain Element Impedance Admittance
A |
R v = Ri Y=RI R L=R E:E
di
I p=L— V=jwL] o .
dt L L= joL = Tl
i £ gl Voo b

1
dr ; C b= XM= jol
it JewlC joC Je




ACTIVE POWER

active power is the average value of the instantaneous power,
and the terms real power, active power, and average power mean the same



p =vi=(V sinwt)(] sin wt) =V I sin“wt
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V.
p=—>-(1—cos2wr

P=V,I/2

P =Vl (walls)
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Purely inductive a.c. circuit

i p, = V_ I sin(wt + 907)sin wt

p; = VI sin 2 wt

PL —

-

o
0, = VI (VAR)
(a) Let i = I, sin cwt t
v=V,sin (wr + 90%)

y V2
+ Iy QL = I-XL = ? (HIAR}

1 cycle

A

Y

pL(t) £

K e,

PR
b |
*
LY

™~ T.

L
—y

— 'V_!T [ R . -
Energy | Energy | Energy | Energy
stored |released | stored | released

(b)



Purely capacitive a.c. circuit

pe = vi = VI sin wt sinfwt — 90")

e —— =¥ .
pe T pPc= —VIsin2 wt

|

(a) Let i = [, sin wrt
v="V, sin (wt — 907)

0.=VI (VAR)
+ ]
'L.r’lf L L
i(t Ve ‘
} Q- =I'X.=— (VAR)
C
5 >
— VI ¥--
Energy | Energy | Energy | Energy
released | stored |released| stored

!

b)



EXAMPLE For each circuit of Figure determine real and reac-
tive power.

I R N fl X,

100 Vﬁﬂj® l § 100 V£0° ’9

(a)R=25Q (b) Xy =20 Q2

!
+ Xc

100 V.£0° "\) =

/1

(€) Xc = 40 Q

Solution Only voltage and current magnitudes are needed.

a. I=100V/25Q =4A P=VI=(100V)4 A) =400 W. Q = 0 VAR

b. I=100V/200 =5A. 0=VI=(100V}5A) =500VAR (ind.). P=0W
c. I=100V/A0Q=25A.0=VI=(100V)(2.5A)=250VAR (cap.). P=0W

The answer for (c) can also be expressed as 0 = —250 VAR.



Problem 14, A capacilor C© 15 connecled 1 senes with a 40 £2
resistor across a supply of frequency 60 Hz. A current of 3 A
Nows and the circuil impedance 1s 50 £2. Calculate: (a) the value of
capacitance, C, (b) the supply voltage, (c) the phase angle between
the supply voltage and current, (d) the p.d. across the resistor, and
(&) the pd. across the capacilor. Draw the phasor diagram.

(a) Impedance Z = M#{ERI +X5)

Hence X = /(Z22 — B?) = /(507 — 407) = 30 @

l | 1
Xo= hence € = - |
CT e Y T larxe T Zm(e0)3n

v
(b) Since £ = 7 then V =12 = (3){50) =150 V

X 30
(c) Phase angle, o = arclan F; = arclan (E = 3687
= 36°52 leading
(d)y P, across resistor, Vg = TR = (3)40) = 120 ¥
(e} Pud. across capacitor, Ve = IX- = (3)30) =M ¥

The phasor diagram 15 shown in Figure 15.11, where the supply vollage
Vois the phasor sum of Vg and V.



-
L
i ; i
L !
Il":l-l ¥
V=200V, 50 Hz

Figure 15.13

Problem 13, A coil of resistance 3 §2 and inductance 120 mH in
series with a 100 pl capacitor, is connected to a 300 'V, 50 Hz
supply. Caleulate (a) the current flowing, (b) the phase difference
between the supply voliage and current, (c) the vollage across the
coll and (d) the vollage across the capacitor.

The circuit diagram is shown in Figure 15.13

Xp=2nfL=2x(50)(120 x 107 =37.70 Q
| |

= = =J1.83 Q
efC 2w(50)(100 x 10-%)

Xe

Since X, is greater than X the circuil is inductive.
X —Xe=31.70-3183=587 @



Voo, = 1480 V Impedance Z = [R? + (X — Xc )] = (52 + (5.87¢] =771 @

vV 300
a) Cument f=—=—=3891 A
: {a) Current AT

X —X¢p

5.87
(h) Phase angle ¢ = arclan ( ) = arctan - 49.58°

HEU-E?I '. ) _ 4!}:!351
# = 49°9H (e

(¢) Impedance of coil Zeon, = /(R +X3) = V() + (37707
. — 800

) Vollage across coil Veoy, = Ipon, = (38.91)(38.03) = 1480 ¥
| Xi (3'?.?1]

r Phase angle of coil = arclan — = arclan | —— | = #2.45°
R 3

= B2°27" lagging

'
% n1ERY (d) Voltage across capacitor Ve = IX¢ = (38.91)(31.83) = 1239 V

Figure 15.14 The phasor diagram is shown in Figure 15.14. The supply voltage V is
the phasor sum ol Vg, and Ve
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Figure |13 For Example 11.3.

-2 ()

j;m

For the circuit shown in Fig. 11.3, find the average power supplied by the
source and the average power absorbed by the resistor.

Solution:

The current I 1z grven by

VL 5,/30°
4—J2 4472/ - 2637

The average power supplied by the voltage source 13

= 1.118 /56.57" A

= %{5}{1.113} cos(30* —56.57%) =25 W
The current through the resistor is
I=Ip=1.118/35657" A
and the voltage across it 13
Ve =4l =4472 /536.57°V

The average power absorbed by the resistor is
1
P = E[i.nl?l'.}{l-llﬂ]n =25W

which iz the zame as the average power supplied. Zero average power is
absorbed by the capacitor.

In the circuit of Fig. 11.4, calculate the average power absorbed by the
resistor and inductor. Find the average power supplied by the voltage
30UICE.

Anzswer: 96 W 0W 9.6 W



Calculate the average power absorbed by an impedance £ = 30 — j70 2
when a voltage V = 110 /0" 1z applied across it.

Solution:
The current through the impedance 13
V 120 /0" 120 /0"
I=—= = = 1.576 /66.8" A

Z 30-J70 7616/ 66.8°

The average power 13

1 1
P = EI-",,I,,, cos(fy, —6;) = < (120)(1.576) cos(0 — 66.87) = 37.24 W



Figure 11.24 shows a load being fed by a voltage source through a trans-
mizzion line. The impedance of the line i3 represented by the (4 4 j2) 12
impedance and a return path. Find the real power and reactive power
absorbed by: (a) the source, (b) the line, and (c) the load.

Solution:
The tota]l mpadances is
o442 15 — j10% = 19 — jB = 20.62 11.85° 12 I" WL
=+ i+ ily — gilj —J . sk 0 B A — T D_L
The current throngh the circuit is < 150
3
v 220 /0 IV ms @
I =—’ = Ii =1':|.|5-':.¢:-E3b.-"..11‘.'ﬂ5 ;
£ .42/ -22.83%" == 100
-
{2) For the source, the complex power iz Source *—— Lige — Load

S, = V,I* = 220 40°)(10.67 / — 22.83)

23474 — 22 83" w (21635 — jO10.8) VA

From this, we obtzin the real power as 2163 5 W and the reactive power
as 9108 VAR (leadinz).
(b} For the line, the voltage 1=

Viee = (4 + J2)I = (4,47 f_lﬁ.:‘-?“y{ll:l.ﬁ? %2.33"}

4772 /40 4% V s
The complex power ahsorbed by the line is

Slire = VieI" = (47,72 /49.4")(10.67 / ~ 22.83")

— 3002 ..-_"@.5'-"’ =4354 4 j11TTVA



Siine = I Tjme = (1067 (4 + j2) = 4554 4 j227.7VA

That iz, the rezl power 12 433 .4 W and the reactive power is 22776 VAR
{lagzing).
{c) For the load, the voltzge iz

Vi = (13 — j10)I = (15.03 / —33.?“][1':'-5.‘11_1.33";

— 192,38/ — 10.87" V rms

The complex power gbsorbed by the load 1=
8 =VI* = (19238, — 10871067/ — 22.837)

— 2053/ —33.7" = (1708 — j1139) VA




