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Question M

Determine whether the statement [(p — q) A ~q] — ~p is a tautology or not, using logical
equivalences.

Step | Expression Logical Law Used
1 (p— @) A—ql = —p Given statement
2 (-pV q) AN —q] — —p Implication: p - g = —-pVq
3 [(=p A —q) V (g A —~q)] = —p | Distributive law
4 (=pA—q) = —p Contradiction: g\ —g = L 4
9 —(—=p A —q) V —p Implication: A - B=-AVv B
6 (pVaq)V-p De Morgan’s law
7 (pV-p)Vg Commutative law
8 T Vg Law of excluded middle
9 T Domination law

Since the statement simplifies to T (true under all truth assignments), the given proposition is a
tautology.

Obtain the principal disjunctive normal form of the following statement

(P>(QAR)DA (-P>(~QA~R))
Method 1: Using Logical Equivalences

Step | Expression Law Used
1 (P = (QAR)YN(-P — (—Q A -R)) Given
2 | (-PV(QAR)AN(PV(—-QAN-R)) Implication law
3 [ [FPAPV(—-QA-R)VI(QAR)A(PV(-QA-R)) Distributive law
4 (~PAP)V(-PA-QA-R)V(PANQAR)V(QARA-QAN-R) | Distributive law 6
5 (PA-QAN-R)V(PAQAR) Contradiction law
6 (PAQAR)V (=P A—-QN-R) Commutative law

PDNF (by logical equivalences): (PAQAR)V (P A=QA-E)

Method 2: Using Truth Table
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PI[Q[R[QAR|] - QA-R|P—=(QAR)| =P = (-Q A —R) | Result
T|T|T| T g T T T
T|T|F| T i g T iy
T|F|T| TF F F T F
T|F|F| T T F T g
F|T|T| T F T F F
F|T|F| F F T F F
F|F|T| T g T ig g
F|F|F| T T T T T |

Rows where the statement is true give the minterms: PAQ AR, =P A=-Q A =R

Prove or disprove the validity of the following arguments:

“It is not sunny this afternoon and it is colder than yesterday”; “We will go to the playground
only if it is sunny”. “If we do not go to the ground, then we will go to a movie” and “If we go to a
movie, then we will return home by sunset” lead to the conclusion “We will return home by
sunset”.

Let:
The given premises can be writfen as:
s 5 It is sunny this afternoon

1.=5AC
o (It is colder than yesterday 2P 38
e P We will go to the playground 3P M
4. M- H
o M We will go to a movie
The conclusion to be proved is:
s H: We will return home by sunsct H 1

Using Rules of Inference

Step | Statement | Reason
1 —SAC Premise
2 | S Simplification (from 1)
3 P =5 Premise
1 | -P Modus Tollens (2, 3)
D P M Premise
6 | M Modus Ponens (4, 5)
7 M— H Premise
8 | H Modus Ponens (6, 7)

Since the conclusion H logically follows from the given premises using valid rules of inference, the
argument is valid.
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Construct an argument using rules of inference to show that the hypotheses

“One student in this university knows how to use Al in study” and “Everyone who knows how to
use Al in their study can get a high-paying job” imply the conclusion “Someone in this university
can get a high-paying job .

The hypotheses are:

Let the domain be the set of all students in this university.
: __— 1. dr A(z)
Define the predicates:
2.V (Az) - H(x))

o Alz): 2 knows how to use Al in study

The conclusion to be proved is: 1
o H(z): x can get a high-paying job Jz H(z) 0
Using rules of inference
Step | Statement Reason
1 dr A(xr) Premise
2 Vo (A(z) —» H(z)) | Premise
3 | Ale) Existential Instantiation (from 1)
1 | Ale) = H(e) Universal Instantiation (from 2)
5 H(e) Modus Ponens (from 3, 1)
6 | dr H(x) Existential Generalization (from 5)
Since the conclusion 3x H(x) logically follows from the given hypotheses using valid rules of
inference, the argument is valid.
By the principle of inclusion-exclusion, find the number of integers between 1 and 250 both
inclusive that are not divisible by any of the integers 2, 3, 5and 7.
Let 4, B, C, D be the sets of integers that lie between 1 and 250 and that are
divisible by 2, 3, 5, and 7 respectively.
The elements of 4 are 2, 4, 6, ..., 250
|A| = 125, which is the same as {%J é
Similarly,  |B| = {%J 83 | = ﬁ—OJ ~ 50, D| = {%OJ - 35.

The set of integers between 1 and 250 which are divisible by 2 and 3, viz.,
A m B is the same as that which is divisible by 6, since 2 and 3 are relatively
prime numbers.
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|AﬁB|—{@J—41
6
Similarly, |AmC|={% ~ 25: |AmD|={%J=17
250 _ .. _ 1250 _ ...
|BﬁC|—{15_—16,|BﬁD| {21J 11;
250 250
|CﬁD|—{¥_—7,|AﬁBﬁC|—{TJ—8,
_ 1250 | _ <. _ 1250 | _ 5.
|AmBmD|—{42J 5:|4An Cn D {—70J ;
_ 1250 _,. _ 1250 | _
|BﬁCﬁD|_{—1OSJ 2;|[AnN BN Cn D {—210J

By the Principle of Inclusion-Exclusion, the number of integers between 1
and 250 that are divisible by at least one of 2, 3, 5 and 7 is given by
|[AuUBuUCuUD|= {4+ |B|+|C|+|D|} - {|[AnB|+ -
+ICnD|}+{|[AnBNC|+ -
+BNCN D} —{|l4dnBn Cn D|}
= (125+ 83 + 50+ 35) — (41 + 25+ 17
+16 +11+7)+(8+5+3+2)-1
=203 -117+18-1=193
Number of integers between 1 and 250 that are not divisible by any of the
integers 2, 3, 5 and 7
= Total no. of integers — |4 U B U C U D|
=250 — 193 = 57.

Use the method of generating function to solve the recurrence relation a,,; — 8a, +
16a,_1=4"%n=>1;, ay=1,a; = 8.

Let the generating functions of {a,} be
G(x)= > a,x"
n=0

Multiplying both sides of the given R.R. by x" and summing up, we have

1
Sa, x"-8Y a,x"+16 Y a, X' = ¥ @x)" 0
n=1 n=1 n=1 n=1
. | . o 1
i.e., — {Gx) — ay — ax} —8{G(x) — a,} + l6x G(x) = -1
x 1—4x
. D _ 4 x2
Le., (1 — 8x + l6x°) G(x) — a; — a;x + Bayx = 1_a
—4x
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ag +(a,—8ap)x 2
Le., G(x) = o * (@ ﬁﬂ) + dx
(1-4x) (1-4x)’
_ 1 4x* )
= + , on using the values of g, and a,.
(1-4x)* (1-4x)
= (1 — 4x + 4x%) (1 — 4x)~°
ie., ¥ a,x" = (1 —4x+4x%) - %{1 2423 (4x)+3 - 4(4x) + -
n=10
+(n+1)(n+2) @x)'}
a, = %[(u + 1) (m+2)4" —nn+ 4"+ (n- Din 4" 1
= %4” 4 + 3n+2) — 4 + n) + (0 - n)}
= %(M2 +7n+8) 4" L
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