Functions of Several Variables

Introduction to Functions
of Several Variables
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-Jjectives -
B Understand the notation for a function of several

variables.

B Sketch the graph of a function of two variables.

| Sketch level curves for a function of two Functions of Several Variables
variables.

B Sketch level surfaces for a function of three
variables.

B Use computer graphics to graph a function of
two variables.

-nctions of Several Variables -nctions of Several Variables

The work done by a force (W = FD) and the volume of a DEFINITION OF A FUNCTION OF TWO VARIABLES

right circular cylinder (V=7 r’h ) are both functions of two - -

iabl The volume of a rectangular solid (V _ IWh) is a Let D be a set of ordered pairs of real numbers. If to each ordered pair (x, y)
Vana. es. u . gu - in D there corresponds a unique real number f(x, y), then fis called a function
function of three variables. of x and y. The set D is the domain of f; and the corresponding set of values
The notation for a function of two or more variables is for f(x, y) is the range of f.

similar to that for a function of a single variable. Here are

two examples.
For the function given by z = f(x, y), x and y are called

d=fley) =t Function ofwo variables the independent variables and z is called the
2 variables o
and wiable dependent variable.
w = f()c, ¥, 7)) =x+ 2y — 3z Function of three variables
N

3 variables 5



-mple 1 — Domains of Functions of Several Variables

Find the domain of each function.

X +y>-9
x

a. fluy = b. gy, 2) =

Solution:
a. The function fis defined for all points (x, y) such that
x# 0and x>+ y> = 9.

-ample 1 — Solution

b. The function g is defined for all points (x, y, z) such that

cont'd

x>+ y2+z2<09.

Consequently, the domain is the set of all points (x, y, z)
lying inside a sphere of radius 3 that is centered at the
origin.

-nctions of Several Variables

You cannot form the composite of two functions of several
variables.

However, if h is a function of several variables and g is a
function of a single variable, you can form the composite
function (g < M. Y) as follows.

(g ° h) (X, }’) = g(h(x, y)) Composition

-ample 1 — Solution

So, the domain is the set of all points lying on or outside
the circle x> + y> =9, except those points on the y-axis,
as shown in Figure 13.1.

cont'd

Dormain of
Vi +y2 =9
G

fley =

Figure 13.1

-nctions of Several Variables

Functions of several variables can be combined in the
same ways as functions of single variables.

For instance, you can form the sum, difference, product,
and quotient of two functions of two variables as follows.

(f e g)(x, y) = f(x9 y) + g(x, y) Sum or difference
(fg) (X, y) = f(X, y)g(x, y) Product

_ [y

(X, )’) - ( ] y)»

g(x, )7) #0 Quotient

o [~
oy

-nctions of Several Variables

A function that can be written as a sum of functions of the
form cx™y” (where c is a real number m and n are
nonnegative integers) is called a polynomial function of
two variables.

For instance, the functions given by
floy) =x2+y>=2xy+x+2 and glx,y) =302 +x -2

are polynomial functions of two variables.

A rational function is the quotient of two polynomial
functions.

Similar terminology is used for functions of more than two
variables.



- -e Graph of a Function of Two Variables

The graph of a function f of two variables is the set of all
points (x, y, z) for which z = f(x, y) and (x, y) is in the
domain of f.

This graph can be interpreted

Surface: 2= f(x. ¥)

The Graph of a Function of Two geometrically as a surface
. in space. In Figure 13.2,
Variables note that the graph of z = f (x, y)

is a surface whose projection
onto the xy-plane is the D,
the domain of f.

Domain: D A
.y

Figure 13.2

13 14
‘ Graph of a Function of Two Variables -ﬂple 2 — Describing the Graph of a Function of Two Variables
To each point (x, y) in D there corresponds a point (X, y, z) What is the range of f(x.y) = V16 —4x> —»?? Describe the
on the surface, and, conversely, to each point (x, y, z) on graph of f.
the surface there corresponds a point (x, y) in D.
Solution:

The domain D implied by the equation of fis the set of all
points (x, y) such that 16 — 4x2 — y2 = 0.

So, D is the set of all points lying on or inside the ellipse
given by

— +=—==1. Ellipse in the xy-plane

-ample 2 — Solution -ample 2 — Solution

cont'd

cont'd
The range of fis all values z = f(x, y) such that 0 < z = V16 You know that the graph of fis the upper half of an ellipsoid,
or as shown in Figure 13.3.
0=<z=<4 Range of f
A point (x, y, z) is on the graph of fif and only if Tacein
2= 16 — 4x*? — y? Range
4x>+y2+ 2 =16
- 4 ¥
ﬁ + ﬁ + Z—2 =1 0<z<4 The graph of /(r, y) zmij‘l‘(‘vT\‘l*}‘l
4 16 16 -5 sT=s. is the upper half of an ellipsoid.
17 Figure 13.3



Level Curves

-vel Curves

In weather maps for which the level
curves represent points of equal
temperature, the level curves are
called isotherms, as shown in
Figure 13.6.

Level curves show the lines of cqual
temperature (isotherms) measured in
degrees Fahrenheit.

Figure 13.6

Another common use of level curves
is in representing electric potential fields.

In this type of map, the level curves are called

equipotential lines.
21

-vel Curves

For example, the mountain shown in Figure 13.7 is
represented by the topographic map in Figure 13.8.

Figure 13.7 Figure 13.8

23

-vel Curves

A second way to visualize a function of two variables is to
use a scalar field in which the scalar z = f(x, y) is assigned
to the point (x, y).

A scalar field can be characterized by level curves (or
contour lines) along which the value of f(x, y) is constant.

UES s

For instance, the weather map

in Figure 13.5 shows level curves

of equal pressure called isobars. /s .
Level curves show the lines of equal pressure
(isobars) measured in millibars. 20

Figure 13.5

-vel Curves

Contour maps are commonly used to show regions on
Earth’s surface, with the level curves representing the height
above sea level. This type of map is called a topographic
map.

22

-vel Curves

A contour map depicts the variation of z with respect to
x and y by the spacing between level curves.

Much space between level curves indicates that z is
changing slowly, whereas little space indicates a rapid
change in z.

Furthermore, to produce a good three-dimensional illusion
in a contour map, it is important to choose c-values that are
evenly spaced.

24



-ample 3 — Sketching a Contour Map

The hemisphere given by f(x.y) = V64 — x* — y* is shown in
Figure 13.9. Sketch a contour map of this surface using

-ample 3 — Solution

For each value of c, the equation given by f(x, y) = cis a
circle (or point) in the xy-plane.

level curves correspondingtoc =0, 1, 2,..., 8.
Surface: —_ 1
o For example, when c,= 0, the level curve is

X2+ )~2 =64 Circle of radius 8

which is a circle of radius 8.

Hemisphere

Figure 13.9 25 26

-vel Curves

One example of a function of two variables used in
economics is the Cobb-Douglas production function.

-ample 3 — Solution

Figure 13.10 shows the nine level curves for the hemisphere.

cont'd

This function is used as a model to represent the numbers of
units produced by varying amounts of labor and capital.

If x measures the units of labor and y measures the units of
capital, the number of units produced is given by

f(X, y) — Cxaylfa

where C and a are constants with0 < a < 1.

Contour map

Figure 13.10

27 28

- -vel Surfaces

The concept of a level curve can be extended by one
dimension to define a level surface.

If fis a function of three variables
and c is a constant, the graph of the
equation f( x, y, z) = cis a

level surface of the function f,

as shown in Figure 13.14.

Level Surfaces

Level surfaces of f

Figure 13.14

29 30



-vel Surfaces -ample 6 — Level Surfaces

With computers, engineers and scientists have developed Describe the level surfaces of the function
other ways to view functions of three variables. Floy2) = 402 + 92 + 2,

For instance, Figure 13.15
shows a computer simulation
that uses color to represent
the temperature distribution
of fluid inside a pipe fitting.

Solution:
Each level surface has an equation of the form

42+ y2+2=c Equation of level surface

So, the level surfaces are ellipsoids (whose cross sections
parallel to the yz-plane are circles).

oy anlag O ANSS U™ ad NS Mol As cincreases, the radii of the circular cross sections

for thermal stress analysis
Figure 1315 increase according to the square root of c.

31 32

i ple 6 — Solution Eam ple 6 — Solution

For example, the level surfaces corresponding to the These level surfaces are shown in Figure 13.16.

values ¢ = 0, c= 4, ¢ = 16 and are as follows. P Level surfaces:
axleyiesi=c
4x2 + )'2 +22=0 Level surface for ¢ = 0 (single point)
vl+yz+zl—l Level surface f 4 (ellipsoid)
. A evel surface for ¢ = 4 (ellipso
1 4 4 evel surtace for ¢ ellipsoid
x—ZJr—szr—ZZ:l Level 16 (ellipsoid
evel surface for ¢ = 16 (cllipsoi
4 6 16 evel surface for ¢ 6 (ellipsoid)

Figure 13.16

If the function represents the temperature at the point
(x, ¥, z), the level surfaces shown in Figure 13.16 would be

33 called isothermal surfaces. 3

i imputer Graphics

The problem of sketching the graph of a surface in space
can be simplified by using a computer.

Although there are several types of three-dimensional
graphing utilities, most use some form of trace analysis to

Computer Graphics give the illusion of three dimensions.

To use such a graphing utility, you usually need to enter the
equation of the surface, the region in the xy-plane over
which the surface is to be plotted, and the number of traces
to be taken.

35 36



-Jmputer Graphics

For instance, to graph the surface given by

Sy = 02 4+ yet

you might choose the following bounds for x, y, and z.

—3<x<3 Bounds for x
—3=y=<3 Bounds for y
0<z=<3 Bounds for z

37

-Jmputer Graphics

That is, it begins by plotting the traces in the foreground
(those corresponding to the largest x-values), and then, as
each new trace is plotted, the program determines whether
all or only part of the next trace should be shown.

The graphs show a variety of surfaces that were plotted by
computer.

If you have access to a computer drawing program, use it
to reproduce these surfaces.

Remember also that the three-dimensional graphics in this

text can be viewed and rotated.
39

->mputer Graphics contd
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Traces and level f the graph of flx. y) = ——=—
aces and levelcurves of the graph of (v, ¥) = 57—

41

-Jmputer Graphics

Figure 13.17 shows a computer-generated graph of this
surface using 26 traces taken parallel to the yz-plane.

To heighten the three-dimensional effect, the program uses
a “hidden line” routine.

06, 3) = (22 4 y2)el ~3 -3

Figure 13.17 38

-Jmputer Graphics

Three different views of the graph of f(x. y) = (2 — 2 + x3) ! =~

40

->mputer Graphics contd
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Limits and Continuity

Copyright © Cengage Learning. All rights reserved. 43

Neighborhoods in the Plane

45

‘ighborhoods in the Plane

When this formula contains the less than inequality sign, <,
the disk is called open, and when it contains the less than
or equal to inequality sign, <, the disk is called closed. This
corresponds to the use of < and < to define open and
closed intervals. i

A point (X, ¥p) in @ plane region R
is an interior point of R if there
exists a d-neighborhood about
(Xg, Yo) that lies entirely in R, “Boundary of R
as shown in Figure 13.19. ! ‘

The boundary and interior points of a region R

Boundary
& point
©-1nterior

point

R

Figure 13.19 47

-)jectives

B Understand the definition of a neighborhood in
the plane.

B Understand and use the definition of the limit of
a function of two variables.

B Extend the concept of continuity to a function of
two variables.

B Extend the concept of continuity to a function of
three variables.

44

‘ighborhoods in the Plane

Using the formula for the distance between two points (x, y)
and (X, y,) in the plane, you can define the
d-neighborhood about (x,, ;) to be the disk centered at
(Xg, Yo) with radius 8 >0 \

{(x. ¥): V& — )2+ (v — y)P < 6} Open disk

as shown in Figure 13.18, Lwh

An open disk
Figure 13.18 46

‘ighborhoods in the Plane

If every point in R is an interior point, then R is an open
region. A point (x,, y;) is a boundary point of R if every
open disk centered at (x,, y,) contains points inside R and
points outside R.

By definition, a region must contain its interior points, but it
need not contain its boundary points. If a region contains all
its boundary points, the region is closed. A region that
contains some but not all of its boundary points is neither
open nor closed.

48



Limit of a Function of Two Variables

49

-nit of a Function of Two Variables

Graphically, this definition of a limit implies that for any
point (x, y) # (Xo, ¥o) in the disk of radius 9, the value f(x, y)
lies between L + € and L — ¢, as shown in Figure 13.20.

) O Xp)
Disk of radius &

For any (x. y) in the disk of radius 8. the
value f(x, y) lies between L + zand L. — &.

Figure 13.20

51

-nit of a Function of Two Variables

However, for a function of two variables, the statement

(%, ¥) = (X0, Yo)
means that the point (x, y) is allowed to approach (x,, y;)
from any direction.

If the value of
lim  f(x,y)

(x, ¥)=(xg, ¥o)

is not the same for all possible approaches, or paths, to
(Xo, Yo) the limit does not exist.

53

-nit of a Function of Two Variables

DEFINITION OF THE LIMIT OF A FUNCTION OF TWO VARIABLES

Let fbe a function of two variables defined, except possibly at (x,, y,). on an
open disk centered at (x,, y,). and let L be a real number. Then

lim ’f(A\'. ¥ =L

[ER R
if for each & > 0 there corresponds a & > 0 such that

|fGey) = L] <& whenever 0 < V(x — x)> + (y — y))> < 8.

-nit of a Function of Two Variables

The definition of the limit of a function of two variables is
similar to the definition of the limit of a function of a single
variable, yet there is a critical difference.

To determine whether a function of a single variable has a
directions

limit, you need only test the approach from two
—from the right and from the left.

If the function approaches the same limit from the right and

from the left, you can conclude that the limit exists.

'mple 1 — Verifying a Limit by the Definition
Show that ‘%13}, nt

Solution:
Letf(x,y)=xand L = a.
You need to show that for each ¢ > 0, there exists a
d-neighborhood about (a, b) such that
Ifix, y)—L|=|x-al<e

whenever (x, y) # (a, b) lies in the neighborhood.

50

52
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-ample 1 — Solution

cont'd
You can first observe that from
0<JVlx—a?+(y—5b2<$8
it follows that
[f(e,y) —a] = |x = 4|
- Vo=
= Jx—a?+ (y—b?
< 4.
So, you can choose 6 = ¢, and the limit is verified.
55

-nit of a Function of Two Variables

For some functions, it is easy to recognize that a limit does
not exist. ]

For instance, it is clear that the limit w15 ox?+y?

does not exist because the values

of f(x, y) increase without bound

as (x, y) approaches (0, 0) along J

any path (see Figure 13.22).

\;\‘

1
lim 5 does not exist

()=0,0 X2 + y 57

Figure 13.22

-ntinuity of a Function of Two Variables

The limit of f(x, y) = 5x2y/(x2 + y2) as (x, y¥) — (1, 2) can be
evaluated by direct substitution.

That is, the limit is f{1, 2) = 2.

In such cases the function fis said to be continuous at the
point (1, 2).

59

-nit of a Function of Two Variables

Limits of functions of several variables have the same
properties regarding sums, differences, products, and
quotients as do limits of functions of single variables.

56

Continuity of a Function of Two
Variables

58

-ntinuity of a Function of Two Variables

DEFINITION OF CONTINUITY OF A FUNCTION OF TWO VARIABLES

A function f of two variables is continuous at a point (x,, y,) in an open
region R if f(x,. ¥o) is equal to the limit of f(x, y) as (x, y) approaches (x,, ¥o).
That is,
lim (0 y) = fxg ¥o)-
(. y)={xg. vp)
The function fis continuous in the open region R if it is continuous at every
point in R.

60



-ntinuity of a Function of Two Variables

5x2y
X2+ y?

The function f(x,y) =

is not continuous at (0, 0). However, because the limit at
this point exists, you can remove the discontinuity by
defining f at (0, 0) as being equal to its limit there. Such a
discontinuity is called removable.

. X2 — y2\2
The function f(x,y) = <m>
is not continuous at (0, 0), and this discontinuity is
nonremovable.

61
-ntinuity of a Function of Two Variables
For instance, the functions whose graphs are shown in
Figures 13.24 and 13.25 are continuous at every point in
the plane.
Surface: f(x, y) = §sin(? +y%) T ;\.:v.:r?;im”z)( e
VN
'; X ;%§§gf’ ql r
RIS . 23
I e i
The function /s continuous at every point in the plane. ~ The function / is continuous at every point in the plane.
Figure 13.24 Figure 13.25
63
-am ple 5 — Testing for Continuity
Discuss the continuity of each function.
. _x— 2
a fley) =33 )2
2
b. glx,y) =
8(x.y) p——
65

-ntinuity of a Function of Two Variables

THEOREM 13.1 CONTINUOUS FUNCTIONS OF TWO VARIABLES

If k is a real number and fand g are continuous at (x,, ¥,). then the following
functions are continuous at (o, ¥,).
1. Scalar multiple: kf 3. Product: fg

2. Sum and difference: f + g 4. Quotient: f/g, if g(xg, o) # 0

Theorem 13.1 establishes the continuity of polynomial and
rational functions at every point in their domains.
Furthermore, the continuity of other types of functions can
be extended naturally from one to two variables.

-ntinuity of a Function of Two Variables

THEOREM 13.2 CONTINUITY OF A COMPOSITE FUNCTION

If /v is continuous at (x,, ¥,) and g is continuous at A(x,, y,), then the composite
function given by (g = 1)(x, ¥) = g(h(x, y)) is continuous at (x,, y,). That is,

lim )g(h(x., ¥) = glhlxg, ¥,)).

(3=, v

-ample 5(a) — Solution

Because a rational function is continuous at every point in
its domain, you can conclude that fis continuous at each
point in the xy-plane except at (0, 0), as shown in

Figure 13.26. i

5

3 o - 4

|
fle ) =222
2ty

The function fis not continuous at (0, 0).

Figure 13.26



-ample 5(b) — Solution

cont'd

The function given by g(x, y) = 2/(y — x2) is continuous
except at the points at which the denominator is 0,
y—-x2=0.
So, you can conclude that the function is continuous at all
points except those lying on the parabola y = x2.

67

Continuity of a Function of Three
Variables
69

-ntinuity of a Function of Three Variables

A point (x4, Yo, Zp) in @ region R in space is an interior
point of R if there exists a d-sphere about (x,, y,, z;) that
lies entirely in R. If every point in R is an interior point, then
R is called open.

DEFINITION OF CONTINUITY OF A FUNCTION OF THREE VARIABLES

A function f of three variables is continuous at a point (x,, y,, z,) in an open
region R if f(x,. y,, z,) is defined and is equal to the limit of f(x, y, z) as
(x, y. z) approaches (xy, ¥y, zo). That is,
lim fley, 2) = fxg. Yos 20)-
(x.y. 9> (x0.30.20)
The function fis continuous in the open region R if it is continuous at every
point in R.

71

-ample 5(b) — Solution

Inside this parabola, you have y > x2, and the surface
represented by the function lies above the xy-plane, as
shown in Figure 13.27. gk

cont'd

Figure 13.27

Outside the parabola, y < x2, and the surface lies below the
xy-plane. 68

-ntinuity of a Function of Three Variables

The definitions of limits and continuity can be extended to
functions of three variables by considering points (x, y, z)
within the open sphere

()C - X0)2 aF (y - y0)2 A (Z - ZO)Z < 8. Open sphere

The radius of this sphere is 9, and
the sphere is centered at (X, Yo, Zp),
as shown in Figure 13.28.

Open sphere in space

Figure 13.28 70

-ﬁple 6 — Testing Continuity of a Function of Three Variables

The function

f(xa Vs Z) = !

¥ +yr—z
is continuous at each point in space except at the points on
the paraboloid given by z = x2 + 2.

72



Partial Derivatives

Copyright © Cengage Learning. All rights reserved. 73

Partial Derivatives of a Function of
Two Variables

75

-'ﬁal Derivatives of a Function of Two Variables

DEFINITION OF PARTIAL DERIVATIVES OF A FUNCTION OF TWO VARIABLES

If z = f(x, y), then the first partial derivatives of f with respect to x and y are
the functions f, and f, defined by

f(ey) = lim S+ Ax, y) — flx,y)

Ax—0 Ax
ooy e Sy + Ay) = flxy)
Sl y) = AI\ITH Ay

provided the limits exist.

This definition indicates that if z = f(x, y), then to find f, you
consider y constant and differentiate with respect to x.

Similarly, to find fy, you consider x constant and differentiate
with respect to y. 77

-)jectives

B Find and use partial derivatives of a function
of two variables.

M Find and use partial derivatives of a function
of three or more variables.

B Find higher-order partial derivatives of a
function of two or three variables.

74

-'ﬁal Derivatives of a Function of Two Variables

You can determine the rate of change of a function f with
respect to one of its several independent variables.

This process is called partial differentiation, and the result
is referred to as the partial derivative of f with respect to
the chosen independent variable.

76

-<ample 1 — Finding Partial Derivatives

Find the partial derivatives f, and f, for the function
fix, y) = 3x — x2y2 + 2x3y.

Solution:

Considering y to be constant and differentiating with respect
to x produces
flx, y) = 3x — x2y2 + 2x3y

Write original function.

fx, y) = 3 —2xy? + 6x?y.

Partial derivative with respect to x

78



-xample 1 — Solution

Considering x to be constant and differentiating with respect
to y produces

cont'd

fix, y) = 3x — x2y2 + 2x3y

Write original function.

Partial derivative with respect to y

(%, y) = —2x2y + 25,

79

-'ﬁal Derivatives of a Function of Two Variables

The partial derivatives of a function of two variables,

z = f(x, y), have a useful geometric interpretation. If y = y,,
then z = f(x, y,) represents the curve formed by intersecting
the surface z = f(x, y) with the plane y = y,, as shown in
Figure 13.29. :

G 30 %0)

Plane: y =y,

aof
ox

= slope in x-direction

81

Figure 13.29

-'ﬁal Derivatives of a Function of Two Variables

Similarly,
Sl Yo + Ay) — £ %)

Ay
represents the slope of the curve given by the intersection
of z = f{(x, y) and the plane x = xj at (X, ¥y, f(Xo, ¥5)), @s
shown in Figure 13.30.

.f;~(xo’ yo) = Al\lgo

Plane: x=x,
o

<L~ Slope in y-direction

ay 83

Figure 13.30

-'ﬁal Derivatives of a Function of Two Variables

NOTATION FOR FIRST PARTIAL DERIVATIVES

For z = f(x, y), the partial derivatives f, and f, are denoted by
D rey) = flry) = 2. = &
AR =flxy) =z, o

and

%m W= fley) =z, = :j

The first partials evaluated at the point (a, b) are denoted by

9z = f(a, b) and 9z = f(a,b).

0% (. ) Y4, 1)

80

-'ﬁal Derivatives of a Function of Two Variables

Therefore,

. g+ Ax ) — s vo)
Flegs vo) = g}ﬂi) s ﬁi; =0

represents the slope of this curve at the point
(Xo» Yo, (X0, Y0))-

Note that both the curve and the tangent line lie in the plane
Y=Y

82

-'ﬁal Derivatives of a Function of Two Variables

Informally, the values of dflox and dfldy at the point
(Xo» Yo, Zp) denote the slopes of the surface in the
x- and y-directions, respectively.

84



-mple 3 — Finding the Slopes of a Surface in the x- and y-Directions -Xam ple 3 - S OI u tl on

cont'd

Find the slopes in the x-direction and in the y-direction of the So, in the x-direction, the slope is
SUI’faCe glven by f\(% l) = 7% Figure 13.31(a)

f(x 7):_)C_z_,2_|,§ o .

J Y B y 3
at the point (% 1, 2). Figure 13.31(b)
Solution:
The partial derivatives of f with respect to x and y are
filx,y) = —x and  fx,y) = —2y. Partial derivatives

85 86

Figure 13.31(a) Figure 13.31(b)

- -ial Derivatives of a Function of Three or More Variables

The concept of a partial derivative can be extended naturally
to functions of three or more variables. For instance, if

w = f(x, y, z), there are three partial derivatives, each of
which is formed by holding two of the variables constant.

Partial Derivatives of a Function of That is, to define the partial derivative of w with respect to x,
. consider y and z to be constant and differentiate with respect
Three or More Variables o x.

A similar process is used to find the derivatives of w with
respect to y and with respect to z.

87 88
-ial Derivatives of a Function of Three or More Variables -<ample 6 — Finding Partial Derivatives
W ey2) = lim S+ Axy,2) = flx v, 2) a. To find the partial derivative of f(x, y, z) = xy + yz? + xz
ax YT A Ax with respect to z, consider x and y to be constant and
aw _ oo fley + Ay ) =y, 2) obtain
dy =Hlxy.d) = _\[\ITU Ay (.)I
aw oo flayz A7) — flxy, 2) .—7[)6)' +y22 +xz] = 2yz +x
Fr Sl y.2) = _\lull” Az o
In general, if w = f(x;, X, . . . , X,), there are n partial b. To find the partial derivative of f(x, y, z) = z sin(xy? + 2z)

with respect to z, consider x and y to be constant. Then,

derivatives denoted by using the Product Rule, you obtain

aw

— :fn("' Xyl X)), k=12, . .,n ; ; ;
% I ;—)_[z sin(xy? + 2z7)] = (z)(% [sin(xy? + 2z)] + sin(xy? + 21)%[1]
To find the partial derivative with respect to one of the ) s o
variables, hold the other variables constant and differentiate = (cos(ey? +29)]2) + sin(xy® + 22)

with respect to the given variable. 89 = 2z cos(xy? + 2z) + sin(xy? + 2z). 90



-<ample 6 — Finding Partial Derivatives _

c. To find the partial derivative of f(x, y, z, w) = (x + y + z2)/lw
with respect to w, consider x,y, and z to be constant
obtain

0 [,\‘ +y+ ;} _ xty+tz
w2

aw w

-gher-Order Partial Derivatives

The function z = f(x, y) has the following second partial
derivatives.

1. Differentiate twice with respect to x:
O () _ ¥ _
a.\-(ax) T
2. Differentiate twice with respect to y:
d (af\ _ J°f .
g.(g) = = fiy
3. Differentiate first with respect to x and then with respect
toy:

J <(ﬁf) _ 0 f
dy \dx dydx

-ample 7 — Finding Second Partial Derivatives

Find the second partial derivatives of
fix, y) = 3xy2 — 2y + 5x2y2, and determine the value of
=1, 2).

Solution:
Begin by finding the first partial derivatives with respect to x
and y.

fdx, ) =3y2+10xy? and f(x,y)=6xy—2+10x%y

Then, differentiate each of these with respect to x and y.
fu(X, y) =102 and f,(x, y) = 6x + 10x2

ont'd

93

95

Higher-Order Partial Derivatives

-gher-Order Partial Derivatives

4. Differentiate first with respect to y and then with respect

to x:
9 (af) 0
=== = fe

ax \dy - dxdy

The third and fourth cases are called mixed partial
derivatives.

-xample 7 — Solution

fo(x, y) =6y + 20xy and f,(x, y) = 6y + 20xy

At (-1, 2) the value of f,, is f,(~1, 2) = 12— 40 = 28,

92

94

cont'd
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gher-Order Partial Derivatives

THEOREM 13.3 EQUALITY OF MIXED PARTIAL DERIVATIVES

If fis a function of x and y such that f,, and f,, are continuous on an open disk
R, then, for every (x, y) in R,

Fulen) = (2 y).

Differentials

Copyright © Cengage Learning. All rights reserved.

Increments and Differentials

97

99

101

-ample 8 — Finding Higher-Order Partial Derivatives

Show that f,, = f,, and f,,, = f,,, = f,,, for the function given by

fix,y, z) = ye*+ xIn z.

Solution:

First partials:
floy,z) =yt +1Inz,  fleyz) = =

<

Second partials (note that the first two are equal):

_1 _ 1 L= X
fol v, 2) = o Sl y. 2) Z fix, . 2) p
Third partials (note that all three are equal):
I
[y, 2) = —%, foley, 2) = = Lol y,2) = —%
-;tives
® Understand the concepts of increments and
differentials.
B Extend the concept of differentiability to a
function of two variables.
B Use a differential as an approximation.
1

-ments and Differentials

For y = f(x), the differential of y was defined as
dy = f(x)dx.

Similar terminology is used for a function of two variables,
z =f(x, y). Thatis, Ax and Ay are the increments of x and y,
and the increment of z is given by

Az = f(x + Ax,y + Ay) — f(x, y). Increment of z

1

2

00

02



-ments and Differentials

DEFINITION OF TOTAL DIFFERENTIAL

If z = f(x,y) and Ax and Ay are increments of x and y, then the differentials
of the independent variables x and y are

dx = Ax and dy = Ay
and the total differential of the dependent variable z is
9

52 _
dz = S dx + == dy = f.(x,y) dx + f,(x,y) dy.
ax ay

103

-<ample 1 — Finding the Total Differential

Find the total differential for each function.
a.z=2xsin y — 3x2y2 b.w=x2+y2+22

Solution:
a. The total differential dz for z = 2x sin y — 3x2)2 is

0z 0z
dz = —dx + —dy Total differential dz
ox Iy

= (2 sin y — 6xy?)dx + (2x cos y — 6x2y)dy.

1056

Differentiability

107

-ments and Differentials

This definition can be extended to a function of three or
more variables.

For instance, if w = f(x, y, z, u), then dx = Ax, dy = Ay,
dz = Az, du = Au, and the total differential of w is
aw ow ow

ow
- ) .
dw ox dx + ay dy + P dz + ou du

104
.<ample 1— Solution ot
b. The total differential dw for w = x2 + y2 + Z2is
dw = % dx + % dy + % dz Total differential dw
=2xdx +2ydy +2zdz.
106

-fferentiability

For a differentiable function given by y = f(x), you can use
the differential dy = f(x)dx as an approximation

(for small Ax) to the value Ay = f(x + Ax) — f(x).

When a similar approximation is possible for a function of
two variables, the function is said to be differentiable.

108



-fferentiability

This is stated explicitly in the following definition.

DEFINITION OF DIFFERENTIABILITY

A function f given by z = f(x, y) is differentiable at (x,, y,) if Az can be
written in the form

Az = filxg. Yo) Ax + fi(xg. ¥o) Ay + £,Ax + £,Ay

where both £, and £, — 0 as (Ax, Ay) — (0. 0). The function fis differentiable
in a region R if it is differentiable at each point in R.

.(ample 2 — Solution

= 2x(Ax) + 3(Ay) + Ax(Ax) + O(Ay)
= fx(x‘ .y) Ax + fy(x: y) Ay + 51AX + Esz
where £,= Ax and &,= 0.

Because ¢, —~ 0and &,— 0 as
(Ax, Ay) — (0, 0), it follows that
fis differentiable at every

point in the plane.

The graph of fis shown in
Figure 13.34.

Figure 13.34

Approximation by Differentials

109

cont'd

m

113

-ample 2 — Showing That a Function Is Differentiable

Show that the function given by
f(x, y) = x2 + 3y
is differentiable at every point in the plane.

Solution:

Letting z = f(x, y), the increment of z at an arbitrary point
(x, y) in the plane is

Az=f(x+Ax,y+Ay)—f(X,¥)  Incrementofz
= (X2 + 2XAX + AX2) + 3(y + Ay) — (X2 + 3y)
= 2XAX + Ax2 + 3Ay

110
THEOREM 13.4 SUFFICIENT CONDITION FOR DIFFERENTIABILITY
If fis a function of x and y, where f, and f, are continuous in an open region
R, then fis differentiable on R.

112

-Dproximation by Differentials

Theorem 13.4 tells you that you can choose (x + Ax, y + Ay)
close enough to (x, y) to make &,Ax and &,Ay insignificant.

In other words, for small Ax and Ay, you can use the
approximation Az = dz. ;

This approximation is illustrated
graphically in Figure 13.35

.y e

SR T
(rtAry) G+HALY+AY)

The exact change in = is Az. This change can
be approximated by the differential d-.

Figure 13.35
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-Dproximation by Differentials

The partial derivatives dz/dx and 9z/0y can be interpreted as
the slopes of the surface in the x- and y-directions.

This means that

oz 9z

dz = ox Ax + 3y Ay
represents the change in height of a plane that is tangent to
the surface at the point (x, y, f(x, y)).

Because a plane in space is represented by a linear equation
in the variables x, y, and z, the approximation of Az by dz is

called a linear approximation. "5

-xample 3 — Solution

Letting (x, y) = (1, 1) and (x + Ax, y + Ay) = (1.01, 0.97)
produces dx = Ax = 0.01 and dy = Ay = -0.03.

So, the change in z can be approximated by

0z 0z —x -y
= == + —dy = Ax + = Ay.
Az=dz ox dx ay dy pa— X paep— y
When x =1 and y = 1, you have
Az= 5001 — 5 (003 = % — /2(0.01) = 0.0141.

17

-Dproximation by Differentials

A function of three variables w = f(x, y, z) is called
differentiable at (x, y, z) provided that

Aw = fix + Ax, y + Ay, z+ Az) — (X, y, Z)
can be written in the form

Aw = fAX + f Ay + F,AZ + & AX + E,Ay + €577
where &, €,, and &5 — 0 as (Ax, Ay, Az) — (0, 0, 0).

With this definition of differentiability, Theorem 13.4 has the
following extension for functions of three variables: If fis a
function of x, y, and z, where f, f,, f,, and f, are continuous in

an open region R, then fis differentiable on R.

119

-ample 3 — Using a Differential as an Approximation

Use the differential dz to approximate the change in

z=+/4 — x> — y? as (x, y) moves from the point (1, 1) to the
point (1.01, 0.97). Compare this approximation with the exact
change in z.

116

-xample 3 — Solution contd

In Figure 13.36, you can see that the exact change
corresponds to the difference in the heights of two points
on the surface of a hemisphere. e 89

This difference is given by

Az =f(1.01,0.97) - f(1, 1)

= V4 - (1.01)2 - (097 — V4 — 172 — 12

an
(1.01,0.97)

As (x, ) moves from (1, 1) to the point

~ 0 01 37 (1.01,0.97), the value of f(x, y) changes
. by about 0.0137.
Figure 13.36

118

-Dproximation by Differentials

THEOREM 13.5 DIFFERENTIABILITY IMPLIES CONTINUITY

If a function of x and y is differentiable at (x,, y,). then it is continuous at
(Xs Vo)~

120



-<ample 5 — A Function That Is Not Differentiable

Show that £,(0, 0) and £,(0, 0) both exist, but that fis not
differentiable at (0, 0) where fis defined as

x2 + ¥

foy) = 30 i () # (O 0)
o 0. it (v, v) = (0, 0)

121
.<ample 5 — Solution v
Along the line y = x, the limit is
i ) . —3x> 3
(x. «\')gr(lo. O)f(x’ )) (x. ,\»}f(lo, 0 2x2 2
whereas along y = —x you have
lim  fny) = 3x2 3
& —0)—(0,0) iy (e —BI—I}(O. 0) 2x2 2°
So, the limit of f(x, y) as (x, y) — (0, 0) does not exist, and
you can conclude that fis not continuous at (0, 0).
Therefore, by Theorem 13.5, you know that fis not
differentiable at (0, 0).
123

Chain Rules for Functions
of Several Variables

Copyright © Cengage Learning. All rights reserved. 125

.<ample 5 — Solution

You can show that fis not differentiable at (0, 0) by
showing that it is not continuous at this point.

To see that fis not continuous at (0, 0), look at the values
of f(x, y) along two different approaches to (0, 0), as shown
in Figure 13.38.

Along the line y = —x,
f(x, ¥) approaches 3/2.

¥
\ Along the line v = x,
\ f(x,y) approaches —3/2.

Figure 13.38 122

.<ample 5 — Solution

On the other hand, by the definition of the partial
derivatives f, and f, you have

fAx, 0 —f0,0 _ . 0-0
Ax Ax—0  Ax

cont'd

£0.0) = im,

and

S0, Ay) — f(0,0) _ lim 0—-0 _ 0.
Ay Ay—0 Ay

£0.0) = tim,

So, the partial derivatives at (0, 0) exist.

—3xy ’
P T (x, ) # (0, 0)

0. (x, ¥) = (0, 0) 124

-)jectives

B Use the Chain Rules for functions of several
variables.

B Find partial derivatives implicitly.

126



Chain Rules for Functions of
Several Variables

127

-'nple 1 — Using the Chain Rule with One Independent Variable

Let w = x2y — y2, where x = sin t and y = e!. Find dw/dt
when t=0.

Solution:

By the Chain Rule for one independent variable, you have

dw _owdx | ow dy
dt ox dt  dy dt

= 2xy(cos 1) + (x> — 2y)e’

129

-ain Rules for Functions of Several Variables

The Chain Rule in Theorem 13.6 can be extended to any
number of variables. For example, if each x;is a
differentiable function of a single variable t, then for

W =f(Xq, Xgy - . -, Xp)
you have

dw_dwdn  wdyn o Owdr,
dt ox, dt  ox, dt ax, dt’

131

-ain Rules for Functions of Several Variables

THEOREM 13.6 CHAIN RULE: ONE INDEPENDENT VARIABLE

Let w = f(x, y), where fis a differentiable function of x and y. If x = g(r) and
y= h(1), where g and £ are differentiable functions of ¢, then w is a differen-
tiable function of ¢, and

dw _owdx  dwdy
dr ax dr - ay dt’

Sce Figure 13.39.

Chain Rule: one independent variable w is a

function of x and y, which are each functions

of 7. This diagram represents the derivative

of w with respect to 7. 128
Figure 13.39

!ample 1 — Solution

cont'd
= 2(sin )(e”)(cos 1) + (sin®t — 2¢')e’
= 2e'sintcost + e'sin®r — 2.
When ¢t =0, it follows that
D
130

-ain Rules for Functions of Several Variables

THEOREM 13.7 CHAIN RULE: TWO INDEPENDENT VARIABLES

Letw = f(x, y), where fis a differentiable function of x and y. If x = g(s, 1) and
y = h(s, ) such that the first partials dx/ds, dx/at. dy/ds, and dy/at all exist,

then dw/ds and dw/dr exist and are given by

dw _ dwix | ow dy
= - - and — =+
as ax s  dy ds ar dx ot dy of

The Chain Rule in Theorem 13.7
is shown schematically
in Figure 13.41.

Chain Rule: two independent variables 132
Figure 13.41



-mple 4 — The Chain Rule with Two Independent Variables -am ple 4 — S Olution

cont'd

Use the Chain Rule to find dw/ds and aw/at for = 2(%)(23) + Z(S“) + l%(%) Substitute (s/1) for y and s> + > for x.

w = 2xy
where x = s2 + t2and y = s/t. 45 2524+ 212
T t
Solution:
. 652 + 212
Using Theorem 13.7, you can hold t constant and ==
differentiate with respect to s to obtain
ow  owox  ow Iy Similarly, holding s constant gives
as ox ds  0Jy ds aw _ dw dx _ dw dy

ot ox ot  dy dt
133 134

= 2y(2s) + 2x<%)

-ample 4 — Solution -ain Rules for Functions of Several Variables

cont'd
— oy + 2x<—_s> The Chain Rule in Theorem 13.7 can also be extended to
- ) 2 . . . . .
? any number of variables. For example, if w is a differentiable
N N ) I i i
= 2<7>(2[) +2(s2 + ,2)<7> Substitute (s/7) for v and 52 + £ for x. function of the n variables x, x, . . ., x,, where each x; is a
differentiable function of m the variables t,, t,, . . ., t,,, then for
— 4 — 2% + 2512 w = f(Xq, X,, . - - , X,) you obtain the following.
r dw _wax wixy | 0w o,
As? — 253 — 2P oty dx, 9t Ix, It ax, 0t
- e _owan awix o dw o
dt,  0x; 91, dx, Ot ax, 0t
2s1? — 283 :
=== :
t ow ow dx; aw 0x, aw dx,
pominrosalruni S svateniie S N
135 C)[m dX] dtm dx?_ dtm (‘)Xn dtm 136

[ ] B iicit Partial Differentiation

An application of the Chain Rule to determine the derivative
of a function defined implicitly.

Suppose that x and y are related by the equation F(x, y) =0,
where it is assumed that y = f(x) is a differentiable function

Implicit Partial Differentiation of x. To find dy/dx use chain rule.

If you consider the function given by
w = F(x, y) = F(x, f(x))

you can apply Theorem 13.6 to obtain

dw dx dy
—— =Ry -+ B, y) o=
137 dx dx ’ dx 138



-plicit Partial Differentiation

Because w = F(x, y) = 0 for all x in the domain of f, you

know that dw/dx = 0 and you have

d dy
Folxy) 5 + Rxy) 5 = 0.
dx ’ dx

Now, if F(x, ¥) # 0, you can use the fact that dx/dx = 1 to
conclude that

dy _ F(xy)

dx F(x,y)
A similar procedure can be used to find the partial derivatives

of functions of several variables that are defined implicitly.
139

-ample 6 — Finding a Derivative Implicitly
Find dy/dx, given y3 + y2 — 5y — x2 + 4 = 0.

Solution:
Begin by defining a function F as
Fx,y)=y>+y?=by— x>+ 4.
Then, using Theorem 13.8, you have
F.(x,y)=-2x and F/(x,y)=3y?+2y-5
and it follows that
dy _ Ry —(-29 _
dx F(xy 3?+2y—5 3?+2y—-5

141

-)jectives

B Find and use directional derivatives of a
function of two variables.

B Find the gradient of a function of two variables.

B Use the gradient of a function of two variables
in applications.

B Find directional derivatives and gradients of
functions of three variables.

143

-plicit Partial Differentiation

THEOREM 13.8 CHAIN RULE: IMPLICIT DIFFERENTIATION

If the equation F(x, y) = 0 defines y implicitly as a differentiable function of

x, then
dy Elny)
& _Tak F(x.y) # 0.
i~ R ) # 0

If the equation F(x, y, z) = 0 defines z implicitly as a differentiable function
of x and y, then
9 _ _Flxny3)
ax Flowa)

9z _ Ry
ay Fx,y2)

and F.x.y,2) # 0.

Directional Derivatives
and Gradients

Copyright © Cengage Learning. All rights reserved.

Directional Derivative

140

142
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-rectional Derivative

You are standing on the hillside pictured in Figure 13.42
and want to determine the hill’s incline toward the z-axis.

x Surface:
z=f(x.y)

Figure 13.42

145
-rectlonal Derivative
To determine the slope at a point on a surface, you will
define a new type of derivative called a directional
derivative.
Begin by letting z = f(x, y) be a surface and P(x,, y,) be a
point in the domain of f, as shown in Figure 13.43.
The “direction” of the directional i
derivative is given by a unit vector ‘ "
u=cos fi+sin@j }
where 6 is the angle the vector /g,\\"
makes with the positive x-axis. Ve v
Figure 13.43 147

-rectional Derivative

You can write the slope of the curve C as a limit that looks
much like those used in single-variable calculus.

The vertical plane used to form C intersects the xy-plane in a
line L, represented by the parametric equations

X=X +tcos 6 and y=y,+tsing
so that for any value of t, the point Q(x, y) lies on the line L.

For each of the points P and Q, there is a corresponding
point on the surface.

(Xo: Yos X0 Yo)) Point above P
(x, ¥, fix, y) Point above Q
149

-rectional Derivative

If the hill were represented by z = f(x, y), you would already
know how to determine the slopes in two different directions
—the slope in the y-direction would be given by the partial
derivative f,(x, ), and the slope in the x-direction would be
given by the partial derivative f(x, y).

In this section, you will see that these two partial derivatives
can be used to find the slope in any direction.

146

-rectional Derivative

To find the desired slope, reduce the problem to two
dimensions by intersecting the surface with a vertical plane
passing through the point P and parallel to u, as shown in
Figure 13.44.

This vertical plane intersects the
surface to form a curve C.

The slope of the surface at
(Xo» Yo f(Xg, ¥o)) in the direction
of u is defined as the slope of
the curve C at that point.

Figure 13.44 148

-rectional Derivative

Moreover, because the distance between P and Q is

(x = x0)> + (y — yo)*> = V(tcos 6)> + (zsin 6)?
=1

you can write the slope of the secant line through
(X0 Yor (X0, Yo)) and (x, y, fix, y)) as

Sl y) = S ."0) _ Sy + £cos 6, y, + t5in 6) — f(xg, yo)
t t ’

Finally, by letting t approach 0, you arrive at the following
definition.

150



-rectional Derivative

DEFINITION OF DIRECTIONAL DERIVATIVE

Let f be a function of two variables x and y and let u = cos 6i + sin 6j be a
unit vector. Then the directional derivative of f in the direction of u, denoted
by D, f. is

flx + tcos 0,y + tsin 6) — flx,y)
12

D, f(x,y) = lim

provided this limit exists.

THEOREM 13.9 DIRECTIONAL DERIVATIVE

If fis a differentiable function of x and y, then the directional derivative of fin
the direction of the unit vector u = cos €i + sin 6j is

D, f(x,y) = f,(x, y) cos 6 + f,(x, y) sin 6.

151

-rectional Derivative

Two of these are the partial derivatives f, and f,.
1. Direction of positive x-axis (8 = 0): u = cos 0i + sin0j =i
D;f(x,y) = f,(x,¥) cos 0 + f,(x,y) sin 0 = f,(x, »)

2. Direction of positive y-axis (6 = 7/2): u = cos gi + sin %Tj =j

Dyf(x,y) = f,(x, ») Cosg + £ x ) sing =fxy

153

!ample 1 — Solution

Because f, and f, are continuous, fis differentiable, and you
can apply Theorem 13.9.
D, fx,y) = fi{x.y) cos 6 + f,(x, y) sin 6

= (—2x)cos 6 + <7%> sin @

Evaluating at 6 = n/3, x = 1, and y = 2 produces

S
2 1

Dy f(1.2) = <—2>(§) + <—1>(§>

i a

_ .

B 2 » %*)
&

~ —1.866. See Figure 13.46.

Figure 13.46 155

-rectional Derivative

There are infinitely many directional derivatives of a surface
at a given point—one for each direction specified by u, as
shown in Figure 13.45.

Surface:

z=f(x,y)

X
The vector u

Figure 13.45
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-ample 1 — Finding a Directional Derivative

Find the directional derivative of
f(xv }’) =4 —x2- i}’z Surface
at (1, 2) in the direction of

T, AN
u= (COS ?>l + (Sln g)_] Direction

154

The Gradient of a Function of Two
Variables

156



-e Gradient of a Function of Two Variables

The gradient of a function of two variables is a vector-valued
function of two variables.

DEFINITION OF GRADIENT OF A FUNCTION OF TWO VARIABLES

Let z = f(x, y) be a function of x and y such that f, and J; exist. Then the
gradient of f, denoted by Vf(x. y), is the vector
VI, y) = filx i + £, )]

Vfis read as “del £” Another notation for the gradient is grad f(x, y). In
Figure 13.48, note that for each (x, y), the gradient Vf(x, y) is a vector in the
plane (not a vector in space).

157

'mple 3 — Finding the Gradient of a Function

Find the gradient of f(x, y) = y In x + xy?2 at the point (1, 2).

Solution:
Using
Jlxy) = i +y2  and  Alny) =Inx+ 2y

you have
Vi, y) = (T\; + y2>i + (In x + 2xy)j.

At the point (1, 2), the gradient is
V/(1,2) = (% + 22>i +n 1+ 2002

= 6i + 4j. 159

-mple 4 — Using Vf(x, y) to Find a Directional Derivative

Find the directional derivative of
fix, y) = 3x2 — 2)2
at (—32,0) in the direction from P(—32, 0) to Q(0, 1).

Solution:

Because the partials of f are continuous, fis differentiable
and you can apply Theorem 13.10.

A vector in the specified direction is

@=v=<o+%)i+(1—o)j

161

-e Gradient of a Function of Two Variables

‘ (e, v, [, y)

By

Vix, ;\

The gradient of f1is a vector in the xy-plane.

&, )

X

Figure 13.48 158

-e Gradient of a Function of Two Variables

THEOREM 13.10 ALTERNATIVE FORM OF THE DIRECTIONAL DERIVATIVE

If fis a differentiable function of x and y, then the directional derivative of fin
the direction of the unit vector u is

D, f(x,y) = Vf(x,y) - u.

160
-<ample 4 — Solution ,
cont'd
3.
=3t +j
and a unit vector in this direction is
v 3. 4. . o s
—-i+ =J Unit vector in direction of PQ

=Y =
vl s5™ s

Because Vf(x, y) = f(x, y)i + f(x, y)j = 6xi — 4yj, the gradient
at(—3.0)is

Vf(*%, 0) - ,%i + Oj, Gradient at (*j’ 0)

162



!ample 4 — Solution

Consequently, at (f% 0) the directional derivative is

pur(-30) - 5(-20) -

(9 N (3., 4.
—( 21+Q]> (51+5J>
-z
TS
See Figure 13.49.

Surface:
fe ) =33 -22

Directional derivative at (3, 0)

Figure 13.49

!)plications of the Gradient

cont'd
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THEOREM 13.11 PROPERTIES OF THE GRADIENT

Let fbe differentiable at the point (x, y).
1. If Vf(x,y) = 0, then D, f(x. y) = O for all u.

2. The direction of maximum increase of fis given by Vf(x, y). The maximum
value of D, f(x. y) is [Vf(x, y.

3. The direction of minimum increase of fis given by — Vf(x, y). The minimum
value of D, f(x, y) is —||V£(x. y)|l.

!ample 5 — Solution

It follows that the direction of maximum Loclanes |
increase is given by

VT(2, -3) = —16i + 6

as shown in Figure 13.51,
and the rate of increase is

IVT(2, =3)|| = /256 + 36
= /292

~ 17.09° per centimeter.
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cont'd

The direction of most rapid increase in tem-
perature at (2, —3) is given by — 16i + 6j.

Figure 13.51
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Applications of the Gradient
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-mple 5 — Finding the Direction of Maximum Increase

The temperature in degrees Celsius on the surface of a
metal plate is

T(x, y) =20 — 4x2 — y?
where x and y are measured in centimeters. In what direction

from (2, —3) does the temperature increase most rapidly?
What is this rate of increase?

Solution:
The gradient is
VT(x, y) = Tdx, y)i + T(x, y)i

= —8xi — 2yj.
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-)pllcatlons of the Gradient
THEOREM 13.12 GRADIENT IS NORMAL TO LEVEL CURVES
If £ is differentiable at (x,, y,) and Vf(x,, y,) # 0, then Vf(x,, y,) is normal to
the level curve through (xy, y,).
168



-mple 7 — Finding a Normal Vector to a Level Curve

-<ample 7 — Solution

cont'd

Sketch the level curve corresponding to ¢ = 0 for the function
given by f(x, y) = y — sin x and find a normal vector at several
points on the curve.

Solution:

The level curve for ¢ = 0 is given by
0=y-sinx
y =sin x

as shown in Figure 13.53(a).

The surface is given by f(x, ¥) = y — sinx.

Figure 13.53(a) 169
-<ample 7 — Solution -
NERCR
VA0.0) = —i + j
7 /3
Vf(.? T) - _51 +'] v Gradient is

normal to the
level curve.

These are shown in
Figure 13.53(b).

N

y—sinx=0

The level curve is given by f(x, y) = 0.

171

Figure 13.53(b)

-Jnctions of Three Variables

DIRECTIONAL DERIVATIVE AND GRADIENT FOR THREE VARIABLES

Let fbe a function of x, y, and z, with continuous first partial derivatives. The
directional derivative of f in the direction of a unit vector u = ai + bj + ck
is given by

D, f(x.y.2) = af(x.y. 2) + bf,(x.y. 2) + ¢filx. y. 2).
The gradient of fis defined as

Vil v, 2) = flx v, 2 + filxy, 2)j + filx, v, 2k
Properties of the gradient are as follows.
D flx,y.2) = Vflx,y.2) - u
2. If Vf(x, y, 2) = 0, then D f(x, y, z) = 0 for all u.

. The direction of maximum increase of fis given by Vf(x, y, z). The maximum
value of D, f(x, y, 2) is

w

[Vf(x, v, 2. Maximum value of D, f(x. ¥, 2)

>

The direction of minimum increase of fis given by —Vf(x, y, z). The mini-
mum value of D, f(x, y. z) is

= V£ v 2l Minimum value of D, f(x, v, 2) 173

Because the gradient vector of fat (x, y) is

VA, y) = £(x, )i + %, Y)i
=—cos xi +j

you can use Theorem 13.12 to conclude that Vf(x, y) is
normal to the level curve at the point (x, y).

Some gradient vectors are
VA=m0) =i+]j
Vf<*2—7 fﬁ) -5

1o,
302 Tl

2
Vf(fg, 71> =j

Functions of Three Variables

-nple 8 — Finding the Gradient for a Function of Three Variables

Find VA(x, y, z) for the function given by

fix,y,z)=x2+y?2 -4z
and find the direction of maximum increase of f at the point
(2,-1,1).

Solution:
The gradient vector is given by
VX, ¥, 2) =1, ¥, 2)i + £(x, y, 2)i + f(x, ¥, 2)k
= 2xi + 2yj — 4k



-<ample 8 — Solution

So, it follows that the direction of maximum increase at
(2,-1,1)is
VA2, -1, 1) = 4i — 2j — 4k.

cont'd

See Figure 13.54.

VfQ, -1, 1) = 4i - 2§ - 4k

Level surface and gradient vector at
o Pl v 7)) = 12 2 — Ay
2, =1L Dforf(x,y,2) =+ 4z 175
Figure 13.54

-)jectives

B Find equations of tangent planes and normal
lines to surfaces.

B Find the angle of inclination of a plane in
space.

B Compare the gradients Vf(x, y) and VF
(x, ¥, 2).

177

-1gent Plane and Normal Line to a Surface

You can represent the surfaces in space primarily by
equations of the form

z =1f(x, y). Equation of a surface S

In the development to follow, however, it is convenient to
use the more general representation F(x, y, z) = 0.

For a surface S given by z = f(x, y), you can convert to the
general form by defining F as

F(x, y, 2) =f(x, y) — z.

179

Tangent Planes and
Normal Lines

Copyright © Cengage Learning. All rights reserved. 176
Tangent Plane and Normal Line to
a Surface
178

-1gent Plane and Normal Line to a Surface

Because f(x, y) — z = 0, you can consider S to be the level
surface of F given by

F(x, y, z) = 0.

Alternative equation of surface S

180



‘mple 1 — Writing an Equation of a Surface

For the function given by
Fix,y,2)=x2+y2+22-4

describe the level surface given by F(x, y, z) = 0.

Solution:
The level surface given by F(x, y, z) = 0 can be written as
X2 + y2 +72=4

which is a sphere of radius 2 whose center is at the origin.
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-1gent Plane and Normal Line to a Surface

If the cue ball is not moving along the line of impact, it is
deflected to one side or the other and retains part of its
momentum.

That part of the momentum that is transferred to the
stationary ball occurs along the line of impact, regardless of
the direction of the cue ball, as shown in Figure 13.56.

This line of impact is called the
normal line to the surface of
the ball at the point P.

%)))

N

Line of @@

impact ,~ AN
» N

Figure 13.56 183

-1gent Plane and Normal Line to a Surface

If Fis differentiable and x'(t), y'(f), and z'(¢) all exist, it
follows from the Chain Rule that

0= F(t)

= Fx ¥, 2)x(t) + F\(x, ¥, 2)y(t) + F,(x, ¥, 2)z (t)

At (Xq, Yo, Zo), the equivalent vector form is

— T Ny
0 = VF(xg. yo- Z) * ¥'(1o).
\ ) —
Gradient Tangent

vector
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-1gent Plane and Normal Line to a Surface

Normal lines are important in analyzing surfaces and solids.
For example, consider the collision of two billiard balls.

When a stationary ball is struck at a point P on its surface, it
moves along the line of impact determined by P and the
center of the ball.

The impact can occur in two ways. If the cue ball is moving
along the line of impact, it stops dead and imparts all of its
momentum to the stationary ball, as shown in Figure 13.55.

¢ Line of

@ impact . @
s Line of @3\\\

impact,~
>
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Figure 13.55

-1gent Plane and Normal Line to a Surface

In the process of finding a normal line to a surface, you are
also able to solve the problem of finding a tangent plane to
the surface.

Let S be a surface given by
F(x,y,z2)=0
and let P(x,, y,, Z;) be a point on S.

Let C be a curve on S through P that is defined by the
vector-valued function

r(t) = x(0)i + y(b)j + z(H)k.

Then, for all t,
F(x(t), y(t), z(t)) = 0. 184

-1gent Plane and Normal Line to a Surface

This result means that the gradient at P is orthogonal to the
tangent vector of every curve on S through P. So, all tangent
lines on S lie in a plane that is normal to VF(x,, y,, Z,) and
contains P, as shown in Figure 13.57.

Surface §:
Fxy,29=0

[ [ ’P’(x},, v’oj ¢

V

Tangent plane to surface S at P

Figure 13.57
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-1gent Plane and Normal Line to a Surface

DEFINITIONS OF TANGENT PLANE AND NORMAL LINE

Let F be differentiable at the point P(x,, ¥y, Z,) on the surface S given by

F(x,y. z) = 0 such that VF(x,, y,. 2) # 0.

1. The plane through P that is normal to VF(x,, yo, z,) is called the tangent
plane to S at P.

2. The line through P having the direction of VF(x, y,. z,) is called the normal
line to S at P.

THEOREM 13.13 EQUATION OF TANGENT PLANE

If Fis differentiable at (x,, . Zo). then an equation of the tangent plane to the
surface given by F(x.y, 2) = 0 at (xo, ¥, Zo) is

F(xg. ¥o» 20)(x = xp) + F (60, Yo 20)(y = ¥o) + F.lxg, Yor 2)(z — 29) = 0.

187

-<ample 2 — Solution

At the point (1, —1, 4) the partial derivatives are
F(1,-1,4)=-4, F(1,-1,4)=4, and F,[1,-1,4)=8.

cont'd

So, an equation of the tangent plane at (1, —1 4) is
—A(x—1)+4(y+1)+8(z-4)=0 F5aeonno
—4x+4+4y+4+82-32=0 ‘
—4x+4y +8z-24=0
X—-y—-2z+6=0.

Figure 13.58 shows a portion of the

hyperboloid and tangent plane. Tangent plae tosrfce
Figure 13.58 189

The Angle of Inclination of a Plane

191

-mple 2 — Finding an Equation of a Tangent Plane

Find an equation of the tangent plane to the hyperboloid
given by

—2x2-2y2=12
at the point (1, -1, 4).

Solution:
Begin by writing the equation of the surface as
—-2x2-2y2-12=0.
Then, considering
F(x,y, z)=22—2x2—2y?— 12
you have

Fdx.y, 2)=—4x, F(x y z)=-4y and F/xy z)=2z.

-1gent Plane and Normal Line to a Surface

To find the equation of the tangent plane at a point on a
surface given by z = f(x, y), you can define the function F
by

Fx, y. 2) = fix, y) -

Then S is given by the level surface F(x, y, z) = 0, and by
Theorem 13.13 an equation of the tangent plane to S at the
point (Xo, Yo, Zo) is

[ Yo) & — xp) + £, Yy — ¥0) — (2 — 20) = 0.

190

ﬁ\e Angle of Inclination of a

ane

The gradient VF(x, y, z) is used to determine the angle of
inclination of the tangent plane to a surface.

The angle of inclination of a plane is defined as the angle
6 (0 = 6 < w/2) between the given plane and the  xy-
plane, as shown in Figure 13.62. (The angle of inclination
of a horizontal plane is defined as zero.)

w

The angle of inclination
Figure 13.62 192
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ﬁ\e Angle of Inclination of a
~ Plane

Because the vector k is normal to the xy-plane, you can
use the formula for the cosine of the angle between two
planes to conclude that the angle of inclination of a plane
with normal vector n is given by

[n - K| _ [n - K|
[l ] [nf|

cos O = Angle of inclination of a plane

193
-<ample 6 — Solution ,
cont'd
VF(2,2.1) = %i + %j + %k‘
Because VF(2, 2, 1) is normal to the tangent plane and k is
normal to the xy-plane, it follows that the angle of inclination
of the tangent plane is given by
p_ VFR.2.10) K[ 2/3 B \ﬁ
OUTTINFe 2N VUt ansrren: V3
195
A Comparison of the Gradients Vf
(x, y) and VF(x, y, z)
197

-ﬁple 6 — Finding the Angle of Inclination of a Tangent Plane

Find the angle of inclination of the tangent plane to the
ellipsoid given by

% + 1—2 + ? =1
at the point (2, 2, 1).
Solution:
If you let R N R
F(x,y.z) :£+£+£— 1
’ 12 12 3

the gradient of F at the point (2, 2, 1) is given by

x P

N
VF(x,y,2) = =i+ =j + =k
6 6 3 194
-<ample 6 — Solution ,
cont'd
which implies that
0= arccos\/é =~ 35.3°,
3
as shown in Figure 13.63.
ikis/vnz,u;
T
LN
G — o
v Ellipsoid:
1‘—7+i‘%2 +%2 =i
Figure 13.63 196

-omparison of the Gradients Vf(x, y) and VF(x, y, z)

This section concludes with a comparison of the gradients
VAf(x, y) and VF(x, y, z).

You know that the gradient of a function f of two variables is
normal to the level curves of f.

Specifically, Theorem 13.12 states that if fis differentiable
at (xq, ¥p) and Vf(x,, y,) # 0, then Vf(x,, y,) is normal to the
level curve through (X, y;)-

Having developed normal lines to surfaces, you can now
extend this result to a function of three variables.
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-omparison of the Gradients Vf(x, y) and VF(x, y, z)

THEOREM 13.14 GRADIENT IS NORMAL TO LEVEL SURFACES

If F is differentiable at (x, vo. 2o) and VF(xy. yo, 29) # 0, then VF(xo, ¥o, 2o) is
normal to the level surface through (xo. ¥y, Zo).

-)jectives

B Find absolute and relative extrema of a
function of two variables.

B Use the Second Partials Test to find relative
extrema of a function of two variables.

-)solute Extrema and Relative Extrema

Consider the continuous function f of two variables, defined
on a closed bounded region R. The values f(a, b) and

f(c, d) such that

fla, b) < f(x, y) < f(c, d) (a, b)and (c, d) are in R.
for all (x, y) in R are called the

minimum and maximum of fin the
region R, as shown in Figure 13.64.

R contains point(s) at which f(x, ) isa
minimum and point(s) at which f(x, y) isa
maximum.

Figure 13.64
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201

203

Extrema of Functions of
Two Variables

Copyright © Cengage Learning. All rights reserved. 200

Absolute Extrema and Relative
Extrema

202

-)solute Extrema and Relative Extrema

A region in the plane is closed if it contains all of its
boundary points.

The Extreme Value Theorem deals with a region in the
plane that is both closed and bounded.

A region in the plane is called bounded if it is a subregion
of a closed disk in the plane.

204



-)solute Extrema and Relative Extrema

THEOREM 13.15 EXTREME VALUE THEOREM

Let fbe a continuous function of two variables x and y defined on a closed
bounded region R in the xy-plane.

1. There is at least one point in R at which f takes on a minimum value.
2. There is at least one point in R at which f takes on a maximum value.

205

-)solute Extrema and Relative Extrema

To say that f has a relative maximum at (x,, y,) means that
the point (x,, ¥y, Z,) is at least as high as all nearby points
on the graph of z = f(x, y). Similarly, f has a relative
minimum at (Xo, Yo) if (X, Yo, Zo) is at least as low as all
nearby points on the graph. (See Figure 13.65.)

Relative extrema

Figure 13.65

207

-)solute Extrema and Relative Extrema

If fis differentiable and
Vf(xoa _,\’U) = filxps .,Vo)i + .ﬁ(xuv .Vo)j
=0i +0j
then every directional derivative at (x,, y,;) must be 0. This
implies that the function has a horizontal tangent plane at
the point (x,, ¥;), @as shown in Figure 13.66.

Surface: z Surface:
=1 y) =[xy

x

—

.
G 39)

Relative maximum Relative minimum
Figure 13.66 209

-)solute Extrema and Relative Extrema

A minimum is also called an absolute minimum and a
maximum is also called an absolute maximum. As in
single-variable calculus, there is a distinction made
between absolute extrema and relative extrema.

DEFINITION OF RELATIVE EXTREMA

Let f'be a function defined on a region R containing (x;. y,).
1. The function f has a relative minimum at (x,, y,) if
Fley) = flxg. vy)
for all (x, y) in an open disk containing (x,. y,).
2. The function f has a relative maximum at (x,. y,) if

e y) = flg )

for all (x, y) in an open disk containing (x,, y,).

206

-)solute Extrema and Relative Extrema

To locate relative extrema of f, you can investigate the
points at which the gradient of fis 0 or the points at which
one of the partial derivatives does not exist. Such points
are called critical points of f.

DEFINITION OF CRITICAL POINT

Let f be defined on an open region R containing (x,, y,). The point (x. y,) is a
critical point of fif one of the following is true.

1. f(xg, yo) = 0and f,(xy, y,) = 0
2. fu(x yo) or £, (xy, ¥,) does not exist.

208

-)solute Extrema and Relative Extrema

It appears that such a point is a likely location of a relative
extremum.

This is confirmed by Theorem 13.16.

THEOREM 13.16 RELATIVE EXTREMA OCCUR ONLY AT CRITICAL POINTS

If f has a relative extremum at (x,, y,) on an open region R, then (x, y,) is a
critical point of f.
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-<am ple 1 — Finding a Relative Extremum

Determine the relative extrema of
fix, y) = 2x2+ y2+ 8x — 6y + 20.

Solution:
Begin by finding the critical points of f.
Because

f(x,y)=4x+8 Partial with respect to x
and

fy(X, y) = 2y— 6 Partial with respect to y

are defined for all x and y, the only critical points are those

for which both first partial derivatives are 0. »

-(ample 1 — Solution

The value of the relative minimum is (-2, 3) = 3, as shown in
Figure 13.67.

cont'd

Surface:
e, 3y =222 + 32 + 8x— 6y + 20

The function z = f(x, ) has a relative
minimum at (—2, 3).
Figure 13.67 213

-1e Second Partials Test

To find relative extrema you need only examine values of f
(x, y) at critical points. However, as is true for a function of
one variable, the critical points of a function of two variables
do not always yield relative maxima or minima.

Some critical points yield saddle points, which are neither
relative maxima nor relative minima.

215

-(ample 1 — Solution

To locate these points, set fi(x, y) and f(x, y) equal to 0, and
solve the equations

4x+8=0 and 2y-6=0
to obtain the critical point (-2, 3).

cont'd

By completing the square, you can conclude that for all
(. ¥)#(-2,3)

fix,y)=2(x +2)2+ (y—3)2+3>3.

So, a relative minimum of foccurs at (-2, 3).

212

The Second Partials Test

214

-1e Second Partials Test

As an example of a critical point that does not yield a relative
extremum, consider the surface given by

fix, y) = y? - x*
as shown in Figure 13.69.

Hyperbolic paraboloid

Saddle point at (0, 0, 0)
£0.0) = £(0.0) = 0

Figure 13.69 216



-1e Second Partials Test

At the point (0, 0), both partial derivatives are 0.

The function f does not, however, have a relative extremum
at this point because in any open disk centered at (0, 0) the
function takes on both negative values (along the x-axis) and
positive values (along the y-axis).

So, the point (0, 0, 0) is a saddle point of the surface.
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-<ample 3 — Using the Second Partials Test

Find the relative extrema of
fix, y) = =3+ 4xy — 2y + 1.

Solution:
Begin by finding the critical points of f.
Because

flx, y) = -3x2+4y
and

fAx, y) = 4x—4y
exist for all x and y, the only critical points are those for which
both first partial derivatives are 0.

219

-<ample 3 — Solution

Because
f\\ (.’(, ,V) = —0x,

cont'd

Sl y) = =4, and f (x,y) =4

it follows that, for the critical point (0, 0),
d = £.,(0,0)£,(0.0) = [£,(0.0)? =0~ 16 < 0

and, by the Second Partials Test, you can conclude that
(0, 0, 1) is a saddle point of f.
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-1e Second Partials Test

THEOREM 13.17 SECOND PARTIALS TEST

Let f have continuous second partial derivatives on an open region containing
a point (a, b) for which

fla,b) =0 and f(a,b) =0.
To test for relative extrema of f, consider the quantity

d = f(a, b)f,(a. b) = [f,(a. b)]%
1. If d > 0 and f,,(a, b) > 0, then fhas a relative minimum at (a, b).
2. If d > 0 and f, (a, b) < 0, then fhas a relative maximum at (a, b).
3. If d < 0, then (a, b, f(a, b)) is a saddle point.
4

. The test is inconclusive if d = 0.

-<ample 3 — Solution

To locate these points, set f,(x, y) and f,(x, y) equal to 0 to
obtain

-3x2+4y=0and 4x—-4y=0.

From the second equation you know that x = y, and, by
substitution into the first equation, you obtain two solutions:

y=x=Oandy=x=%.

-<ample 3 — Solution

Furthermore, for the critical point (;—‘, %),

d=fE9 0 - [nEr
= —8(—4) — 16
=16

>0 U saaie

Rel

pe 3 0.0.1)
and because f.(1.1) = —8 < 0 you can conclude

that f has a relative maximum at (2, %), as
shown in Figure 13.70.

fley) ==+ dry =27+

Figure 13.70
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cont'd

220

cont'd

int
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-1e Second Partials Test

Absolute extrema of a function can occur in two ways.

First, some relative extrema also happen to be absolute
extrema.

For instance, in Example 1, (-2, 3) is an absolute minimum
of the function. (On the other hand, the relative maximum
found in Example 3 is not an absolute maximum of the
function.)

Second, absolute extrema can occur at a boundary point of
the domain.

223
-)jectives
B Solve optimization problems involving
functions of several variables.
B Use the method of least squares.
225

-ample 1 — Finding Maximum Volume

A rectangular box is resting on the xy-plane with one vertex
at the origin. The opposite vertex lies in the plane

6x +4y +3z=24 ©.0, 3)1 Plane:
6x+4y+37=24

as shown in Figure 13.73.

Find the maximum volume

of such a box.

v

(0,6,0)
227

Figure 13.73

Applications of Extrema of
Functions of Two Variables

Copyright © Cengage Learning. All rights reserved. 224

Applied Optimization Problems

226

-<ample 1 — Solution

Let x, y, and z represent the length, width, and height of the
box.

Because one vertex of the box lies in the plane

6x + 4y + 3z = 24, you know that z = 5024 — 6x — 4y), and
you can write the volume xyz of the box as a function of two
variables.

Vix,y) = (D0)[324 — 6x — 4y)]

= %(24xy — 6x%y — 4xy?)

228



-<ample 1 — Solution v

By setting the first partial derivatives equal to 0
Vixy = %(24_\' = 12xy — 4?) = %(24 —12x—4) =0

V,(x.y) = %(24x —6x? — 8xy) = %(24 —x—8) =0
. - . 4
you obtain the critical points (0, 0) and (5, 2) .

At (0, 0) the volume is 0, so that point does not yield a
maximum volume.

229

-<ample 1 — Solution ot

you can conclude from the Second Partials Test that the
maximum volume is

vi3.2) =243 - 64’ - 43)2)

64 4
= -5 cubic units.

Note that the volume is 0 at the boundary points of the
triangular domain of V.
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-\e Method of Least Squares

Many examples involves mathematical models.
For example, a quadratic model for profit.

There are several ways to develop such models; one is
called the method of least squares.

In constructing a model to represent a particular
phenomenon, the goals are simplicity and accuracy.

Of course, these goals often conflict.

233

-<ample 1 — Solution ot

At the point (é, 2), you can apply the Second Partials Test.

Vil y) = —4y
—8x
V\‘)‘(x’ ¥ = =

1
V(3 = 324 = 12 — 8y)
Because

V.\;\‘(%’ Z)V\‘\‘(%, 2) - [V\\(%’ 2)}

=
]
—
|
o0
>
=
|
<3
N
I
—
|
wlos
wie
<
Il
Ia\
v
[}

and vido)=-8<0
230
The Method of Least Squares
232
-\e Method of Least Squares
For instance, a simple linear model for the points in
Figure 13.74 is
y = 1.8566x — 5.0246.
Figure 13.74 234



-\e Method of Least Squares

However, Figure 13.75 shows that by choosing the slightly
more complicated quadratic model

y =0.1996x2 — 0.7281x + 1.3749
you can achieve greater accuracy.

¥=0.1996x> - 0.7281.x + 1.3749

5 10
Figure 13.75

-\e Method of Least Squares

Graphically, S can be interpreted as the sum of the squares
of the vertical distances between the graph of fand the
given points in the plane, as shown in Figure 13.76.

y
[ES]
13

If the model is perfect, then
S = 0. However, when
perfection is not feasible,
you can settle for a model % m;w
that minimizes S. (0, &

1d,

Sum of the squared errors:
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S=dp + d + & 237
Figure 13.76
-\e Method of Least Squares
THEOREM 13.18 LEAST SQUARES REGRESSION LINE
The least squares regression line for {(x,, y)), (x,. »,). . . .. (x,,y,)} is given
by f(x) = ax + b, where
a= % and b= ;(Z] Vi — a; x,><
ny x?— (2 x,) / !
i=1 i=1
239

-\e Method of Least Squares

As a measure of how well the model y = f(x) fits the
collection of points

{01 1), (X2, ¥2)s (X3, Ya)se + o (Xns Vi)

you can add the squares of the differences between the
actual y-values and the values given by the model to obtain
the sum of the squared errors

s =3 [ftx) — 2

Sum of the squared errors
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-\e Method of Least Squares

For instance, the sum of the squared errors for the linear
model in Figure 13.74is S = 17.

. v = 1.8566x — 5.0246

Statisticians call the linear model that
minimizes S the least squares
regression line.

The proof that this line actually
minimizes S involves the minimizing
of a function of two variables.

Figure 13.74
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-\e Method of Least Squares

If the x-values are symmetrically spaced about the y-axis,
then X x; = 0 and the formulas for a and b simplify to

n
2 XiYi
_i=
n
30
=

This simplification is often possible with a translation of the
x-values.

1 n
a
n =

and b= n > i

For instance, if the x-values in a data collection consist of
the years 2005, 2006, 2007, 2008, and 2009, you could let
2007 be represented by 0.
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-mple 3 — Finding the Least Squares Regression Line -(am ple 3 — Solution

cont'd
Find the least squares regression line for the points (-3, 0), Applying Theorem 13.18 produces
(-1, 1), (0, 2), and (2, 3). . W
CnZEn BN AN g - (o) _ 8
Solution: “aTTa, - < 02 4(14) — (=22 13
The table shows the calculations involved in finding the n;] g = g
least squares regression line using n = 4. and
X y Xy X 1 N R B 3 B 4_7
e R R I
0 2 0 0
2 3 6 4
Ef =-2 E” =6 'iSﬂ;:w Eyﬁ:14
241 242
-<ample 3 — Solution , -
cont'd
T _ 8. 44
The least squares regression line is ) = 13x + 3.
as shown in Figure 13.77.
Lagrange Multipliers
3
fo)= g+l
(=3.0)
i
Least squares regression line
Figure 13.77
243 244
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-)jectives -

B Understand the Method of Lagrange
Multipliers.

B Use Lagrange multipliers to solve o
constrained optimization problems. Lagrange Multipliers

B Use the Method of Lagrange Multipliers with
two constraints.
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-grange Multipliers

Many optimization problems have restrictions, or
constraints, on the values that can be used to produce the
optimal solution. Such constraints tend to complicate
optimization problems because the optimal solution can
occur at a boundary point of the domain. In this section,
you will study an ingenious technique for solving such
problems. It is called the Method of Lagrange Multipliers.

To see how this technique works, suppose you want to find
the rectangle of maximum area that can be inscribed in the

X

ellipse given by CLr_y

32 42
247
-grange Multipliers
Because the rectangle has sides of lengths 2x and 2y, its
area is given by
f(x, y) = 4xy. Objective function
You want to find x and y such that f(x, y) is a maximum.
Your choice of (x, y) is restricted to first-quadrant points
that lie on the ellipse
x>y .
3 + E = 1. Constraint
249

-grange Multipliers

The level curve that does this is the one that is tangent to
the ellipse, as shown in Figure 13.79.

Level curves of /2
=k

Constraint: g(x, y) = % + i =1

Figure 13.79

251

-grange Multipliers

Let (x, y) be the vertex of the rectangle in the first quadrant,
as shown in Figure 13.78.

Ellipse:
2
Z+=1

3 4
(X, )

Objective function: f(x, y) = 4xy

Figure 13.78 248

-grange Multipliers

Now, consider the constraint equation to be a fixed level
curve of

The level curves of f represent a family of hyperbolas
fix, y) = 4xy = k. In this family, the level curves that meet
the given constraint correspond to the hyperbolas that
intersect the ellipse.

Moreover, to maximize f(x, y), you want to find the
hyperbola that just barely satisfies the constraint.

250
-grange Multipliers
If VA(x, y) = AVg(x, y) then scalar A is called
Lagrange multiplier.
THEOREM 13.19 LAGRANGE’S THEOREM
Let fand g have continuous first partial derivatives such that fhas an
extremum at a point (x, y,) on the smooth constraint curve g(x, y) = ¢. If
Vg(x,. vo) # 0. then there is a real number A such that
Vf(xg vo) = AVE(xg, ¥o)-
252



-grange Multipliers

METHOD OF LAGRANGE MULTIPLIERS

Let fand g satisty the hypothesis of Lagrange’s Theorem, and let f have a
minimum or maximum subject to the constraint g(x, y) = ¢. To find the
minimum or maximum of £, use the following steps.

1. Simultaneously solve the equations Vf(x, y) = AVg(x, y) and g(x, y) = ¢ by
solving the following system of equations.

(xv—/\gA)‘\)
il 7)\g' (x,y)
(x\)fc

2. Evaluate f at each solution point obtained in the first step. The largest value
yields the maximum of f subject to the constraint g(x,y) = ¢, and the
smallest value yields the minimum of f subject to the constraint g(x, y) = c.

253

-mple 1 — Using a Lagrange Multiplier with One Constraint
Find the maximum value of f(x, y) = 4xy where x > 0 and
y > 0, subject to the constraint (x2/32) + (y2/42) = 1.

Solution:
To begin, let

By equating Vf(x, y) = 4yi + 4xj and
AVa(x, y) = (20x/9)i + (Ay/8)j, you can obtain the following
system of equations.

2
4y = EAX [, y) = Ag.(x. ¥)

4x = é/\y fxy) = Agxy) 255

-ample 1 — Solution

So, y = +2.2.

cont'd

Because it is required that y > 0, choose the positive value and
find that

2 — Z
TR
9
g(g)
=2
i

So, the maximum value of fis

f(% 2fz> = dyy= 4(%)(2\/5) =24,
257

Constrained Optimization Problems

254
-am ple 1 — Solution ,
: cont'd
‘2 + Lz =1 Constraint
From the first equation, you obtain A = 18y/x, and
substitution into the second equation produces
_ Lf18y) 9
4x = 8< T )) > x 16}2
Substituting this value for x2 into the third equation
produces
) e = o
256

-Jnstrained Optimization Problems

Economists call the Lagrange multiplier obtained in a
production function the marginal productivity of money.
For instance, the marginal productivity of money is A

and x represents the units of labor and y represents the
units of capital then the marginal productivity of

money at x =250 and y = 50 is

/Ay 1/4 —1/4(50)1/4
X 2} _ (250 2(50) ~0.334

which means that for each additional dollar spent on
production, an additional 0.334 unit of the product can be

produced. 258



The Method of Lagrange Multipliers
with Two Constraints

259

‘mple 5 — Optimization with Two Constraints

Let T(x, y, z) = 20 + 2x + 2y + Z2 represent the temperature
at each point on the sphere x2 + y2 + z2 = 11,

Find the extreme temperatures on the curve formed by the
intersection of the plane x + y + z = 3 and the sphere.

Solution:
The two constraints are

gix. ¥, 2) = x>+ 2+ 22 =11
and

h(x,y,z)=x+y+z=3.
261

-ample 5 — Solution ot

By subtracting the second equation from the first, you can
obtain the following system.

Mx-y)=0
2z(1-N)—-u=0
X2+ y2+z2=11

x+y+z=3
From the first equation, you can conclude that A=0or x = y.
If A =0, you can show that the critical points are

(3, -1, 1) and (-1, 3, 1).
263

- Method of Lagrange Multipliers with Two Constraints

For optimization problems involving two constraint functions
g and h, you can introduce a second Lagrange

multiplier, u (the lowercase Greek letter mu), and then
solve the equation

Vf=A\Vg + uVh
where the gradient vectors are not parallel, as illustrated in

Example 5.

260

-ample 5 — Solution ot

Using VT(x,v.2) = 2i + 2j + 22k

AVg(x, y,z) = 2Axi + 2Ayj + 2Azk
and

UVh(x,y,z) = i +4j + uk

you can write the following system of equations.

2=2Ax+p Ty, 2) = Ag (v v, 2) + ph(x, . 2)
2=2Av+p T,(x, . 2) = Ag(x. ¥, 2) + ph(x. ¥, 2)
7=2\z+ p T(ny.2) = Ag(e.y.2) + phix.y.2)
2+ yr+2=11 Constraint 1
x+y+z=3 Constraint 2 262

-ample 5 — Solution ot

If A #0, then x = y and you can show that the critical points occur
whenx=y= (3+2v3)/3 (37 4v3)/3.

Finally, to find the optimal solutions, compare the
temperatures at the four critical points.

T3, —1,1)=T(—1,3.1) = 25
-9 —
7(3 ;‘53 32/5,314/5):971%30'33

— Q
T(s +32ﬁ’3 +%2\/§’3 ;1\/3) -0

91

So, T = 25 is the minimum temperature and 7 = 5 is the
maximum temperature on the curve. 264



