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Answer all the questions. Each question carries 10 marks.

1. CO2 BL2

(a) Find the Laplace transform of the periodic signal with period T = 2, given by

1/2, 0<t<m,
f(t) = (5 marks)
2/3, m<t<2m

Solution. We have
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(b) Find & {t (emat + eat)2}. (5 marks)

Solution.
f(t) — ¢ (efat + 6at)2 —t (672at 4+ e2at 4 9p—at eat) — ¢ (672(11‘/ 4+ e2at 4 2)
Since . {t} = 1/s%, by the first shifting property,

L[}y =2 {t(e?+ e +2)} =L {te >} + 2 {te’} + L {t}
1 1 1
(s + 2a)? * (s —2a)? T

2. CO2 BL2
Find the convolution of f(t) = ¢* and g(¢) = (sin 5t)/5. Use this information to obtain
the inverse Laplace transform of P(s) = 1/s3(s? + 25)



Solution.

f)xg(t) = L f(w)g(t —u)du = % L u? sin(5t — 5u) du

t
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=z qu cos(bt — bu) + %271 sin(5t — bu) — o8 cos(5t — bu) .
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= —t* + ——cos 5t — ——
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3. CO4 BL3

Solve the initial value problem 4 dtQ — % — 12z = H(t — 3) with 2(0) = —1, 2/(0) =
—4 through the Laplace transform, where H (¢ — a) denotes the Heaviside’s unit step

function with a > 0.

Solution. Applying the Laplace transform to the ode, then the initial conditions, and
simplifying

(s —s—12)F(s) = —(s+3) + 2635

or
L 1 L
e
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Using the second shifting property,

it T S T S ST _
2(t) = L7 H{F(s)} = +< S Y Y (),

4. CO3 BL2

Find the Fourier series of the half-wave rectified spatial signal

0, —nm<x<0,
flz) =

O<zx<m.

wig

Use it to compute the sum of the series 1% + 3% + 5% + 7% -+ -. What about the sum of

the Fourier series at £=mt?
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Solution. The Fourier coefficients are

The Fourier series is

b 1 = (—
flx)=— @nz; cosna?—l-gnz:l

Writing © = 0 in the Fourier series,

sinnz, —n <z <.

n 2

et ((CEURS{CRE ST
n=1 n is odd

The sum of the Fourier series at = 7 equals 2 (f(t — 0) + f( 4+ 0)) = 1/12, and the
sum of the Fourier series at # = —mn is equal 5 (f(—n — 0) + f(—m +0)) = =/12.

5.CO3 BL2

(a) Find the half-range sine series of f(z) = e~ in (0, ).
Solution. The Fourier coeflicients are

by — %s; (@) sin(nma /1) dz — %S; e~ sin(nmz /1) da
_ %'W ( — sin(nme /1) — 2 cos(nnx/l))

l

=0

l l
(1—(=1)")forn > 1.

21 . ni ni
:m e "sinnwt — —cosnmw + 0+ — cos0

2nm

N + n2n?

Therefore,
e ” :i%—n(l—(—l)”)sin (—) 0<z<lI.
ot 12 + m2n2 [

(b) Given that x* — %z = > 7 % sinnz for all 0 < z < m, find the sum of the

n=1

. 1,1 1
series 1 — o3 + 55 — 55 + -+

Solution. Write x = 7[/2 in this Then ) >, 12( 2 sin(nm/2) = % - “2—3 = —%
orl— g5+ — =%+ = %, since sinnm = O and sin(nmn/2) = £1 whenever

= 1(mod 4) or n = 3(mod 4).
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