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Answer all the questions.

Write the answers in detail.

1
1. Find the Laurent’s series of f(z) = m valid in the regions:
z2-3)(z

(a) A :0<|z-3| <1, (5 marks)
(b) B:1<|z-2|<3. (5 marks)
Solution: Note that z = —1 and 3 are poles of order 1, whereas z = 0 is a point of

analyticity of f.
(a) Letz—3 =uforall points z € & : 0 < |z—-3| < 1. Then z = u + 3 and
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(b) Letz—2=uforall pointsze€ B :1<|z-2| <3. Thenz=u+2andin R
we have 1 < |u| < 3 sothat |[1/u| < 1 and |u/3| < 3. Therefore,
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2 (a). Employing Cauchy’s integral formula, ﬁnd(‘ff) f(z) dz, where f(z) =
C

as shown below:

Y

and C is
(5 marks)

7(z+1)

Solution: By partial fractions,

z2(z+1) iz

f(z) =

z-1 11 (i+1)1 i 1-i

I z+i 7 z+i

Therefore, from Cauchy’s integral formula, we get
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& f(z)dZ:i(‘fF —dz+(1—i)§) —dz=2mi (i+1-i) =2m.
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2 (b). Using the residue theorem, find & (
7 —
Y

sidesx = +1,y = +m.

dz, where y is the rectangle with

(5 marks)

1

(z=2)(z+20)*
outside of y, whereas z = —2i is a double pole of g lying within y. Also,

Solution: Let g(z) =

o d 2 _d 1
Res(g, 2l) = (2_ 1)'dZ {(Z+2) f(z)} Z:—Zi_ dz {Z—Z} 7=—2i
R I
B (Z - 2)2 z=—2i - 8l

Therefore, by residue theorem,

1
# g(z) dz =2mi Res(g; —2i) =1 = 2w X {——,} -
C 8i 4
Therefore,
1+4i
(& f(z)dz=(1+4)l = —ﬂ.
c 4

Note that z = 2 is a simple pole of g lying
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® cos x . :
Compute j dx, through contour integration.

X2 —10x+9

Solution: We compute

&dx:Real e—dx .
o X2 —10x+9 o X2 —10x+9

ix i iz
et et

X2 —10x+9 2-10z+9 (z-1(z-9)
the contour y : T'r | J[—R, R], where Ik is the semicircular arc |z| = R = Re'?, 6 = 0

Define f(x) = so that f(z) = Consider

to m and R is sufficiently large. Then

R

§J ) dz:j ) dz+j £(x) dx ()
Y I'r R

Note that z = 1 and z = 9 are simple poles of f lying above the real axis within y.

Therefore, by residue theorem

9i i
# f(z) dz = 2m‘{Res(f;9) + Res(f; 1)} = zm'{% - %}
Y

= %{(cos9+isin9) —(cos 1 +isin 1)}

:g{(sinl—sin9)+i(cos9—cos 1)}. (2)

Using the appropriate upper bounds, we realize thatj f(z) dz > 0 as R — oo.
r
Therefore, applying the limit as R — oo in (1) and usingRthis and (2), we find that

j f(x)dx = g{(sinl —sin9) +i(cos9 — cos l)}
so that
® cos X T, . :
j_oo m dx = Z(sm 1 - Sln9).
1 21
Find the characteristic polynomial of A =|2 1 1| Using Caley-Hamilton’s theorem,
11 2

express A* in terms of a quadratic matric polynomial in A and find A~!. What are the

eigenvalues of A and A% and A~!?
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Solution: The characteristic polynomial of A is
p() =23 —42 -\ +4.

Then by Caley-Hamilton’s theorem, A3 — 4A% — A + 41 = 0. Hence

-1 3 -1
A‘lzi(—A2+4A+1):% 3 -1 -1{.
-1 -1 3
-2 -5 -5
A*=17A>-16I=| -5 -22 -5
-5 -5 -22

Let A1, Ap and A3 be the eigenvalues of A. Then A\ +Xy+A3 = tr(A) =4 and A\j ol =
det(A) = —4. By inspection, the triad (1, —1,4) satisfies these two conditions, and
hence are the eigenvalues of A. Therefore, the eigenvalues of A2 are 1, 1, 16 and the

eigenvalues of Alare 1, -1, 1/4.

5 (a). The currents iy, i, and i3 in the network:

10V 27V
+ - + -
iy i i
gm 5Q 3 60

are described by the system of linear equations:

i1 —ip+i3 =0,

3i; — 5i3 = 10,
6i2 + 5i3 =217.
Use Gauss’ elimination method to solve the system for iy, i; and i3. (5 marks)

Solution: The currents are i; = 35/9,i, =38/9 and i3 =1/3
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5 (b). Find the values of k such that the system

—3)C1 + 2)C2 - 2)63 = 0,
X1 —2xp +ZX3 =0,

=2x1 +4xy + kX3 =0

has infinitely many nonzero solutions, and hence find all the corresponding nonzero

solution vectors of the system. (5 marks)

Solution: The value of k is —4 and the nonzero solution vectors of the system are

X1 0
X=|xp|=0afl],a#0.

X3 1
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