MODULE-2

RANDOM VARIABLES



Random Variables

A Random Variable is a set of possible values from a random
experiment.

Example: Tossing a coin: we could get Heads or Tails.

Let's give them the values Heads=0 and Tails=1 and we have a Random
Variable "X“:

Random Possible Random
Variable Values Events

X =




In short:
X={0, 1}

Note: We could choose Heads=100 and Tails=150 or other
values if we want! It is our choice.

We have an experiment (such as tossing a coin)
We give values to each event
The set of values is a Random Variable



Not Like an Algebra Variable

In Algebra a variable, like x, is an unknown value:

Example: x+2=6
In this case we can find that x=4

But a Random Variable is different ...

A Random Variable has a whole set of values ...
and it could take on any of those values, randomly.


https://www.mathsisfun.com/algebra/introduction.html

EXAMPLES

Example: X ={0, 1, 2, 3}
e XcouldbeO, 1, 2, or 3 randomly.

* And they might each have a different probability.

NOTE: We use a capital letter, like X or Y, to avoid confusion
with the Algebra type of variable.



Sample Space

A Random Variable's set of values is the Sample
Space.

Example: Throw a die once

Random Variable X = "The score shown on the top face".

Xcouldbel, 2, 63,4 50r6

So the Sample Space is {1, 2, 3,4, 5, 6}



https://www.mathsisfun.com/data/probability.html
https://www.mathsisfun.com/data/probability.html
https://www.mathsisfun.com/data/probability.html

DEFINATIONS

* Random Experiment: if in each trail an experiment

conducted under identical conditions, the outcome is not unique,
but may be one of the possible outcomes, then such an experiment
is called a random experiment.

Example: Throwing a die, a pack of cards.

* Qutcome: The result of a random experiment will be called an
outcome.

e Trial: Any particular performance of a random experiment is called
a trial and outcome or combination of outcomes are termed as
events.

Example: Tossing of a coin: {H, T}

Exhaustive events or cases: The total number of possible
outcomes of a random experiments is known as the exhaustive
events or cases.




 Favourable Events or Cases: The number of cases favorable to an

event in a trail is the number of outcomes which entail the happening of
the event.

Example: In drawing a card from a pack of cards the number of cases
favorable to drawing of an ace is 4,
for drawing a spade card is 13 and
for drawing a red card is 26

Mutually Exclusive events: Events are said to be mutually exclusive or

incompatible if the happening of any one of them precludes the happening

of all the others, i.e., no two or more of them can happen simultaneously in
the same trail.




Equally likely events: Outcomes of trail are said to be equally

likely if taking into consideration all the relevant evidences,
there is no reason to expect one in preference to the others.

Independent Events: Several events are said to be independent
if the happening (non-happening) of an event is not affected by
the supplementary knowledge concerning the occurrence of
any number of remaining events.




Statistical Definition:

If a random experiment or trail results in ‘n’ exhaustive, mutually
exclusive and equally likely outcomes(or cases) , out of which ‘m’ are
favourable to the occurrence of an event E, then the probability ‘p’ of
occurrence of E, denoted by P(E), is given by:

. __ Number of favourable cases . m
p=P(E) = = —

Total number of exhaustive cases n

(1) Smce m=>20,n=>0andm<n
P(E)=20and P(E)<1 =0<P(E) £1
(ii) P(E)+ P(E) =1



Probability
* P(X = value) = probability of that value

Example (continued): Throw a die once

X=11,2,3,4,5,6}

In this case they are all equally likely, so the probability of any one is 1/6

* P(X=1)=1/6
e P(X=2)=1/6
« P(X=3)=1/6
» P(X=4)=1/6
¢ P(X=5)=1/6
* P(X=16)=1/6

Note that the sum of the probabilities = 1, as it should be.




Example: How many heads when we toss 3 coins?

X = "The number of Heads" is the Random Variable.

In this case, there could be 0 Heads (if all the coins land Tails up), 1 Head, 2 Heads or 3
Heads.

So the Sample Space = {0, 1, 2, 3}
But this time the outcomes are NOT all equally likely.

The three coins can land in eight possible ways:

{HHH, HTH, THH, T TH, HHT, HT T, THT, T T T}

s P(X =3)=1/8
« P(X =2)=3/8
e P(X =1) = 3/8
s P(X=0) = 1/8



Example: Two dice are tossed.

The Random Variable is X = "The sum of the scores on the two
dice".

Let's make a table of all possible values:

1st Die

1 2 3 4 5 ©6

1 2 3 4 5 6 |7
o I IS = R B
2nd 3 4 5 o6 7 8 9
Die 4 5 6 7 8 9 10
s 6 7 8 9 10 11
6 7 8 9 10 11 12

There are 6 X 6 = 36 possible outcomes, and the Sample Space (which is the sum of the
scores on the two dice) 1s {2, 3, 4, 5, 6,7, 8,9, 10, 11, 12}



Sum of numbers (x) Favourable sample points No. of favourable cases | Probability p(x)
2 (1,1) 1 %
3 (1,2), 2,1) 2 %
- (1,3), (3,1), (2,2 3 %
5 (L4, @1, 23), 6,2 4 %
6 (1,3), 6.1, 2.4, 42), (3.3) 5 35_15
7 (1,6), (6,1), (2,3), (5,2), (3,4), (4,3) 6 %
8 (2,6), (6,2), (3,3), (5,3), (4.4 3 35_15
9 3,6), (6.3). (4.5). (5.4) ; i
10 (4,6), (6,4), (5,3) 3 %
11 (5,6), (6,5) : %
12 (6,6) 1 1

36




2 occurs just once, so P(X = 2) = 1/36

3 occurs twice, so P(X = 3) = 2/36 = 1/18

4 occurs three times, so P(X = 4) = 3/36 = 1/12
5 occurs four times, so P(X = 5) = 4/36 = 1/9

6 occurs five times, so P(X = 6) = 5/36

7 occurs six times, so P(X =7) = 6/36 = 1/6

8 occurs five times, so P(X = 8) = 5/36

9 occurs four times, so P(X = 9) = 4/36 = 1/9
10 occurs three times, so P(X = 10) = 3/36 = 1/12
11 occurs twice, so P(X = 11) = 2/36 = 1/18

12 occurs just once, so P(X = 12) = 1/36



One dimensional random variable:

 Discrete random variable:

A random variable is called discrete random variable if its set of
possible outcomes is countable.

Example: number of defectives in a sample of k items.

* Probability function (or) Probability Mass Function (p.m.f):

If X is a discrete R.V. which can take the values such that, then is
called the probability mass function and it satisfies the following
conditions:

(i) p;20,forall i, and

(i) Y, pi=]




* Probability distribution function:

The collection of pairs is called the probability distribution of the
RV. X.

X=ux P(X = x;)
X P

Aa P2

X, P:




Example 13-1. A die is tossed twice. Getting ‘an odd number’ is termed as a success. Find the
probability distribution of the number of successes.

Solution, Since the cases favourable to getting an odd number in a throw of a die are (1,3, 5),i.e., 3 1n
all,

Probability of success(S§) = % = % ;  Probability of failure (F) =1 - % = % -
If X denotes the number of successes in two throws of a die, then X is a random variable which takes
the values 0, 1, 2.
P(X =0) = P[F in It throw and F in 2nd throw] = P(FF) = P(F) x P(F) =3 X 5 = 1

P(X = 1)= P(S and F) + P(F and §) = P(S) P(F) + P(F) P(§) = zlx %+ H%

P(X=2)=P(§ and §)=P(S) P(S) = El" %: %

Hence the probability distribution of X is given by :




Example 13-2. Two cards are drawn
(a) successively with replacement

(b) simultaneously (successively without replacement),
from a well shuffled deck of 52 cards. Find the probability distribution of the number of aces.

Solution. Let X denote the number of aces obtained in a draw of two cards. Obviously, X is a random
variable which can take the values 0, | or 2.
(a) Probability of drawing an ace = % = 111_ = Probability of drawing a non-ace = | —% = 1—2
Since the cards are drawn with replacement, all the draws are independent.
P(X=2) = P(Ace and Ace) = P(Ace) x P(Ace) = 5 X5 = 765

P(X=1) =P(Ace and Non-ace) + P (Non-ace and Ace)

= P(Ace) x P(Non-ace) + P(Non-ace) x P(Ace)
L S v P 2
“BXBTBXBT 16

P(X =0) = P(Non-ace and Non-ace) = P(Non-ace) x P(Non-ace) =% X 11—32 — %



X 0 ] 2
plxX): 1w 169 169

Hence, the probability distribution of X is :

b) If cards are drawn without replacement, then exhaustive number of cases of drawing 2 cards out of
52 cards is 2C, .

80
P(X=0) =P(No ace) = P(Both cards are non-aces) =3; Cz = g : ;1’1’ = éﬁ?
2

'CxBC axasx2
P(X =1) = P(one ace) = P(one ace and one non-ace) = 152 c = SZxle =7
2

W 4x3
P(X=2) = P(both aces) =53(323= 5= i
X 0 1 2
Hence, the probability distribution of X becomes : T -~ -

px): 3y M1 M1




Example 135, Four bad apples are mixed accidentally with 20 good apples. Obtain the probability
distribution of the number of bad apples in a draw of 2 apples at random.

Solution. Let X denote the number of bad apples drawn. Then X is a random variable which can take

the values 0, 1 or 2.

There are 4 + 20 = 24 apples, in all and the exhaustive number of cases of drawing two apples is 2*C,.

0C, wx19 o5 Cx2C 1xaxn @

PN=0) =30 == 5 A== —= 3 =

G 43 3
PA=D) =30 = = T

Hence, the probability distribution of X 1s:

=
——
—
R——
— '.:.
LI
S| =
L}
=
_.In.i| -
o




Example 13-3. Obtain the probability distribution of X, the number of heads in three tosses of a coin
(or a simultaneous toss of three coins).

Solution. Obviously, X 1s a random variable which can take the values 0, 1, 2 or 3. The sample space §
consists of 2° = 8 sample points, as given below :

S ={(HT)x(H,T)x(HT)}
= {(HH, HT, TH, TT ) x (H, T)}
= {HHH, HTH, THH, TTH, HHT, HTT, THT, TTT }

The probability distribution of X is given in Table 13-2.

TABLE 13-2: PROBABILITY DISTRIBUTION OF NUMBER
OF HEADS IN 3TOSSES OF A COIN

No. of heads (x) Favourable events No. of favourable cases Probability p(x)
0 {TIT } ] %
1 {TTH, HTT, THT } 3 %
2 {HTH,THH, HHT } 3 %
3 {HHH } ] %




Problem

l.

If the random variable takes the wvalues 1,2,3 and 4 such that
2P(X =1)=3P(X =2)=P(X=3)=5P(X=4), find the probability
distribution and the cumulative distribution function of X.

Solution:

Let 2P(X =1)=3P(X =2) = P(X =3)=5P(X =4) = k
Thatis, P(X =1)= =, P(X =2) =", P(X =3)=k, P(X =4)= ¢

We know that, > p; =1
i

That 1s, E+§+;€c+i=1 :Lwﬂz=E
2 3 5 61

The probability distribution of X is given by

X 1 2 3 4

I

P(x;) 15 |10 | 30 6

61 61 61 61




The c.d.f. F(x) 1s defined as F(x)=P(X <x).
When x <1, F(x)=0

When 1< x<2, F(x)=P(X =1)= g
25
When 2< x<3, F(x)= P(X = 1)+ P(X =2) = =
61
When 3< x <4, F(x)=P(X=1)+P(X=2)+P(X=3)=%

When x >4, F(x)=P(X =1)+ P(X =2)+ P(X =3)+ P(X =4) =1



3. A random variable X has the following probability distribution,

Values of X -2 -1 0 1 2 3
P(X =Xx) 0.1 K | 0.2 2K 0.3 3K

1)Find K, (i1) Evaluate P(X <2) and P(-2 < X < 2) (ii1) find the c.d.f. of X
Solution: (1) K = L
15

(1) P(X <2)= % and P(-2< X <2)= %
(111) F(x) =0, when x < -2
1
=—,when -2 < x < -1,
10

=l,when—l£.rc:0,

=—_,when 0<x <1,
30

1
=5 when 1 < x < 2,

2

=§,when 2<x<3,

=1, when 3<x



e Continuous random variable :

A random variable X is said to be a continuous random variable if it

takes all possible values between certain limits or in an interval
which may be finite or infinite.

Example: person's height, (within the range of human heights), not

just certain fixed heights.

Probability density function (p.d.f):

In case of a continuous random variable, we do not talk of
Probability at a particular point (which is always zero) but we always
talk of probability in an interval. If p(x) dx is the probability that the
random variable X takes the value in a small interval of magnitude
dx, e.g., (x, x +dx)or (x—dx/2,x+dx/2), then p(x) is called the
probability  density  function (p.d.f) of the rv X




Probability Density Function

If X is a continuous RV such that
1 1
P {x— dei X<x+ de}=f(x)dx

then f(x) is called the probability density function (shortly denoted as pdf) of X,
provided f(x) satisfies the following conditions:
(i) f(x)20,forall xe R, and

(i) | foode=1
Ry

Moreover, P(a £ X £ b) or P(a < X < b) is defined as

b
PasX<b)= [ fldx.
Note When X is a continuous RV
P(X=a)=Pa<X<a)= | fix)ydx=0

This means that it is almost impossible that a continuous RV assumes a specific
value. Hence Pla< X <b)=Plas X <b)=Pla<X<bh)=Pla<X <b).



Distribution Function (or)
Cumulative Distribution Function (cdf)

The cumulative distribution function F(x) of a random variable X with

probability distribution P(x) and probability desity function f(x) is

S P(X =t), IfXisdiscrete
F(x) = P(X < x) = ¢ X
f f(x)dx, If X is continuous

— XD

Let F(x) be a cumulative distribution function of a continuous random
variable X. Then P(a < X < b) = F(b) — F(a) and f(x) = YEXD) if the

derivative exists.



Properties: 1. 0<F(x)<1;-00<x<m

, d
2 F()= 5 F@) =) 20
= F(x) is non-decreasing function of x.

3.  F(-)= lim F(x llmf flx dx-f fx)d

X—=00 X—==00

F(+e) = lim F(x) = lim n [, () du= [ f(x)dx=

X—=C0

4. F(x) 1s continuous function of x on the right.

5. The discontinuities of F(x) are at the most countable.



F(x) =P(Xsx)
[f X takes integral values, viz., 1,2, 3, ...then

Fix) =PX=1)+PX=2)+...+P(X=x)
= F(x) = p(1)+p(2)+p() + ... +p(x)
Remarks. 1. In the above case,

Flx=1) =p(1) +p2) + ... 4 p(x-1)
F-Fa=1) =p() = pl)=F)-Fa-1)



MOMENTS

It X 18 a discrete r.v. with probability function p(x) then :
u', =rth moment about any arbitrary point ‘A’ = ) (x-A)". p(x)

j, = rth moment about mean (x )= Y(x-x)". p(x)

In particular,

Mean (x ) = First moment about origin = Y, x p(x).
[Taking A=0and r=11n (13:6)].

Variance (x) =p,=Y(x-x)% p(x)



b
If f(x) is the p.d.f of a random variable ‘X’ which defined in the interval (a, b) then (1) Mean = [ xf(x)dv

a
b
(if) Variance = | (x- mean]z f(x)dx
a
b

(1tf) Moment about mean = | (x - mean)” f(x)dx

a



EXAMPLE

Suppose that the error in the reaction temperature, in C, for a controlled
laboratory experiment is a continuous random variable X having the

probability density function

4
2

, —l<x<?2
f(x) =«

rf:’ w|*

elsewhere.
© Verify that f(x) is a density function.
@ Find P(0 < X <1).



For(1),
Obviously, f(x) > 0. To verify condition
/ f(x)dx = 1.

/_ Z F(x)dx = /_ :m F(x)dx + /_ 21 F(x)dx + /2 ™ ) dx

2 2
_0+/ ~_dx +0
1 3




P(0<X§1)—/1f(x)dx
0




Problem:

-X
Is the function defined as follows a density function? f(x)= e ,x20
0 ,x<0
Solution:
o0 () 0
Now, | f(x)dx= [f(x)dx + [f(x)dx
o o 0
0 0 a0
[ f(x)dx= [0dx + [e “dx
0 e 0
=0+[-e*]y =-e  +1=1

= f(x) Satisty the condition of the density function.



Problem:

2

If f(x)=<xe 2 ,x>0
0 ,x<0
Then show that f(x) is a p.d.f. and find its c.d.f. F(x).

Solution: Tf(x)dx =?xe 2 dx=1
0 0
0 -’
To find F(x): F(x)= Tf(x)dx = [f(x)dx+ff(x)rix =0+ }:xe 2 dx
—0 —0 0 0

2

I_
=]-e 2



Problem:

(x+1)
If a random variable ‘X’ has the p.d.f. f(x)= 2 —l<x<l
0 ,otherwise
Then find the mean and variance.
Solution:
1 1 1
We know that, Mean = [xf(x)dx = | x (x+1) dx = ! '[(.Jr2 + x)dx =

1 2l 2

(x+1)
2

dx

1 5 1 1.5
Variance = [(x—mean)” f(x)dx = [ (x— 5)
—~1 -1

1 5 o)
= [(Ox" +1-6x)(x +1)dx = 5
-

lad | —



Problem:

Verify ~ whether the following is a  distribution

| 03 X<—a
F(x)=<l(£+l] ~a<x<da
2\ a
1 |
Solution:
9
We knOW that f(X) = dF(x) — 4 Z y—a <x<a
0 ,otherwise
1 1
50, J (x)dx = f —dx = —[x]2, = —(2a)=1
2(1 2a

—a

Therefore, f(x) isa p.d.f. and F(x) 1s a distribution function.

function.



1, Define a random variable and its probability distribution. Explain by means of two examples.
2, State, with reasons, if the following probability distributions are admissible or not.

(1) ] 0 ] 2 (11) x| -l 0 l
py: | 03 02 035 py: | 04 04 03

Giy | x:l 0 1 2 3 |G| x:l=2 -1 0 1 2
pw:| 02 03 03 0l | 03 04 -02 02 03

Ans, (1) Yes, (i) No, since ¥ p) > 1, (i) No, since ¥ pla) < 1, (1v) No, since p(0) = = 0-2 which is no
possible.



Problem:

A random variable X has the following probability mass function is given

X | 21,011} 2]3

P(X) | 0.1 | k |02|2k | 03|k

Q Find k.
@ Evaluate P(X <2)and P(-1 < X <2).

© Find the cumulative distribution function.



For(1), since P(x) is p.m.f, and ) P(x) = 1., it follows that we get

> P(x)=1

0.1 +k+02+2k+03+ k=1

0.6 +4k =1

4k = 0.4

0.4

=T

k=0.1
X |[2/-1]0]1]2]3
P(X) | 0.1]01/02]02]03]0.1




For(2),

PX<2)=P(X=-2)+P(X=-1)+P(X=0)+P(X=1)+ P(X =2
=0.1+0.1+02+02+023
=0.9

P(X<2)=1-P(X >?2)
=1-P(X =3)
=1-0.1
=0.9

Now,

P(-1<X<2)=P(X=-1)+P(x=0)+P(x=1)+ P(x =2)
=0.1+02+02+03
=0.8



P(X <0) =04,

)

P(X <1)

P(X <2)=0.9,
) =

P(X <3
\

P(X < —2)=0.1,
P(X < —1)=0.2,

If x = =2
If x = —1
f x=0
fx=1
If x =2

If x = 3.



Problem:

A random variable X has the following probability mass function is given

X (1012|3456 | 7

P(X) | 0| k | 2k | 2k | 3k | k* | 2k* | Tk*+k

@ Find k.
@ Evaluate P(X <6), P(X >6) and P((1.5 < X <4.5)/(X > 2))

© Find the cumulative distribution function.



Problem:

Let X be a continuous random variable with probability density function

(pdf) is

(

2x, 0<x<1
f(x) =4

0. elsewhere.
\

Q Find P(X <04), P(X > 3 ) and P(X > 3.)
@ Evaluate P( < X< ) and P(X > %/X S E)'

© Find the cumulative distribution function.



Solution:

For(2), P (X} —/X >

1
2

2)

P((Xf:w)ﬁ(

P =

P(X > )
P(X > 32)

B P(X > 3)

2xdx

-hb\
(-

1
2xdx

o

>
—_
| Ly =t

-n-lw|'5;|-~4
~J

>
]
|
P = =



Problem:

The Department of Energy (DOE) puts projects out on bid and generally
estimates what a reasonable bid should be. Call the estimate b. The DOE

has determined that the density function of the winning (low) bid is

3

8b°
fly) =
0. elsewhere.

b<y<2b

i g [

Find F(y) and use it to determine the probability that the winning bid is
less than the DOE's preliminary estimate b.



Solution:

To find F(y),F(y)

For

Thus,

(S]] o]
-y
IN
<
IN
-
o
L
—
(D
=1
=
-‘::
IN
=
|l



Two-dimensional Random Variables

Definition: Let X and Y be two r.v. defined on the same sample space S,
then the function (X, Y) that assigns a point in R“(= R X R),
is called a two-dimensional random variable,

When (X, Y) 1s a two-dimensional discrete r.v., the possible values of
(X,Y) may be represented as (xi,yj),i =12,....mj=12..,m

If (X,Y) canassume all values in a specified region R in the xy —plane,
(X,Y) 1s called a two-dimensional continuous R.V.



Joint Probability Function

Let X and Y be random variables on a sample space § with respective
image sets X(S) = {x1, %5, ..., X, } and Y(S) = {y1, Vo, eeer e, Vi }-

X(S) X Y(S) — {le-xZ! IR -;xn} X {yllyZI -:J’m}
Into a probability space by defining the probability of the ordered pair to
be P(X=x,Y=y,) or p(x¥;)

The function p on X(S) X Y(S) is defined by:
Dij = P(X =x;NY = yj) = p(xl-,y}-) 18 called the
joint probability function of X and Y.



> V1 Y2 Y3 Yj Ym Total

X1 P11 P12 P13 P1j Pim Dy
X2 P21 P22 P23 P2j P2m D,
X3 P31 P32 P33 P3j P3m Ds.
olpa o piz Pi3 Pij Pim p;.
. . : : :

y Pn1 Pn2 Pn3 Pnj Pnm Pn.

Total | p1 P2 P3 p.j P-m 1




Joint Probability Mass Function:

If (X,Y) is a two-dimensional discrete random variable, then the joint discrete function of X, Y also called

the joint probability mass function of (X,Y) denoted by pyy is defined as:

pxy(xi,yj) = P(X =x;, Y = yj) for a value of (xi,yj) of (X,Y)

Dxy (xl-,yj) = (), otherwise.

). ) Dyy (xi, yj) = 1, where the summation is taken over all possible values of
(X,Y).



Marginal Probability Function:
px(x;) = P(X = x;)
=PX=xnY=y)+PX=x;nY =y,)+..+
PX=x;NY =yp)
Px(X) = Dig + PigttDij + o +Dim = Lz Dij = Di

Also, im1 Di =Py H Pttt = iy Nt pyj = 1

Similarly, ~ py(y;) = P(Y = y;) = Ziey 1ij = 1,
which is the marginal probability function of Y.



Conditional Probability Function:

The conditional probability mass function of X, given Y = y 1s defined as:

] ),, provided P(Y =y) # 0

P(Y=y)
- _ P(X=xY=y)
Similarly,  pyx(ylx) = P(X=1x)

P
PX|Y(JC|J’) =4

A necessary and sufficient condition for the discrete random variables X
and Y to be independent 1s:

P(X=1x,Y =y;)=P(X=x)P(Y =y;) forallvalues (x; y;) of (X,Y).



Joint Probability Density Function

If (X, Y) 1s two-dimensional continuous RV such that,

dx dx dy dy
P x—75X5x+7 andy—Ti:YSy‘l'? =f(x,y)dxdy

Then f(x, y) is called the joint pdf of (X, Y), provided f (x, y) satisfies the

following conditions:

(1) f(x,y) =0, forall (x,y) € R, where R is the range space.

(i) ff, fCxy) dxdy=1.



Two-dimensional distribution function

Definition: The distribution function of the two-dimensional random
variable (X,Y) is a real valued function F defined for all real x and y by the
relation:

FXY(xry) = P(X < er < y) ZZijnyiixpij
[n the contimuous case,

Faoy) = [ [7 f(x,y) dxdy

0°F
0x6y B

=f(xY)

Properties:



Marginal Distribution Functions:

Fy(x)=P(X <x)=P(X <x,Y <) = lim Fyy(x,y) = Fyy(x, )
Y—00

Simﬂarly, Fy(y):P(Y < y):P(X < OO;Y < y) = lim FXY(ny) - FXY(OOJy)

X—00

In case of joint discrete r.v., the marginal distribution functions are:
Fy(x) =2y PX <x,Y=y) and Fy(y) =X, PX =x,Y <y)

In case of Jointly continuous r.v.,
Fe() = L, fry) dyldx - Fe )= [2 {17, fr(xy) dxldy



Marginal Density function:

fx(x) = f_i f(x,y)dy - isthe marginal density function of X.

fr(y) = f_i f(x,y)dx -is the marginal density function of Y

Pl@a<X<bh)=Pa<X<h-0<Y < o)
= [P fey(x,y) dy} dx
- f;fx(x)dx

Pla<X <b)=["fy(y)dy



Independent Random Variables

If (X,Y) 1s two-dimensional independent RV,

PX=x,Y=y) = PX=x)-P(Y =y) -Discrete

f(x,y) =f(x)-f(y) -Continuous



Example 10: For a bivariate probability distribution of (X,Y) given below,

X Y| 1 2 3 4 5 6
0 0 0 1/32 2/32 2/32 3/32
1 1/16 1/16 1/8 1/8 1/8 1/8
2 1/32 1/32 1/64 1/64 0 2/64

Find P(X < 1)
P(Y <3)




PX<1)=PX=0)+PX =1)
= Bi P(X = 0,Y=}')+Z,?=1P(X= LY=j) = i-l_g:%

P(Y<3)=P(Y =1)+P(Y =2)+P(Y =3)

=Y PX=0Y=1)+Y PX=0Y=2) +Y. P(X=iY =3)
3 3 +11 23

32 32 64 64

PXSLY<3)= TP =01 =)+ TP =17 =))
1019

32 4 32



P(X<1Y<3) 9/32 18
P(Y<3)  23/64 23

P(X <1|Y < 3)=

P(X<1Y<3) 9/32 9

P(Y <3l <1)= P(X<1)  7/8 28

PX+Y<4) =X PX=0Y=))+T_ PX=1Y =)+ PX=2Y =))

3 1 1 13
= —+—-+— =—
32 4 16 32



Example 11:

Three balls are drawn at random without replacement from a box
containing 2 white, 3 red and 4 black balls. If X denotes the number
of white balls drawn and Y denotes the number of red balls drawn.
Find the joint probability distribution of (X,Y).

Solution:

P(X =0,Y =0) = P(drawing 3 balls none of which 1s white or red)
= P(all the 3 balls are black)

4(.‘3_ 1

9, 21

3

P(X=0,Y =1) =P(drawing I red and 2 black balls) = 12






Example 13

[f X and Y are two random variables having joint density function:

16— —
f(x,y)=[8( *=Y) L 0<x<2, 2<y<4
0

Find the (1) Marginal density functions of X and Y

({i)P(X<1NnY <3)
(i) P(X +Y <3) (iv) P(X<1 | Y<3)



Example 13
The joint pdf of a two-dimensional RV (X,Y) is given by

p
f(x,y)=xy2+% Usx<2,0sys1

Compute P(X > 1), P(Y < %), P(X >1]Y < %), P(X <Y) and
P(X+Y <1)



| | | £(xy)drdy
() PX>1)=" ;

{x>1)

g

X 19
xy"+— | dxdy= —
(y 3] apy

2
(i) P¥<12)= | (xy1+x—]dx dy



2
(iii) PX>1,Y<1/2) = J (xyz+%]dxdy

R,

|
>l & ye—
[ 'r‘zJ

1/22 2
=Ijxy2+x— d.:cdy:i
S 8 24

I
PlX>LY<—
( 2)_5!24_;

P(H%] 1/4 6

(iv) PX>1/Y < %) =

1
X}LY{E) _5/24 5

i
v) P(Y< Lix>1)= = =
2 P(X>1) 19/24 19



1y 2
=” (xszr%]dxdy:%

2
i) PX+Y< 1) = 2.2 laxd
(vil) P(X + ) J J'{J:waSJ y

=) 2
J .:cy2+x— m:l;'n:ly:£
ﬂ 3 480



Solution:

PX>1) = —

P(r<:)=:

PX>1,Y<2) = =
2 24

1, _ 5/24_ 5
P(X:>1|Y<2) = T2 " &

53
PX<Y)= =

PX+Y<1) =%



Example 3 The joint probability mass function of (X, Y) is given by p(x, y)
=k(2x + 3y), x=0,1, 2; v =1, 2, 3. Find all the marginal and conditional
probability distributions. Also find the probability distribution of (X + Y).

Solution The joint probability distribution of (X, ¥) is given below. The
relevant probabilities have been computed by using the given law.

Y
X
| 2 3

0 3k 6k 9k
1 Sk 8k 11k
2 Tk 10k 13k

gy | 7

2 2 pxpyp=1
j=1t=0

i.e., the sum of all the probabilities in the table is equal to 1.
ie., 72k = 1.

i k= —
72



Marginal Probability Distribution of X: {i, p;«}

3
_ ¥
X=i Pi= = j:]a”ij
18
0 Por * P2t Pz = 7
24
l PutPiztPi= E
30
2 PutPuntpPn= E
Total =1

Marginal Probability Distribution of Y: { j, p.;}

2
=] Pej= ;'Z'l Pij
1 15/72
2 24/72
3 33/72
Total = |




Conditional distribution of X, given ¥ = 1, is given by {i, P(X = /Y = 1)} =
{i, P(X=1,Y=1)/P(Y=1)}

— {l’ pillp*ll9 1= O’ 19 2.

the tabular representation is given below:

X=i Pilps)
|

\ 3k/15k = g
l

l Skl15k = 5
7

2 Tkl15k = G
Total = 1




The other conditional distributions are given below:

CPD.of X, given ¥ =3

X=1

PislPes

0

C.P.D.of X, given Y =2

X=1i PialP+2
6k 1

0 m = E
8k 1

| Ak =3
10k -

2 m = )
Total =1




CPD.of ¥, givenX=0

CPD.of ¥, given X =1

Y=

Piilpps

Y= PofPor
3k l

| 18k ~ 6
6k 1

’ 18k~ 3
Ok ]

3 ﬂ:i

Total = 1

Total = 1




CPD.of Y, given X =2

Probability distribution of (X + Y)

Y=j P2j/Pas
1k 7
| 30k~ 30
10k |
: 30k 3
13k 13
) 30k - 30
Total = 1

(X+Y) P
| Por1 = i
T2
2 F’uz+P||=£
T
3 P03+P|2+le=§
72
21
& P|3+Pzz=ﬁ
5 Py = D
72

Total = 1




Example 14

Joint density function of X and Y is given by:
flx,y) = dxye~ %) - x>0, y>0

Test whether X and Y are independent.

Find the conditional density function of X given Y = y.



Solution Here the range space is the entire first quadrant of the xy-plane.
By the property of the joint pdf

” kxy ) dxdy=1

x>0,y>0
ie., kJ ye_fdyj xe ¥ dx=1
0
i.e., L =1
4
k=4

Now f(x) = _[ 4x E'IE X g'J’l dy = 2x e, x>0
0

Similarly, £,(y) = 2ye™, y > 0.

Now fx{_x) }{fy(y} =4 x y E-{11+}-‘1) :f(.r, }’)
. The RVs x and y are independent.



Mathematical Expectation

The average value of a random phenomenon 1s also termed as its
mathematical expectation or expected value.

The expected value of a discrete r.v. 1s a weighted average of all
possible values of the r.v., where the weights are the probabilities
associated with the corresponding values.

For a discrete r.v. X with p.m.f. p(x),
E(X) = 2y x p(x)

For a continuous r.v. X with p.d.f. f(x),
EX)=[" xf(x) dx



Expected Value of a function of a random
variable

Consider a r.v. X with p.d.f. (p.m.f.) f(x) and distribution function F(x).
If g(+) is a function such that g(X) is a r.v. and E[g(X)] exists, then

E[g(X)] = Z g(x)p(x)  (fordiscreter.v.)

E[g(X)]=[__g(x) f(x) dx (for continuous r.v.)



Expected Value of Two-dimensional RV

If (X,Y) is a two-dimensional RV with joint p.d.f. f(x,y) or
joint p.m.f. p;j, then
ElgX, V)] =X X j g(xi,yj) Dij (for discrete .v.)

E[g(X,Y)] = f_i j':g(x, y)f (x,y) dxdy (for continuous r.v.)



Particular cases:
1. Ifwetake g(X) = X", r - being a positive integer, then

E[X"] = [C x"f(x) dx

E[X"] = Xaxx"p(x)
Which is defined as p,, the " moment (about origin) of the probability
distribution. Thus 1 ( about origin) = E(X")

In particular,if r =1  pj (about origin) = E(X) =X =Mean
r=2  u,(aboutorigin)=E(X?) = ffooo x2f(x) dx

Uy = Wy —pi = E(X?) - [E(X)]?



I g(X) = E[X - E(X)]" = E[X —x]", then
EX—EX)] = [ [x—EX)f(x) dx= [~ [x-X]f(x) dx
E[X —EM]" = Sylx - EX"p(x) = Ty [x - ]"p(x)
which is g, , the " moment about mean.

if r=2,weget up =E[X—EX)]*= [ _[x—X]*f(x) dx = Variance

. If g(x) = constant = c,
E(c)=[ycf()dx =c [ f(x)dx =c
E(c) =Txcp(x) = cXyp(x) =c



13:7. THEOREMS ON EXPECTATION

Theorem 13-1. E(c) = ¢, where c is a constant.
Theorem 13-2. E(cX) = ¢ E(X), where ¢ is a constant.

Theorem 13-3. E(aX + b) =a E(X) + b, where a and b are constants. .
Theorem 13-4, (Addition Theorem of Expectation). [f X and Y are random variables then
EX+7) =E(X) +E(Y),
i.e., Expected value of the sum of two random variables is equal to the sum of their expected values

The result can be generalised to n variables. If X}, X, ..., X,, are n random variables, then
EX, +X,+...+X) =EX))+EX,) +... + EX)

ie, E(EIX,-] =21E(X;-) or simply  E(OX)=SEX)

] =

Corollary. E(aX +bY) =a E(X)+bE(Y), where a and b are constants,



1
E(X)

However, E (}—1{) ==

E(X1/2) = [E(X)]Y/?
E(logX) #= log E(X)

E(X?*) = [E(X)]?

 Theorem. (Multiplication Theorem of Expectation). If Xand Y are
independent random variables, then
E(XY)=E(X).E(Y)

* Ingeneral, if X1, X2, ..., Xn are n independent random variables, then
E(X1 X2 X3 ... Xn) = E(X1) . E(X2) ... E(Xn)

 Remark. The multiplication theorem of expectation holds only for
independent events while no such condition on the variables is required for
the addition theorem of expectation.



VARIANCE OF X IN TERMS OF EXPECTATION

o/ =E[X-EX)]P
Also, we have a simplified expression for o, given by
= 0/ =EX?)-[EX)P
For the probability distribution {x, p(x)}, we have :
Mean =E(X)=) xx p(x)
02 = EX) - [EX)P = 32 pla) - [3 x plo)]



Theorem 13-6, Var (X £ ¢) = Var X, where ¢ 15 a constant.

This theorem states that variance is independent of change of origin.

Theorem 137, Var (aX ) = a*. Var (X), where a is a constant.

This theorem states that variance is not independent of change of scale.

Corollary. Combining the results of the above two theorems, we get :
Var (aX £ b) = Var (aX) = a* Var (X)

Theorem 13-8. Var (c) =0, where ¢ 1s constant.



Co-Variance

Let (x;, v),i=1,2, ..., n be n paired observations on two variables X and Y. Then,

If X and Y are two random variables, then the covariance between them 1s
defined as:

Cov(X,Y) = E[{X —E(X)}{Y — E(Y)}]
—E[XY —XE(Y) =Y E(X) + E(X)E(Y)]

= E(XY) —EX)E(Y) —EY) E(X) + EQ)E(Y)
Cov(X,Y) = E(XY)—E(X)E(Y)

If X and Y are independent random variables, E(XY) = E(X) E(Y)
and hence, Cov(X,Y) =E(X)E(Y) —EX)E(Y)=0



Properties:

1. Cov(aX,bY) = E[{aX — E(aX)}{bY — E(bY)}]
= E[a{X — E(X)} b{Y — E(Y)}]
= ab E[{X —EQ)}{Y - E(Y)}]
Cov(X,Y) =abCov(X,Y)

2. Cov(X+aY+b)= Cov(X,Y)

3 o (x—)? y—?) 1

Cov(X,Y)

Ox ' Oy Ox Oy

4. If X andY are independent, Cov(X,Y) = 0, but the converse is not true.
5. V(X]_ i Xz) - V(Xl) + V(Xz) i ZCOV(XI,Xz)

6. V(EiiaX) =X al V(X)) +2 T, X aia; Cov(X;, X))



Correlation Coefficient:

[f X and Y are two random variables, then the covariance between them
is denoted as Cov(X,Y),

Cov(X,Y) = E(XY)—EX)E(Y)

and the Co-efficient of correlation(ryy or pyy) between X and Y is
defined as @ numerical measure of linear relationship between them,

__ Cov(X)Y) _ Cov(X)Y)
Pxy = ox Oy JVar(x)/vVar(y)




Properties:

1. If X and Y are independent, Cov(X,Y) =0 and pyy =0
but the converse is not true.

When pyy = 0, we say that X and Y are uncorrelated.
2. |pxyl €1

e, if pyy = +1 = Positive Correlation

pxy = —1 = Negative Correlation

pxyy = 0 = UnCorrelated random variables.



Example:

Find the expectation of the number on a die when thrown.

Solution. Let X denote the number obtained on
the die. Then X is a random variable which can take
any one of the values 1,2, 3,...,6 each with equal

probability 1/6 as given in the adjoining Table.

p 1/6 1/6 1/6 1/6 1/6 1/6

EX)=Y x.px) -1x6 + 2x6 + 3x6+4x6+ 5x6 + 6x6
(14243 444546)=5=5=35.



Example: What is the expected number of heads appearing when a fair
coin is tossed three times ?

Solution:
x |0 ] 2 3
p(x) 1/8 3/8 3/8 1/8
EX)=Y x p(x)

12

=5(0+1x342x343x1)=2=15



Example: A random variable X is defined as the sum of faces
when a pair of dice is thrown. Find the expected value of X.

X 2 3 4 5 6 T 8 9 10 11 [2
o L2 3 4 s 6 s 4 321
36 36 36 36 36 36 36 36 36 36 36

EX) =% x.p(x)
| 4 5 6 5 4 2 |
=2x%+3x%+4x;—6+5x%+6x%+7><%+8x%+9xE+10x§—6+11x%+12><%

=36 | 246412420430 442440436 +30+22+ 12| =52 =7



Example 13-12. From a bag containing 4 white and 6 red balls, three balls are drawn at random .
(i) Find the expected number of white balls down.
(it) 1f each white ball drawn carries a reward of Rs. 4 and each red ball Rs. 6, find the expected

reward of the draw.

Solution, There are 4 white and 6 red balls 1.¢., 10 balls tn the bag.
Three balls can be drawn out of 10 balls in ''C; ways, which gives the exhaustive number of cases.

IRE

p(x) = Probability of drawing x white balls = CI; C?_I - x=0,1,2.3
*Cox"C3 1x6x5x4x31 1 5 'CoxCy axrs 15

PO = 0¢, = 3Tx10x9x8 “6=30 P = ¢, =120 T30

'Cyx°C gx6 9 'Cix°Cy 4y 1
p2) = oc, TN pid) = 0c, 120730




mm.—-c:-i
1

p(x) Rﬁward R( ]m R?
530 | 4x0+6x3=18
1530 | 4x1+6x2=16
930 | 4x2+6x1=14
130 | 4x3+46x0=12

= xp(x)

5 15 9 1
-Ux3ﬂ+ | x35 + 2x3{] + 3"3{1

-5 (15+1843)=5 = § = 12

Expected reward of the draw is :
E[R(x)| =3 R(x)

_Rs[mx18+wx16+wxl4+mx12

=Rs. (3 + 8 +4:20 + 0-40)
= Rs. 1560



Example 13-15. A random variable X has the following probability distribution :
X ; 4 5 6 8

p ; (-1 0-3 0-4 0-2

Find E[X - EX)

X D X P E[X - E(X))* = Var (X) = E(X?) - [E(X))’
"""" Y 04 16 =Y px*=( Y pxy
5 03 5 75
6 04 2.4 14-4 L [X - E(X)]z - E PIE - (ZPI)E
| | | =363 = (59)2
3 02 Al 128 = 3630 - 3481
Total 1 ypx=59 | Yt =363 = 1-49




Example 13-18. If V(X) =
variables X and Y is

V(Y)_4andVX Y)

l . L] 2

03 (if) -7 ; (iii)3 -
Solution. We are given : 0, = 0,” éll =  0,=
and Var (X-Y) :%
= Var (X)+ Var (Y)-2Cov (X, }) :%
= 02402-2r0,0 =%
Lol 111

= ARV

(i) 1s the correct answer.

)

» the correlation coefficient between random

(iv) none of these.

1 _
5 e
|From (13-324)]
( Cov (x, y, ]
oo
ro 11 3-=2 1 l



Example 13-19. Let X and Y be two random variables each

taking three values —1, 0 and 1, and having the joint probability
distribution as given in Table 13-5.

Obtain the marginal probability distributions of X and Y
and hence their expected values.

TABLE 13-5
X —1 0 1
Y
—1 0 - 1
0 -2 -2 2
1 0 - 1




TABLE 13-6. COMPUTATION OF MARGINAL PROBABILITY DISTRIBUTIONS

X
~ -1 0 1 Total g(y)
Y|
-1 0 ‘1 'l 14:1=02
0 2 2 2 2+:24+:2=06
I 0 'l 'l 0+:1+:1=02
Totalp(x)| 0+2+0=02 1+24+:1=04 1+24+:1=04 Sp)=Ye(y)=1

TABLE 13-7. MARGINAL PROBABILITY
DISTRIBUTION OF X

-1

0

1

Total

px)

0-2

0-4

0-4

1-0

E(X) =2 x p(x)
=—1x02+0x04+1x04

=-02+04=02




TABLE 13-8. MARGINAL PROBABILITY
DISTRIBUTION OF Y

y —1 0 1 Total
2(y) 0-2 0-6 0-2 1-0
E(Y) =) yg(y)

==l x02+0x06+1x02
=-02+4+02=0




O-lx, x=12,3,4

Example 13-20. If p(x) = I{} . otherwise,

Find : (i) P{x=10r2} (if) PI%*:H%

x::-l]

Solution (i) P(X=1o0r2)=PX=1)+P(X=2)=p(1) + p(2)
=01x1+01x2=01402=0-3

|y
(i) P Lex<d [X>1 -P[(E{X{Z ﬂX}l]_ PX=2)
P A1) I-PXs))
01 x2 02 0

_ 2,
T 1=[pO)+pD))" 1=[01x0+01x1]709 = 9



17, Let the random variable X assume the values x;, x, and x;. Then the function f denoted by fix,) = P(XX =x,) is
given by :
Values of X, (x) ; -3 b 9
P& =) : 1/6 112 13
Find E(X), E(X?) and E(2X + 1)*.
Ans. EX)=55 ; EX?) =465 ; EQX+ 1) =4EX)+4E(X)+1=209

19, A random variable X has the following probability distribution :
Value of X, (x) ; | l 2 3
P(X=x) ; 1/3 12 0 1/6
Find : (i) Var (X), (i) Var(Y) where Y =2X - 1. |
Ans. Var(X) = 1 ; Var(Y)=Var(2X - 1) = Var(2X) =22 Var(X) =4 x 1 =4,



Moment Generating Function (MGF)

If X is discrete, then Mx(t) = E(e™) = ) e™ip(x;),
i=1
where X takes the values xq, X0, x3, ..., x, with probabilities

P(Xl); P(XQ), P(X?J)-,. e P(Xn)

If X is continuous, then Mx(t) = E(e™) =/ e™f(x)dx.



Properties of MGF:

o The r'" moment p, is the coefficient of &

In series of powers of t.

t tx)? tx)"
Mx(f)=E(eb‘)=E[1+X+(X) PR Gy
1! 2! r!
t2 t
=1—|—rE(x)—|—§E(x)—I—---+FE(X")+...

,t?
=l4tp+Sppa+ -+ Spet

tf'

-7 in the expansion of Mx(t) in

Therefore, ,u:, s the coefficient of

series of powers of t.

~in the expansion of Mx(t)



iy = E(X) = | Zo{Me(0)

t=0

! d(Mx(t)) . 3%
In particular, if r =1 then py = { o L:O is the mean o

o Mcx(t) = Mx(ct)
Q MaX—}—b(t) = E‘thx(at)

o My y(t) = Mx(t)My(t)



PROBLEMS:

Find the moment generating function of the random variable X whose

probability mass function P(X = x) = 2%,){ —1,2,3,..., Deduce the
mean and variance from moment generating function.

E‘t

Answer: Mx(t) = 5%z and mean is 2.



